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Abstract

This Technical Appendix contains detailed derivations of the model presented in Corbo and
Strid (2020). It contains the non-linear optimization problems and their solutions, the steady-state
solution, and details on the scaling ang log-linearization of the model.
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1 Introduction

The model discussed in this document is an open-economy medium-sized DSGE model of the Swedish
economy, presented in “MAJA: A two-region DSGE model for Sweden and its main trading partners”.
It draws heavily on the two previous DSGE models developed and used at the Riksbank, Ramses I and
Ramses II, documented in Adolfson et al. (2005) and Adolfson et al. (2013), respectively. Ramses I
was used as the main forecasting and simulation macro model at the Riksbank between 2005 and 2010.
It was derived as an open-economy version of the Smets and Wouters (2003) model and estimated on
data for the Swedish economy.! Ramses II was basically an extension of Ramses I, which included
financial frictions in the accumulation of capital, search and matching on the labour market, and
the use of imports as inputs in export production. It was originally developed and documented by
Christiano, Trabandt, and Walentin (2011), and then adapted to policy purposes by the Modelling
Division at the Riksbank.? Ramses II has beed the main macro model at the Riksbank since 2010, used
for macroeconomic analysis, forecasting and alternative scenarios. The current model is the result of
a project which aimed at evaluating and, ideally, improving on some dimensions of the previous model
setups, among those the importance of foreign economic fluctuations for the Swedish economy.

To be able to evaluate the usefulness of alternative specifications and estimation methods, we need
a benchmark to compare with. To this end, we derived and documented a version of the Ramses
model which is closely in line with the Ramses II baseline model (Ramses II without financial frictions
and search and matching) and very similar to Ramses I. We have chosen to keep the use of imports as
inputs in export production and most of the minor changes made to the model between the Ramses 1
and II versions. Like its predecessors, our baseline model consists of a number of different firms, which
import, export and combine different inputs in order to produce a number of different consumption and
investment goods, and households, which consume, save in domestic and foreign bonds, and provide
labour services to the firms. Firms and households are subject to price and wage setting frictions as
in Calvo (1983), rendering monetary policy non-neutral. The central bank conducts monetary policy
according to some interest rate rule, while government consumption is assumed to follow an exogenous
process. With this as a starting point, we have made a number of alterations to the model structure.
MAJA contains a structural model of the foreign economy, a more flexible model of the demand for
Swedish exports, a differnet model of the labour market, a slow-moving interest rate trend (a ’'neutral
rate’), and a more disaggregated modelling of inflation, resulting from the an explicit treatment of
energy prices. The specific differences and similarities to Ramses I and II are discussed more thoroghly
throughout the document.

The rest of the document is organized as follows. We begin by introducing some definitions of
growth rates, relative prices and inflation rates, needed for stationarizing the model. We then move
on to describing the firms, starting with domestic and imported intermediate goods and then moving
on to the production of final consumption, investment and export goods. We then consider the
households, including wage setting, as households are assumed to be the ones setting the wages in our
model economy. We then present our assumptions regarding the central bank and the government,
and derive the aggregate resource constraint and the evolution of net foreign assets. The model is then
completed with a despcription of the foreign economy block. Each section begins with the theoretical
structure and the optimization problem of the respective agents. The derived conditions are then
scaled to express the model in stationary form, and finally log-linearized. We present the scaling
and log-linearization of each specific agent’s problem in relation to the optimization problem, to ease
reading. Towards the end of the document, we then include a separate section that summarizes the
entire model in log-linear form. The documentation moreover includes the steady-state solution of

'In the first published documentations of Ramses I, Adolfson et al. (2007) and Adolfson et al. (2005), the model was
estimated on data for the Euro Area. Model estimates of Ramses I on Swedish data are discussed.in Adolfson et al.
(2008).

?See Adolfson et al. (2013) for a documentation of the policy version of Ramses IT. In our work with the present
model, we have also made use of earlier versions of the Christiano, Trabandt, and Walentin (2011) paper, some written
in collaboration with the Modelling Division.



the model. Finally, we present a couple of alternative model setups, which were used in the model
development stage.

2 Stationarization and linearization assumptions

In order to express all of the model variables in stationary form, we need to divide the quantities with
the trend level of the neutral and, where applicable, investment-specific technologies. In the first part
of this section, we specify how the scaling of the non-stationary variables is done. The second part
of the section defines inflation rates and relative prices used in the model derivations. The final part
contains a reminder of some log-linearization rules which we frequently use when log-linearizing the
model.

2.1 Scaling of variables

This section specifies how the scaling of the non-stationary variables is done. We use the following
scaling of variables, as in Christiano, Trabandt, and Walentin (2011) and Adolfson et al. (2013). The
neutral shock of technology is denoted by z; and has the following growth rate:

<t
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In addition to the neutral technology shock, our model also includes an investment-specific technology
shock, W, with the following growth rate:

v,
‘Ilt_l /’L\I/,t'

We define the following combination of investment-specific and neutral technology:

Z =0, (2.2)
the growth rate of which is given by
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Capital and investment are scaled by z;”¥;.The inputs to the production of final investment, however,
are scaled by zt+ , as Uy is defined as a shock to the technology employed in the aggregation of domestic
and foreign intermediate investment goods into final goods. All consumption goods are scaled by zt+ ,
including government consumption goods, and so are all export goods. The real wage and real foreign
assets, where a bar above the variable denotes the real version of the corresponding nominal variable,
are also scaled by z;r . The Lagrangian multiplier v; is the shadow value in utility terms of domestic
currency, and 1, = v;P{ is the shadow value of one consumption good (i.e. the marginal utility of
consumption). This needs to be multiplied by z; to induce stationarity. Thus,
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We denote the scaled date-t price of physical capital installed for the start of period ¢ + 1 by pp/; ,
and the scaled rental rate of capital by T‘f , so that

P = Wipw i,
k k
Tt == \IJth 5
where py ; is denoted in units of the domestic homogeneous good, i.e.

Py 4
P

Pkt =

Moreover, we denote by bars the real version of the corresponding nominal variable, so
¥ RF W,
_L t o t
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Note also that we define the real interest rate as follows:
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Finally, note that for the foreign economy, we have
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2.2 Definitions of inflation rates and relative prices

We define the following inflation rates:

d c cre
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for j = ¢, i, z, ce. Wf is the rate of inflation of the domestic homogeneous good, 7§ the rate of inflation

of the final consumption good (i.e. the CPI inflation), 7§*¢ the rate of inflation of the aggregate non-

energy consumption good, 7¢¢ the rate of inflation of the aggregate energy consumption good, 77? o
the rate of inflation of the domestically-produced energy consumption good, 7t the rate of inflation of
the final invesmtent good, and ;" for j = c,i,x,ce the rate of inflation of the import goods to be
used in the production of consumption, investment, exports, and energy consumption, respectively.
The corresponding prices are all in domestic currency. The price of exports is instead denoted in
foreign currency units. 7f is the rate of inflation of the final export good. For the foreign economy, in
an analogous way, we define:
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We further define the following relative prices:
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When the price is denominated in domestic currency units, we define a lower case price as the corre-
sponding upper case price divided by the price of the homogeneous good. The handling of the price of
final investment goods differs somewhat, however, from that of the prices of final consumption goods
and imported goods. This is due to the shock to the final investment production technology W, which
makes the price of the final investment good grow at a rate slower than Ptd. Thus, final investment
prices are scaled by P{/¥,. Finally, as the export price is denominated in foreign currency units, we
scale it by the price of the foreign homogeneous good. For the foreign economy, we define
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Finally, we denote the growth rate of the nominal exchange rate by s¢, so that

S
St = y
St—1
and define the real exchange rate as
- StPtC,*
qt = Py .

2.3 Log-linearization of the model

In what follows, variables without time subscript denote steady-state values, and variables with a hat
denote log-deviation from their steady-state values. Consider a variable X;. We define:

X =log Xy —log X.

Taking a Taylor expansion of order 1 of the right-hand side, we get:

; 0
Xy = logX—i—a—thogXt
X — X
—

< (Xi—X) —log X
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Thus, for small Xt, it can be interpretated as a percentage deviation of X; from its steady-state value
X. It is also useful to note that:

N X o . .
X, = log <Xt> = X, = XeXta X (e0+e0 (Xt—0>) :X<1+Xt).
Finally, recall that if f is a function of n arguments (x1,...,x,), a Taylor expansion of order 1 of f

around (aq,...,a,) is:
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3 Firms

The production structure adopted in this model is similar to the one in Adolfson et al. (2013). Con-
sumption, investment and exports are the three final goods. They are produced by combining the
domestic homogeneous good with homogeneous goods derived from imports. Moreover, to arrive at
the final consumption good, the combined domestic and imported final (non-energy) consumption
good is combined with energy, which, in turn, is also a comination of domestic and imported energy.
The domestic homogeneous good is produced by competitive retailers who buy their input, the domes-
tic intermediate good, from the domestic intermediate goods producers. The domestic intermediate
goods producers have monopoly power. Importing firms buy a foreign homogeneous good or foreign
energy, respectively. They transform the former into a specialized imported intermediate good, which
is supplied monopolistically to three different types of import retailers that produce the aggregate
imported goods. In an analogous way, foreign energy is transformed into an imported energy good.
Exporting firms produce a specialized export good combining domestic and imported intermediate
inputs, sold to foreign competitive retailers which create a homogeneous good that is eventually sold
to foreign agents. The firms are owned by the households in the economy, to which any firm profits
will accrue.

Unlike in Adolfson et al. (2005) and Adolfson et al. (2013), in this version of the model we abstract
from taxes. We choose to do so in order to reduce the number of variables and notational complexity



of the model. As we wish to still include shocks to the Phillips curves, we instead assume that price
and wage markups are varying. In the absence of price and wage distortions in steady state, this is
isomorphic to including tax-like shocks which affect marginal costs, as mentioned in Adolfson et al.
(2013).3 Note that there are other taxes in Ramses I and II than the ones affecting marginal costs,
such as taxes on capital holdings, which are omitted from our model for simplicity. These can be
easily included in future versions if needed.

3.1 Production of domestic homogeneous goods

The domestic homogeneous good is produced using the following technology:

1 S A
Y, = [/ (Vi) dz} , 1< < oo, (3.1)
0

where )\f is a stochastic process determining the time-varying price markup in the domestic goods
market, given by*
log A = (1—pya)log PLEE pya log VRS O \dExd - (3.2)

For calibration purposes, it is useful to note that A% is related to the elasticity of substitution between
the different domestic goods, which we denote by 7,, in the following way: A= n—il. The domestic
homogeneous good is produced by a representative, competitive firm which takes the price of output
P¢ and the price of inputs Pgt as given. The profit maximization problem writes:

1
max PLY; — / PLY; vdi,
it 0

which yields the following first order condition:

A
Pidt 1=
t

Taking the integral over 7 in (3.3), and using the CES aggregator in (3.1) leads to the expression of
the aggregate price level:

1 1*)\?
1-24
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Turning now to the intermediate goods producers, the i** firm has the following production func-
tion:
Yii = (zeNig)' ™ et Ky — 2 ¢, (3.5)

where K;; denotes the capital services rented by the it" intermediate firm, and N; ¢ denotes homo-
geneous labour service hired by the same firm.? z; is a technology shock whose first difference has a
positive mean, ¢ is a stationary neutral technology shock, and ¢? denotes a fixed production cost.
The fixed cost is assumed to grow at the same rate as consumption, the real wage and output in
steady state, to ensure that profits remain zero. In general, the economy has two sources of growth: a

3Time-varying price-markups was also the assumption used in Adolfson et al. (2005). Calculations are simplified
somewhat, however, by assuming tax-like shocks instead of time-varying price markups. This becomes particularly
important if the model is not linearized (by hand), but rewritten recursively in its non-linear form (to be linearized by
Dynare).

*The exogenous processes are discussed in more detail in Section 10.

®Note that K, ; may differ from the physical capital stock, K7, since we allow for variable capital utilization in the
model. This is discussed in more detail in Section 4.



positive drift in z; and a positive drift in W;, where W; is the state of an investment-specific technology
shock. The object z;” in (3.5) is defined as follows:

The stationary neutral technology shock, €;, and the growth rates of z; and ¥y, p,, and py,, are
assumed to evolve according to the following processes:

loger = (1 —p.)loge+ p loger—1 + oceet, (3.6)
log pt, 4 = (1 - p#z> log fi+ + py_log .y 1+ 0p Ep it (3.7)

and
log pug ;s = (1 - pw) log pg + Py, l0g fig p 1 + O pyEpug - (3.8)

Note that the growth rate of 2, is then given by the following equation:
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Pttt = 1 = H\pf Kzt (3.9)
21

The cost minimization problem of the i*" intermediate firm is to minimize total costs subject to the
constraint of producing enough to meet demand:
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where Rf is the gross nominal rental rate per unit of capital services, and W; is the nominal wage
rate per unit of aggregate homogeneous labour N;;, common to all intermediate firms. R;’ %4 denotes
the gross effective nominal rate of interest faced by the firms, and it reflects the assumption that a
fraction ui”c’d of the firms’ wage bill has to be financed in advance.> The end of period labour cost

faced by the firm is N; ;W R}’ ¢4 with R;”C’d defined as follows:
RYT = el 41 — el (3.10)

where R; denotes the gross nominal interest rate determined by the central bank.” We assume that

v follows

we,d

+ pywc,d log Vt—l + Uywc,dgywc,di. (311)

we,d

logr, ™" = (1 — pyuwea)logv

we,d

®Note that, given our labor market setup discussed further in Section 4, wages are expressed as wages per employee
rather than wages per hour worked as was the case in Ramses I and II (see Adolfson et al. (2005) and Adolfson et al.
(2013), respectively).

"Here, we have used the same definition of R{““* as in Ramses II (see Christiano, Trabandt, and Walentin (2011)
and Adolfson et al. (2013)) and Christiano, Eichenbaum, and Evans (2005), for being the more recent one (note that in
previous versions of Ramses, R was denoted RJ). In Ramses I, R*“? is instead given by

we,d _  we,d we,d
R =v, " "Ry 1 +1—-v,7",

which is motivated by the fact that households purchase one-period zero-coupon bonds with certain nominal payout in
period t + 1. This choice is not likely to be of much importance, however, as it has been found that the working capital
channel does not noteably improve the model fit. In fact, Adolfson et al. (2005) demonstrate that a version of Ramses I
that excludes the working capital channel is favoured by the data compared to the baseline. It is relevant to note that
the model is estimated using Bayesian estimation techniques, and that a different estimation method (e.g. matching
IRF) may yield different results. Nonetheless, in later versions of the model, this channel is entirely shut off.

We note also that the above applies to the definitions of all the gross effective nominal rates of interest faced by the
different types of firms in the model.

10



The Lagrange multiplier associated with the constraint in the cost minimization problem will have
the interpretation of the nominal marginal cost (i.e. the nominal cost of producing an additional unit
of the domestic good). The first order conditions (henceforth FOC) with respect to N;; and K;; are
given by:

K\
WiR " = MOY, (1—a)2 ¢ (z\rt) (3.12)
it
K; —(1-a)
R = MC{ oz % (N:) : (3.13)

Combining these two FOCs, one gets the following expression for the nominal marginal cost:

-«
L (mmpe) JE
MCf = L (3.14)
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where the firm index 7 is dropped as all the variables entering the right-hand side are aggregate
variables. We note that, using FOC (3.12), we could also write the expression for the nominal marginal

cost as follows: 4 J
WtR;UC’ . WtR;EUC’

- X a
P Gt ()

where M PL;; denotes the marginal product of labour (9Y; /0N ;) of the ith intermediate producer.
Using FOC (3.13), we could also write:

MCE =

(3.15)

RF RF
MCY — t t , 3.16
© = MPK;, azl,a6t<&,t>7<1ﬂ) (3.16)

t N;+

where M PK;; denotes the marginal product of capital (0Y;;/0K; ;) of the it" intermediate producer.
We need only one additional expression in the final set of model equations. Note that (3.14) implies
that the capital services to labour ratio is the same for all firms, as they all face the same factor prices.
We note also that the marginal cost equals the average unit cost, as our assumption about constant
return to scale implies that the marginal cost does not change with output. Combining (3.14) and
(3.15), we obtain the solution for the nominal rental rate of capital services:

« wcht
T, 1
Wl (3.17)

Rf =

The ** firm is a monopolist in the production of the i*" intermediate goods and it sets its price in
a staggered fashion, following Calvo (1983). Each intermediate firm faces a probability (1 — £,) that
it can reoptimize its price in any period, independent on the time that has passed since it was last
able to reoptimize. If the firm is not able to reoptimize in period ¢, the price in period ¢ + 1 will be
set according to the following indexation rule:

Pt =7ipd
{ Pie = Pias » _ (3.18)

where kg, 74 are parameters such that kg, ¢4, kg + 24 € [0,1], 7r§l_1 is the lagged domestic gross
inflation rate, and 7§ is a time-varying inflation trend or, alternatively, the time-varying central-bank
target inflation rate. Note that we allow 7§ to vary over time, to capture medium-term movement in
inflation expectations (or, potentially, changes in policy makers’ preferences). It is assumed to follow
the process

log 7f = (1 — pze)log @€ + pre log Ti_| + Oreeze . (3.19)
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7 is a scalar which allows to capture, among other things, cases in which non-optimizing firms do not
change their prices at all (7 = 4 = 1) or index only to the steady-state inflation rate (7 = 7, 34 = 1).

Consider a firm that optimized its price in period ¢ and has not been allowed to reoptimize during
s periods ahead. Denoting by f’z‘ft the reoptimized price in period ¢, the price that it will charge in
t + s is given by:

zt+s HTrt+] it (3.20)

Hence, when setting its price at time ¢, the ﬁrm i Wlll maximize its future discounted profits, taking
into account that it will not get to reoptimize the time-t price in ¢ + 1 with probability &4, in ¢ + 2
with probability (£ d)2 and so on. Thus, intermediate firm 7 faces the following optimization problem:

o0
d d
H}%%X 1Y (/de)s Ctﬁ+svt+8 ('PZ t+sY t+s — mct+spt+syi7t+s>
it s=0
)\d

At
pd A1
.t t
st. Yi, = (éd) Yy,
t

where v; is the multiplier on the household’s budget constraint, and measures the marginal value
to the household of one unit of profit in terms of currency. mc{ denotes the real marginal cost.
Substituting in the demand constraint, derived in equation (3.3), and equation (3.20), and rearranging,
the optimization problem becomes:

d d
>‘t+s _ /\t+s

o0

1—
~d ~d I ~d ~d AL 1
s B d ﬂ-t—‘rl"'ﬂ-t-i—s ~d t+s d 7Tt+1'--7Tt+s ~d t+s
H}%%X Ey E (B€4)°CoysVts Py Yirs (d Pzt) —mcp | — 5 Li

it s=0 t+s t+s
(3.21)
The FOC associated with this problem directly yields the expression for the optimal price:
. 2t
T T 1-X2¢
Br 5 (0607 Gl v Ple Ve M gt (Hags ) 0
ﬁ)d _ s=0 t+s

L 0 ;d

7 7 -4,

E, Zo(ﬁfd)scz{isvwsﬂﬂﬁﬂ <W) -

S= s

Note that we drop the subscript ¢ in the expression of the optimal price. This reflects the fact that
all firms face the same optimization problem and hence have the same solution. To rewrite in terms
of relative prices, divide both sides by P to obtain

’\z+s

7 d 4\ - 2d
Ey Z(de) Ct+svt+spt+sn+5>‘t+smct+s< i ) e

7Tt+1 7rt+s

= —=" - , (3.22)
E = sB J2 Y ”t+1 7Tt+5 1
tZ(ﬁfd) Ct+sUt+s thsttts | =@ —a

5—0 7r t+1 7rt+s

>\d
d 1734(;5
() et
1

t+s _ d d
and = Tiyg--Tiyq-

4 Pd
where p¢ = B 5 and we have used that id =
t t

(Pf)* i

We consider again the definition of the price index Ptd in equation (3.4). Bearing in mind that a
fraction £, of firms index their price, while the remaining firms get to reoptimize, we can rewrite the
price index as follows:

1-x4

N ha Nl gt 1-37 ¢
()T = ()™ [ () e ()




There is a continuum of firms in the economy. Due to the Calvo pricing assumption, the firms who
get to update their prices are randomly chosen, and thus, the integral of individual prices over some
subset of the unit interval will be proportional to the integral over the entire unit interval, where the
proportion is equal to the subset over which the integral is taken. Hence,

&4 1;;f 1 1;&§ 17&d
/0 (Pﬁt_l) di = fd,/o (Pﬁt_l) di =&y (Ptd—l)

1 1
d -

(P =g, (mipt)) v (B)

1

Dividing both sides by (Ptd) -3 and solving for p¢, we have

This implies that

1 1-x¢
1-2d

1—¢ %: t
pi = <i(—£3>

(3.23)

It is also useful to note, for later use, that we can obtain the total demand for homogeneous goods
by integrating equation (3.3) over i. We then have

1
Y; / Y ¢di (3.24)
0
A

Jj’jtd 1-x¢
= Yt(Ptd) , (3.25)

where P denotes a measure of price dispersion, defined as follows:

d
1-2{
A bV

. 1 —ty t
P = /0 (R’C,lt) N d

We can divide by Ptd, to obtain the following expression in terms of relative prices:

1-2¢
/\g /\%1
od /1 P -3 g (3.26)
Dy = : 1 , .
t 0 ]%g

yielding

A
vi= i (pf) 7.
We can break this integral, using the Calvo assumption on price setting, and re-express it in terms of
relative prices as follows:

. T
e e
™
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Substituting ¢ using (3.23), we get:
1-2¢

1
A 74\ 122d
od a» 1,3;; 1—& (sz) o
Py = |&a | —gPr1 +(1-¢&) — : (3.27)
s 1-¢&4

For the steady-state solutions in Section 12, it is also useful to derive an expression for firms’
profits. Time-t profits, taking into account the fixed costs, of the ¥ domestic intermediate goods
producer are given by

PROFITS{, = P4Yi, ~ MC? (Vi + 5 67).

Using the demand curve for the i** intermediate goods producer in equation (3.3), we have

A9
‘dt ﬁ P‘dt 17321
PMWHﬁf:;é PYY; — MCY ﬁ Y+ 2 e | . (3.28)
t t

The domestic intermediate good is allocated among alternative uses as follows:
Y =G+ C8 + I+ X (3.29)

where G} denotes government spending; C’f denotes intermediate domestic consumption goods, used
together with intermediate imported consumption goods to produce final consumption goods; Iﬁ
denotes domestic investment goods, used together with imported investment goods to produce final
investment goods; and X denotes intermediate goods allocated to exports.®

3.1.1 Scaling of the domestic intermediate goods producers’ optimal conditions

The domestic intermediate firm’s real marginal cost is equal to the nominal marginal cost M C{ divided
by the price of the homogeneous good. Scaling the non-stationary variables, equation (3.14) becomes:

j e 7k) <
mef = (th;” C’d) ( ﬁa : (3.30)
(1—a) “a%g
here @; = Wt = Wi denotes the scaled real d 7 = LB the scaled real capital rental rat
where wy = z;r = z:Ptd enotes € Scaled rea Wage, al T’t = Ptd € Scaled real capital rental rate.

The second expression for the firm’s marginal cost, (3.15), becomes, after scaling:

_ d
’UJtRZ:)C7

k (o]
_ t
q(1-a) (b

8Note that Adolfson et al. (2013) includes another term in the equation for the domestic good allocation, so that

d _
me; =

(3.31)

Y: =G: + C! + I + X{ + Ds.

Here, D; denotes the costs of the real frictions in the model. We do not include this term as our modelling of the labour
market does not include any vacancy posting costs. Moreover, the capital utilization costs in the model are assumed to
be paid for using the final investment good, implying that the share of the domestic good used to pay for this costs are
already accounted for through the inclusion of I¢ (see Section 3.4). The latter is not the case in Ramses I, where capital
utilization costs enter the aggregate resource constraint explicitly. Finally, the investment adjustment costs are specified
so that some fraction of the investment is lost in the transformation to physical capital (see Section 4.3). As such, they
are already included through investment demand.
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while the third can be written as

d Y
mey = - ) (3.32)
Qe (Mz-ﬁ-,t/f\ll,tNt)
We can also scale the expressions for the marginal costs of labour and capital. Using that
K [}
MPL, = (1 —a)z % <t> (3.33)
Ny
and (1-a)
K\ (-
MPEK; = az} ¢ <t> : (3.34)
Ny
we can obtain MPL iy N
mply = ——— = (1—-a) & <t> , (3.35)
2 Pt i ¢ Nt
and
ks —(1-a)
mpky = MPK;V; = aey <) : (3.36)
NZ+,tMW,tNt

Note that the marginal products of labour and of capital are scaled in the same way as wages and
the rental rate of capital, respectively, as specified in Section 2.1 above. Recall that, using (3.35) and
(3.36), we can also write the expression for marginal costs as follows:

— pwc,d
d_ Wil

mcf = o (3.37)
d Y
mey = . (3.38)
Combining, we have
o N
mply mpk;
and
W R 7
)
Bt gy ¢ Nt

We can also directly rewrite the relationship for the rental rate of capital services, (3.17), in terms
of stationary variables as follows:

_ a N
7= DRI g (3.39)
-« k‘t ’ ’

We scale the optimal-price equation of the domestic intermediate goods producer, equation (3.22), by

2, to obtain:

d
Atgs

E — 5B 2\ d Flpe Al | 1A s
t > (BEq) <t+swz+,t+syt+s t+sMCiys |\ =@ ——a

d
= o1 Tits

= . , (3.40)
E - sB 1T | 1 Mas
t Z (/de) Ct+s¢z+,t+syt+s o —

d d
s—=0 Tit1Ttys

where we have used that:

Y

d _ d + Tt+s

Ut Py Yirs = Urps Py o2y s o ¢z+,t+syt+s-
t+s
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We can also scale the expression for profits in equation (3.28) to obtain

1 Ad
P2\ 12 P2\ 1-xd CZ)d
rofitst, = | =2 Py, — me} Py o + —
prof it (Ptd> t Yt t 4t Yt Ptd Ve
Integrating this expression over 7, we get
A d
profits? =y [1—med (pf) A (;; : (3.41)
t

—F—d .
where profits, denotes real total profits, and where we have used the definition of the aggregate
domestic price index (3.4) and the domestic price dispersion measure (6.3).

3.1.2 Log-linearization of the domestic intermediate goods producers’ optimal condi-
tions

We start with the working capital interest rate for domestic intermediate goods producers. Log-
linearizing equation (3.10), we have

Vwc,d (R _ 1) we.d l/wc,dRR
Ruwed Vi + Rwe,d t:

We next log-linearize the expressions for domestic intermediate goods producers’ marginal costs,
(3.30) and (3.31). Equation (3.30) gives

RV = (3.42)

mied = (1- ) (@t + R;"Cvd) ot e, (3.43)
From equation (3.31), we have
T?L\C? = {f}t + Rzuc,d + « (:&\Il,t — ]%t + /:”zﬂt + Nt) — €. (344)

We can combine equations (3.43) and (3.44) to obtain the following expression for the rental rate of
capital:

~k . N ~ pwe,d % 7,

Ty = Mt g + My ¢ + w¢ + Rt + Nt — kt. (345)
We could alternatively use equations (3.37) and (3.38) to characterize firms’ marginal costs. Log-

linearizing, we have -
med = @, + RV — mpl,, (3.46)

and L
mel =7, — mpk,. (3.47)

Moreover, log-linearizing (3.35) and (3.36), we obtain the following expressions for the marginal rate
of labour and capital, respectively:

— (kY .
mpl, = a(N)t + &, (3.48)
— Y .
mpk, = — (1 — ) <N> + &, (3.49)
t

—

where (%) , denotes the log-linearized capital-to-labour ratio given by

—

k s . .
(N) =kt — Ny = (fot g + fryy) - (3.50)
t
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We also need to log-linearize the expression for the combination of investment-specific and neutral
technology fi,+ ;. Log-linearization of equation (3.9) yields

N a N
fiot s = T Fws e (3.51)

We now consider the domestic intermediate goods producers’ price setting. We start by log-
linearizing the expression of the domestic intermediate goods producers’ optimal price (3.40):

d S B ﬁ?ﬂ 7~T§l+ 17;?“
~ e s
by Et Z(ﬁgd)sgtﬁ-swzJﬁt—‘rsyt—i—s ﬁ

5—0 t+1 - Tits

d
Atts

> 8 d R A
* S
= EtE (BEa) Cry s pysUtas Ay smCiys | =g —q :
s=0

1 Tits

> = 70\ T2 =d\ Toxd
P> e (%) —i—pdEtZ s (5)
s=0

B - A A4 %d od 1 /2d ~d 4 R
Coys T Vot tys + Ytws — W log <7rd> Atys T 1_d (“t+1 oot s — T — e W?Jrs)
o0 ~dN\ Toxd d ~d\
T\ 1= | .3 - . A T ~d
= L Z(ﬁfd)sCﬂlﬁﬁ?/}\dmcd <7Td) Ctis Vot ps + Yts + <1 + W log <7rd> ) Atts
s=0 _
+1_7)\d (Wtﬂ to A T T — 7rt+s) ;

where we have used the steady-state relationship:

s sad

0 ~d 00 ~
Y eea v (5) = D06 PN e

s=0

QU
SN—
_
>
ISy

Now turn to the expression of 7¢:
Kd
~d __ d —C 1*!6(17%(1 ~\ Mg
Tt = (771571) (7}) ()7,

which gives, in steady state:
~d _ (_d\" meNl—kg—3q [ uN\a
7= (7€) (7).

As discussed in Section 12 below, we assume that 7% = 7¢ = 7¢, which implies that 7¢ = (ﬂ'd) 1= (7).

Under the additional assumption that there is full indexation i.e. 34 = 0 or, alternatively, that 7 is

equal to the inflation target as well, we have 7¢ = 7%. Under the same assumption, we also have that

me? = )\d (Section 12, equation (12.27)). Hence, we have.

o oo
Z ~ {d =d o~ ~
pfé%zw Z(ﬁgd)s = By Z(ﬁfd)s |:me+5 + Args — (Wt+1 T T — 77?+1 - ﬂgl+8):|
s=0 s=0
21 = 2d 2d ~d ~d
& pf = (1-8&) Er Z(ﬁfd) [mct+s + >‘t+s - (Wt+1 o T T Mg — e T 7Tt+s>} :
s=0
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7 ) (3.52)

p§ can be written recursively as follows
Ti41 — M1

(1 - Bga) (mef + A7) + U%J&mﬂ+wrw%d@§jﬁg (7
= E X;.

where we have used that, for a variable Xy, F; [E}+1X}]
We can log-linearize expression (3.23) to obtain another expression for p¢. Using the steady-state

relationships
-d 1-xd
T -
=GB e
T
~d
=1, =
T
we obtain ¢
Yo 1—§d<7rt Ty (3.53)
~d
P — b (Wt+1 7Tt+1) (3.54)

) (1 - B¢4) (mct +)‘t> 1-¢,

1-¢&q4
Log-linearizing the expression of 7¢ in equation (3.18) yields
~d ~
T, = kgl | 4+ (1 — ka) Ty, (3.55)
under the assumption that s»¢; = 0. Plugging into (3.54), we finally obtain the following Phillips curve
relation:
~d  =C (l_ﬁgd) (1 _gd) (A Rd ~d =~c
Ty — T, = —{—A) 7(7r_ —7r> 3.56
B ~d ~c BKd ~c =c
LB (#ha —Fo) - T By (7 - .
T T+ Byt T~ T 1+ Bry (T — Te11)
For use in later sections, we need also to log-linearize the price dispersion equation (3.27). Rear-
ranging,
d
d ~d 1 a /\t
o iy M 1-¢, (lg) 123
ed) 127 _ Tt od L1 4
() @(ﬁml) (=) | —¢

t
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Log-linearizing, we get

)i ) )

1- )\ 1- )9
)\d frd J 1jid d ﬁ'd d ﬁ'd J 1iid )\d d
= ety () -t e (T (5) TR
d_
7l ﬁ o 1
1=& <F) A4 FINTAM 12d Ly,
= [T (ﬂ) 7o 7]
(1 5 )1 1_£d (F> 1_5[1 (F) )\dj\d
+ (1 - n
I 1-¢, 1-¢, '
At—1
7d\ 1-xd 2
1€\ N LAVLATE P d
= (%) () () ¥
d i
Dividing through by 1i,\d (ﬁd) 1-x4 | we obtain
A4 X

~d\ 7_>d
/Ed T 1—X ~d
P = &4 <7Td> [Wt 7Tt ‘|‘pt 1} +&;In

L (e, (ﬁd> R A

1 A—1
1
— my — T
(p?) 2 1=¢&4 e ' '
)\d
i 1—e (277 (1-(2)7F
— = .
T TR (1-21) &
(pd)l ~d 1_£d 1_§d
Loy A
= _\d
1—@(%)” S (7 (7 Th pd X
1=¢&4 2 T\ ) (7 1— 27

(pd)1->7

We can now use the steady-state relationship 7% = 7% to simplify the expression further. Note that
this assumption also implies that

=1,
and thus that In (ﬁd) = 0. We then finally arrive at the following expression:
~d ~d
Py = Eabr—1- (3.57)

3.2 Production of imported intermediate goods

The import sector consists of domestic firms that buy a homogeneous good from foreign firms. There
are four different types of importing firms: (i) those that turn the imported product into a specialized
non-energy consumption good C7%, (ii) those that turn the imported product into a specialized invest-
ment good I}, (iii) those that turn the imported product into a specialized good used as input by
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exporting firms X[, and (iv) those that turn the imported energy into a specialized energy consump-
tion good C;}". There is a continuum of importing firms in each category. They sell their specialized
output to irn7p0rt retailers, which produce the final imported goods. Consequently, there are also four
types of import retailers.

Consider the production of the homogeneous consumption good derived from imports, C{". It
is a composite of the specialized consumption goods C7}, and it is produced by domestic retailers
according to the following technology:

1 1 AE
o = [/ () dz} , 1 < A" < oo, (3.58)
0

where A" is a time-varying price markup in the import consumption market. Specifically, for the
four different types of importing firms, we assume that

log A/ = (1 — pym.i ) 1og X + p\m s log AT Tymi€ymi s J = Ci, T, Ce. (3.59)

The retailers of the imported consumption goods operate under perfect competition and take the price
of output P and input P;; as given. Profit maximization writes:

1
max P"°C™ — PeCdi
om t t it 1,1
it 0

which yields

Ae
m lDiTE’C A m
it = Pm,c Ot . (360)
t

The *" importing firm producing C7'; takes (3.60) as a demand curve. It buys the foreign homoge-
neous good and converts it into a differentiated consumption good through access to a differentiating
technology (brand naming). The importing firm must pay the inputs at the beginning of the period
in foreign currency, and as it doesn’t have resources at the beginning of the period it must borrow
those resources. The marginal cost of this producer is

MC™ = 8, P* Re™ (3.61)

where
Rf’c’m = yi”c’mRZ‘ +1-— y;"c’m, (3.62)

R} is the foreign nominal interest rate, Sy the nominal exchange rate (domestic currency per units
. d,*x . . . . we,m
of foreign currency), and P,"" is the foreign currency price of the foreign homogeneous good. v,

denotes the fraction of the import retailers’ costs that has to be financed in advance. We assume that

v, ™ follows

we,m

logv, " = (1 — pywem) logv

we,m we,m

+ Pywe,m lOg v, 1 + Oywe,mEywe,m ¢. (363)
There is no risk for this firm because all shocks are realized at the beginning of the period, and
thus there is no uncertainty about the realization of prices and exchange rates during the borrowing
period.? For reasons related to the steady-state calculations, further discussed in Section 12, we will

assume that each firm 7, producing the speacilized consumption good C7}, needs to pay a fixed cost of

9This feature is commented on in an earlier documentation of Ramses II. In particular, the authors point out that
they are somewhat uncomfortable with this feature of the model, as the fact that interest is due and matters indicates
that some time evolves over the duration of the loan, and thus the assumption that no uncertainty is realized over a
period of signicant duration of time seems implausible. They conjecture, however, that this does not affect the first order
properties of the model.
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production like the one assumed for the intermediate goods producers in Sec‘cion~ 3.1 above. We thus
separate between gross demand for consumption imports, which we denote by C}", and the demand
net of fixed costs. Specifically, we assume that

1
Cl' = / Ciy + z g™, (3.64)
0

and that the firm pays for the fixed costs using its own imported good. Denoting by ¢ ¢ the fixed
cost faced by the domestic importers of consumption goods, we derive the following expression for the
firm’s profits:

PROFITS}}* = P[y°Cil — MC™ (CFy + 2 ¢™).

Using the demand curve for the i*” intermediate goods producer in equation (3.60), we have

m,c

t
m,c i@’c AT m,c ~m m,c PZ?C A m + tm,c
PROFITS})" = | e P™eC™ — MC| o C"+zt¢™ | . (3.65)
t t

Now turn to the production of the homogeneous investment good derived from imports, ;. It
is a composite of the specialized investment goods, I}, and it is produced by competitive domestic
retailers according to:

1 TR P Vil ,
I = [/ () dz’] , 1< A" < oo (3.66)
0

The retailers of the imported investment goods take the price of output, Ptm’i, and input, Pi"Z’i, as
given. As for consumption, profit maximization leads to:

/\m,i

m=|= . (3.67)

m,i
By

The i** importing firm producing I ™ takes (3.67) as a demand curve. It buys the foreign homogeneous
good and converts it into a differentiated investment good. The marginal cost of this producer is the
same as (3.61):

MC™ = 8, P RYe™, (3.68)

This implies that the price met by this firm, Ptd’* (in terms of foreign currency), is the same as the
cost of the importing firm producing C7’;. This may seem inconsistent with the fact that domestically
produced investment and consumption goods have different relative prices. From the aggregation
technologies for consumption and investment goods, discussed in Sections 3.3 and 3.4, it will be
clear that the efficiency of imported investment goods grows over time, relative that of the imported
consumption good. As for imported consumption goods, we assume that gross demand for investment
imports is given by

1
I = / I+ 2 o™ (3.69)
0
We also have the following expression for the investment importing firm’s profits:

PROFITS[;" = Py I} = MG (I + 2/ 6™).

it T 7

m,i L m,i )\:”’i ;
mi it \'7M T Smim m,i N
PROFITS! = [ —i P Mo | {2 ezt | (3.70)
t t
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Next, consider the production of the homogeneous imported input, X;", used in the production
of the specialized export good X;. It is a composite of the specialized export goods X7 and it is
produced by competitive domestic retailers according to:

1 1 A;n ‘
X" = V (X dz} : 1< A" < o0 (3.71)
0

The retailers of X7 take the price of output, P, and input, P}, as given. As for consumption
and investment, profit maximization leads to the following demand curve for the producer of X7%:

)\;"‘z
m Pznzw A m
Xit = P;n’x X" (3.72)
t

The marginal cost associated with the production of X"} is:

MC™* = S, P& RYe™, (3.73)
Finally, we assume that gross demand for imports used in export production are given by
~ 1
Xt = / X7+ 2™, (3.74)
0

and derive the following expression for the profits of firm ¢ importing goods for export production:

PROFITS]y" = PIv" X% — MC™ (X7} + 2 ™) .

AT

P T P
PROFITSy" = | S FX = MO | | i X"+ 2™ | (3.75)
t t

Finally, we turn to the production of the homogeneous energy consumption good derived from
imports, C;"™. It is a composite of the specialized investment goods, C;}", and it is produced by
competitive domestic retailers according to:

ATce

1 1 t
Cm = [/ (erm)™ ‘”] . 1A <ol (3.76)
0

The retailers of C;"™ take the price of output, P, and input, P/;“, as given. As for non-energy
consumption, investment, and exports, profit maximization leads to the following demand curve for
the producer of C7}™:

m,ce
/\t

CCJ’I’L _ f’;?’ce 1_>\’£n166 Cam
it t - (3.77)

prce
t
The marginal cost associated with the production of CZ Vs
MC™ ™ = S, P Ry O™, (3.78)

Finally, we assume that gross demand for imports used in energy consumption production are given
by

1
Cte,m :/ Cz;:m_’_zqumyce’ (379)
0
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and derive the following expression for the profits of firm ¢ importing goods for export production:

PROFITS[} = PG = MO (CE" + 1 97).

1 )\;n,ce
m,ce W m,ce 1—/\?’&6
m,ce it m,ce ~e,m m,ce it e,m
PROFITSZﬂ; = W Pt ’ Ct T — Mct ’ 4P7’n7ce Ct mo Zt+ (Zsm,Ce
t t

(3.80)

Each of the four types of importing firms is a monopolist and is subject to Calvo price-setting

frictions. Each importing firm faces a probability (1 — §m7j) that it can reoptimizes its price in any

period, for j = ¢, i, z, ce, independent on the time that has passed since it was last able to reoptimize.

If the firm is not able to reoptimize in period ¢, the price in period t + 1 will be set according to the
following indexation rule:

P — prmd

"’mvj
Ty

Z7t Z,t—l. . )
{ ﬁ-:n’-j = <7T:17{>K‘m,j (ﬁ_g)l—ﬁm,j—%nL,j (ﬁ_)%,n’j 7 J=6C1, T, (381)

where K, j, #m,j are parameters such that kp, j, sm.j, km,j + 2m,; € [0,1]. In a similar way as
what we had for the domestic producers of intermediate goods, when setting its price at time ¢, the
ith importing firm in each of the categories will maximize its future discounted profits. Denoting
by Pzwt” (j = ¢,i,x,ce) the reoptimized price at period t, the firm faces the following optimization
problem:

o0
s 0 m,j rzj m,j pm.j rzj mooGf 5=
max E > (5§m,j) CpsUt+s <Pi,t+s i,t+s_mct+spt+s Zz',tJrs) Cz,t if j=c
irt s=0 _ 7 I if j=1
A ) it = mooir o
s.t. it = P];m’j Zt Czjt Zf ] =ce
The FOC yields the expression for the optimal price:
m,j
t+s
oo o . L amyj ™.
5B Mg oz g g [ Te1 Tl | 1A
By 32 (B&m ) CrysViasPrys Ziy sAysmerys <7rmy7rmg> ’
~m,j s=0 t+1Tets 3 89
b, - ] ] 1 ’ ( . )
00 . N R ] m,j
B m,j r7j Tl Tygs | 12y
By 32 (B8 5)*CrysVirs PR L | g —ms ’
s=0 t+1Tt+s
clr oaif j=c
moee
Zt] — It Zf J=1
X" if j=x
CH™ if j=ce
ng B
where p," = thd for j = ¢, 1, x, ce.

We can derive a second expression for ﬁ:n’j from the expression of the aggregate price of imported
goods, P, in a similar way as for domestic intermediate goods producers. We have:

_ 1 -
=AY
ol
, 1 =& (Wm,j)
p’;nnj — t
(1=&my)
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Note that, to obtain total demand for imports of non-energy consumption, investment, export
and energy consumption input goods, we can integrate expressions (3.60), (3.67), (3.72) and (3.77),
respectively. Starting with consumption we have

A

1 L[ P T
/ chndi = / e Ccdi
0o o \ B

Amse

t
1 [ pme\ 1oame
- om Pi,t t di
- t Pm,c t
0 t

. . . . °m. ]
Defining a measure of price dispersion, p;"”, as follows:

17/\'m,j

. t
m,j pr—
A m,j
)\t

m,j ! I)Z‘T;L’j 17;?”
Py = / o , j=ci,x,ce, (3.84)

we have that total demand for imports of consumption goods is given by

1 )\;n,c
/ Ciidi = Cf" (o)t (3.85)
0
Proceeding in the same way, we can derive total demand for imports of investment goods
1 A
/ Indi = I (ﬁ;””) AT (3.86)
0
total demand for imports used as inputs in export production
1 A
. oTN, L\ 1—\T"7
/ XIdi = X ()T (3.87)
0
and total demand for imports of energy consumption goods
1 e
| exrdi= i ey T (3.89)
0

As for domestic intermediate goods producers above, we can use the Calvo assumption to rewrite
(3.84) in terms of relative prices as follows:

. L
: A g | A
. g S\ 1-a7d Nt
em.,j t am,j ~m,j\ 1Ay
P = 1 &mg | g Pe-1 + (1= &my) (Pt ) '
Tt
Substituting p;"’ using (3.83), we get
1A
B L AT A;n,j
; -7
AT ~m,j t
i t 1 o
m.j T g | N ~Emy (wm’j)
ST, J— orre, t
Dby - gm 1 oy ] + (]- - gm ) ) (389)
»J m,j »J 1— g .
ﬂ-t m?]
j = c¢,i,x,ce.
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3.2.1 Scaling of the imported intermediate goods producers’ optimal conditions

The real marginal cost of the imported (non-energy) consumption, investment and export intermediate
goods producers is given by (dividing expressions (3.61), (3.68) and (3.73) by the corresponding price
of imported goods):

d,* pwe,m C % d,* d
mcm’j o Stpt Rt StP F’C P P pwem _ qtpg puem
b T T pmi pr pipetpmi T oex mjit o
t t t 1t b Py Py

for j=c,i,x. (3.90)

For the imported energy goods producers, it is given by (dividing expression (3.78) by the price of the
imported energy goods):

ce,x pWe,m Cok e ek pd,x d o cex
m,ce_StPt 7Rt ’ _StPt7 Pt Pt ' F)t7 Pt we,m qtptpt7 we,m

c = = s (3.91)
t m,ce c d d c,x pm,ce -l c,x _m,ce "t
Py Pf Py P Py P, Dy Py
Scaling equation (3.82) by zt+ , the optimal-price condition of the importing firms becomes
| i
. m,J m,j
m,j J o Teg1- 7Tt+s =2y
Z (/Bé.m,j) Ct+s¢z+ t—i—spt ZtJrs)‘tJrsmctJrs <ﬂ.m J T \J >
~m,j s=0 t+1Ttts 399
by = _ i : (3.92)
o0 ~m,] m,J
J 7Tt+1 Teds N 1A
Et Z (5£m,]) €t+swz+ t+spt Zt+s < m,jm J)
s=0 Tit1Tets
" if j=c
- it if g=i
t a if j=u
e,m . .
¢ if j=ce
where we have used that
. vaj ZJ L
m,J _ t+s t+s m,) _J
'Ut—l—sPt+5 Ziys = Ut+szt+spt+5 pd T/Jz+,t+spt+szt+s~
t+s t+s
We can also scale the expression for profits in equation (3.65) to obtain:
m,C % m,C L
) -\ )
profits, ¢ = P c” Fis ' me, "¢ Fis i ¢m -
Wt T Tt t m,C - t m,C
By Py ct’
Integrating this expression over the whole set of firms importing consumption goods, we get:
1 >\m ¢
., m,C m,C m 1 I_A:n’c m,C 1_,\1m70 m,c oM, ] ¢mc
profits,” = P el” | | pme (B0) 2 —me (Pt )
t ct’
. —F—m, its) ¢ .
or, defining real profits as profits, ‘= %, one gets in real terms:
t
Ae (z)m c
t )
. MC  m m,C o1, C\ 1—\"THC
profits, = = cj [1 —mey” ((pt )T 4 p )] . (3.93)
t

Following the same reasoning for the other three types of importing firms (investment and export
goods, and energy consumption), we obtain:

>\m,i

. t
——m,i . omi\ 1\l
profits; " =i |1 —mc™ (pi" z) 1A

¢m,i

3.94
|| (3.99
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xy"

profits, " = [1 —mc;"" ((p;n TYIAT ¢ )] , (3.95)

I s gne
profits,  =¢;" |1 —me" | (py ) + e | |- (3.96)

t

3.2.2 Log-linearization of the imported intermediate goods producers’ optimal condi-
tions

Log-linearization of the expression for the working capital interest rate for importing firms in equation
(3.62) yields
pwem (R* _ 1) wem pWEm R

prem = VT W T Y puem | VI (3.97)

Rwe,m Rwe,m

Moving on to the importing firms’ marginal cost, we can log-linearize equation (3.90) to obtain
me™ = G+ p¢ — pot — I+ RUO™ . for j = c,i, . (3.98)

We can also log-linearize equation (3.91) to obtain

mc;ﬂ ,C€é — (jt +I§§ _l_ﬁge, ﬁg * Am ce _l_ R;Ucm (3.99)

We now turn to the import goods producers’ price setting. Starting from equation (3.92), we can

proceed with the derivations in the same way as for the for the domestic intermediate goods producers.

Assuming that sz, ; = 0, for j = ¢,7, z, ce, we get the following Phillips curves for the importing firms
(corresponding to equation (3.56) for the domestic intermediate goods producers):

smj ¢ (1 B Bgm,j) (1 B é.m:j)

- A £ A0) £ (5 00
o Em.j (14 Brm,;) ( A ) T T Brgy V1 T T (3-100)
B ~AM,J =~c ,Bﬂmj ~c ~c
P () - g w).

1 +/8/‘€mj t t+1 t+1 1 +/B/§m,j t( t t—‘rl)

] - C’ /L’$’ Ce’

where we have used the log-linearized version of the price indexation rule for the importing firms in
equation (3.81):

T = kg 4+ (1= Kmg) Ty J = iy, ce. (3.101)

For use in later sections, we need also to log-linearize the price dispersion equation (3.89). We

proceed in the same way as for the domestic price dispersion term in Section 3.1.2. We rearrange
(3.89) to obtain

m,j
Ay

) Ny
A =27

m,j ~m,j
X At ; ,ﬁ.mm] . 17)\:n’j 1- §m7] ( m g)
oMM, ] 1,)\;”13 _ § ) t oM, + (1 o f ) Ty
pt - m,] m J pt m,J — 5 . ’
t m,j

j = c? Z? x? ce?
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and log-linearize, which gives
m.j

. A
; ZM7 0\ 1—A™sJ ; . ;
>m,) T -m,J AMm,j <>m,g
Dt = gm,] <7‘(‘m7]> |:7Tt — T 4 Py—1

m,j

U] iy FAMJ N\ 1-xm.d 1 cm,j . 1 cm,j
SV S — o eIy ’
+§m7] In <ﬂ_m7]’p ) (Wm’j> 1— )\md )\t In (p ) 1— )\m,] )\t
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1= &y (Bns ) I
1 m,j \ 7 TN famg
AT 1-¢, Em,;j i Ty Ur
(]377%]) 1—A"J m,j
N —1 1 AT
FMT 0\ 1—A™Msd Mg\ 1—AmJ
1ty [ (B) 1=y (207) .
+ gm,j In J A\ J A\ (1 _ )\m,]) )\m,]
L _amd 1—¢, 1—¢, . t
(ﬁmvj) 1—A™MJ m,j m,)
] 1 A 1

T\ 1-amed . , 1 ,
-6y (557) bms | <7~T’W) <frmu> ST A mj
- n - - S .

_ , A m,j m,j _ gt
1 §m7] ( Om,]) Tomg ™ ™ 1 A
p
We can now use the steady-state relationship 77 = 7™/, and thus $™7 = 1, to obtain
<M, j M, J . .
bt =&mjPi-1, J=C i, ce. (3.102)

3.2.3 Marginal costs with exchange rate lags

The marginal costs for the producers of imported consumption goods was given by equation (3.61)
above. Considering that many importing firms may hedge against unexpected exchange rate move-
ments, and that the exchange rate thus may affect the marginal cost only with some lag, we could
alternatively assume that the marginal cost of the importing goods producers is given by!®

MC™ = 8,5, PP RY™, j=c,i,x (3.103)

where
5 —C¢1—¢2—S3 Q1 S2 <3
St — St St71St72St73'

For importers of the energy consumption good, we could similarly have
MO = 83, PO RYO™. (3.104)

Note that the steady-state value of §; equals one, so that the steady-state computations are not affected
by this alternative marginal cost specification. We can rewrite 5; as follows:

S= ST ST,
St—l S1 St—2 S2 St—3 3
St St St

_ ( St >§1< St St1>g2( Sy Si—1 St2>§3
Si—1 Si—1 St—2 Si—1 Si—2 Si—3

St = s; 7t (se8i—1)" % (s¢Sp—181—2) 3 (3.105)

Y0This could be implemented for all import goods or only for the consumption goods, as that is the only import sector
for which we include prices as an observable.
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Scaling (3.103), we obtain

o mi Sis P Ry™ _ SyP{ P PEP; Ry
t - Ptm,j P ’JPC*PcPd t

c~
qtPi St we,m
ck m,jo L ’
t

for j=c,i,x.

Scaling (3.104), we obtain

~ peex pwe,m ¢k pe pd,* d
me™ee — StStPt Rt _ StPt Pt Pt Pt 3, Rwem
t - m,ce - ¢ pd pS* pm,jttl
P pPg o pE P pd

C 067* ~
. qtPi Dy ch,m
- Cc,k _m,ce t .

Py Dy
Log-linearizing, we get
—~m,j 4 N ~C,* M, J HWC,m . .
me, Y =G+ pp+ 8 —p —pyC + Ry, for j=c, iz,
—~m,ce __ ~C ACE % = AC, % Am ,ce wce,m
me; =G+ pr+pyp T+ St =Dy + RO,

and

~

5t = —c18t — <2 (8t +54-1) — <3 (8t + 5t—1 + 51-2) .

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

An alternative could be to include also lags of the price of the homogeneous foreign good which
is used as input in the import production. For the import goods producers, we would then have the

following alternative specification of §;:

—§1—$2—¢ NS £\ S
S¢ = d*) e (Stflplsdh) 1 (St72ptd—’2> ’ <5t73ptd—73) '
_ St 1 St 2 St 3 o
St Pd* St Pd*
_ Pt St Stlpd*Pd* _2><
St 1 Pd* St—1Si-2 Pd * Pd p

dx pdx \
Si Si-1Si_o PP* P P
St—1 St—2 Si— 3Pd*Pd*Pd*

3, = dy_dyx\ "2 dyx _dx _dx\ 3
St = 3t77t StSt—1T T q StSt_lst_Q’]Tt 7Tt 17Tt 2 .
Log-linearizing,
= A ~d,* A A A ~d,*
St = —¢1 (5t+7Tt )—§2 <St+5t—1+7Tt + 1)

~ ~ ~ ~d,* ~d,*
—G3 (8t+st_1+5t_2+7rt + T 2)

For the importers of the energy consumption good, we would then instead have

—~m,ce ACE,* =C AC, % A’ITL ce wce,m
mcy = q ‘l-pt + 0y +St -py - +Rt >
where
~ce . N -
5 = =1 (8 + ") — o (8t+8t 1A )

~ CE % Ace*)

—3 (8t + 81+ 8o+ AT+ AT +
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3.3 Production of final consumption goods

Final consumption goods are purchased by households. The goods are produced by a representative
competitive firm that combines domestically produced and imported goods and energy according to
the following technologies:

Ct = |:(1 — we)l/ne (C’ire)(ne_l)/ne + wi/ne (C’f)(ne_l)/ne] ne/(nefl) : (3115)
(ne.—1)/n. ne/(Me—1)
oFe = [(1 — o) /e (Cg’) ey e (CF)“%‘W%} : (3.116)
( enlil)/ em _ nem/(nem_l)
Cte = |:(1 — wem)l/nem (Cte?d) K K + wigem (Cfvm)(nem 1)/775m:| (3117)

Here, C7¢ denotes consumption excluding energy and Cf is consumption of energy. C{ is a one-for-
one transformation of the domestic homogeneous good Y;, and C}" is the homogeneous composite of
specialized consumption imported goods discussed in Section 3.2. Cf @ is the consumption of domesti-
cally produced energy, and C;"™ is the imported energy consumption. w, determines the steady-state
share of energy in consumption and 7, is the elasticity of substitution between energy and non-energy
consumption. w, determines the steady-state share of imports in non-energy consumption, and 7,
the elasticity of substitution between domestic and imported consumption goods. we,, determines the
steady-state share of imports in energy consumption, and 7,,, the elasticity of substitution between
domestic and imported energy. The introduction of energy consumption will allow us to include both
headline and core inflation as observables. We assume that production of energy requires some use
of the domestic homogenous good, just as all the other goods. We think of this as there being an
endowment of energy, which requires labour and capital in the same proportions as all other goods in
order to be turned into consumable energy. Note that we will treat the prices of the domestic energy
consumption in the two countries as stochastic processes.

The representative firm takes the price of output P and the prices of inputs Ptd, P, Ptd’ce and
P/ as given. It faces the following three budget constraints:

Ptcxe zxe + Ptcecte — PtCC't7 (3118)
PICH + PG = PEeCy, (3.119)
pleeced 4 prcegem — peece, (3.120)

We define the aggregate price index as the inverse of the Lagrange multiplier on the expenditures,
ie. Pf = 1/X{. Also, for non-energy consumption we have that Pf*¢ = 1/A\{*°, while for energy
consumption Pf¢ = 1/A{¢. This allows us to write total expenditures as PfC; and expenditures on
non-energy goods and energy as Pf*°Cy¢ and Pf°CY, respectively. We assume that the agent first
solves the partial problems of how to allocate the shares they spend on non-energy goods and energy,
respectively, between domestic and imported goods.

First, we derive expressions for C{ and CJ" for a given expenditure level EX P?¢, by solving the
following problem:

e

1 Ne—1 1 ne—1 ne—1
max. [(1 —wo)e (CF) 7wl (O ] - x| pled + pree — EX P
tr-t

Optimization yields the following demand functions for C{ and CJ":

d —TMe
cf=(1—wc)[ t} cye, (3.121)



vac —Ne

C" = w, {Ptm] Cre. (3.122)
t

Here, P2 denotes the domestic price level, P/™° the price level of imported consumption, and Pf¢ the

aggregate consumption price index excluding energy (CPIxe). Substituting (3.121) and (3.122) into

(3.119), we obtain the following expression for the CPI excluding energy:

(3.123)

» - L queem
pere — [(1—%) (Pﬂ) Fw (B9)! "c} .

Next, we derive expressions for C&% and C&™ for a given expenditure level EX P¢, by solving the
following problem:

1 Nem
Nem — 1 n -1
1 Nem —1 em
— e, d\ 7e e,m
max (1 — wem) Nem (Ct7 ) em + wé]’,%m (Ct ’ ) Nem
e, d ~e,m
C.%,C

—/\fe |:1Dtd,cecte,d + Ptm,cecte,m _ EXPtce:|

Optimization yields the following demand functions for C&% and C¢™:

“Nem

ce, (3.124)

d,ce

W _ t
Cte = (1 — U)em) F

ce. (3.125)

Ce’m - Ptmzce —Tem
t = Wem

ce
Pt

Here, Ptd’ce denotes the price level of the domestic energy component, P,""“ the price level of the
imported energy component, and Pf¢ the aggregate energy price index. Substituting (3.124) and
(3.125) into (3.120), we obtain the following expression for the the energy price index:

d 1777€m 1— 1/(1_775771)
PtCE — |:(1 _ wem) (Pt 706) + Wem (Ptmzce) nem:| .

(3.126)

Finally, we solve the problem for the aggregate consumption good. We derive expressions for C{®
and Cf for a given total expenditure level EX Pf, by solving the following problem:

Nne—1

Ne

1 e—1 1 e—1

ama, (1= w0 (€)' + ) (€05 | ™ - X ey + PieCE - BXPY]
t 7t

Optimization yields the following demand functions for C}¢ and Cf:

pcze —MNe
Cr* =(1-we) [ L ] Ct, (3.127)
Pt
pee —Me
Cf = We |: }ic :| Ct. (3128)
t

Here, Pf° denotes the price of the energy consumption good and Pf the aggregate consumption price
index (CPI). Substituting (3.127) and (3.128) into (3.118), we obtain the following expression for CPI:

1/(1—n,
Ptc _ (1 - We) (Ptcze)l—ﬁe + we (Ptce)l—ﬁe} /(=ne) ) (3_129)
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Defining the relative prices of final consumption and imported consumption (relative to the do-

mestic price) as

oo
t Ptd
pm,c B Ptm,c
t - d

Pt

the relative prices of non-energy and energy consumption as

cre
pfxe = P;d )
t
ce
pfe = ];d’
t

and the relative price of domestically produced and imported energy consumption as

pd,ce B Ptd,ce
t - d
Pt
m,ce
m,ce Pt
t - d
Pt

we can rewrite (3.123), (3.126) and (3.129) as follows

I

mev1on 11/(=1.)
P = [0 = we) e ()

)

ce d,ce 1=7em, m,ceN1—ngp, e
"= | (1 — wem) (pt ) + Wem () o

and 1/(1—n.)
- ce\1— e
pi = [(1 =) () 7wt

The rate of inflation of the aggregate consumption good excluding energy is then given by

cre __
t T pcxe
Pt—l

I

Ptcme B (1 _ wc) (Ptd)l—nc + W, (Ptm,C)l—ﬂc 1/(1-n.)
(1= we) (PEy) '™ +we (B)

or, in terms of relative prices,

d d

L — Ptcze Ptfl Pt _ pgxe 7_[_d

t - cxe d d ~ cre 't
Py Py Py pi

(1 — we) + we () e
1—
(1 - we) +we (pivg) ™

_ d
= my

)

] 1/(1-n.)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

where 7 = PZ/P{ | denotes the rate of inflation of the domestically produced goods. Similarly, the

rate of inflation of aggregate energy consumption is then given by

1/(1777em)

lfnem

pee | @ wem) (PE) T 4w (PP0) e

1777em —
- (1 — Ct)em) (Ptd;cle> + Wem (Pt’rﬁ’lce)l flem
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or, in terms of relative prices,

d
e o (HI) L
Peey PO P Py
1777em _ 1/(1_776771)
|1 wom) () oo ()
= 7 PN S (3.142)
(1 - Wem) (ptLl) + Wem (ptil ) o
Finally, the rate of inflation of the final consumption good is given by
_ _ 1/(1-n.)
¢ = by — (1 —we) (Ptcze)l e + we (Ptce)l " (3.143)
bope (1 —we) (P5) 17 4 e (Peey) 7 ’
or, in terms of of relative prices,
o _ [ PEPL\ PE O pf
T = c d d ¢ Tt
Pfy P Py DPia
1
1-me 1-ne 1—n.
1— cxre ce Ne
| e 0 e ) ] | (3.144)
(1 —we) (p25)  +we (pi24)

3.3.1 Scaling of the final consumption goods producers’ optimal conditions

Scaling equations (3.121), (3.122), (3.124), (3.125), (3.127) and (3.128) by z;", we obtain the following
demand functions:

of = (1 —we) ()" ¢, (3.145)
A i S 3.146
¢’ = we e [ (3.146)
t
d7 Nem
ed = (1- P ¢ 3.147
Ct - ( w€m) pce Ct ( * )
t
g (P ) " e 3.148
Ct = Wem ce ct ( N )
t
ve pgxe —MNe
i =(1—we) or ct, (3.149)
t
ce\ e
& = w, (Z{:) ct, (3.150)
t

where we have used the definitions of relative prices pf, p;", pf*e, p§, pf’ce, and p;"“specified in

Section 2.2.

3.3.2 Log-linearization of the final consumption goods producers’ optimal conditions

From equation (3.145), we obtain the following log-linear demand for domestic consumption goods:

& = nepe + e (3.151)

From equation (3.146), we have the following log-linear demand for imported consumption goods:

& == (B — i) + ¢ (3.152)
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Equation (3.147), next, yields the following log-linear demand for consumption of domestically pro-
duced energy:

&= e (ﬁf’ce - ﬁ§e> + ¢ (3.153)
Equation (3.148), in turn, yields the following log-linear demand for imported energy consumption
& = e (B — DY) + & (3.154)
Equation (3.149) yields the following log-linear demand for non-energy consumption:
& = —ne Py — P§) + . (3.155)
Finally, equation (3.150) yields the following log-linear demand for energy consumption:
¢ = —ne (i — pf) + . (3.156)

To obtain a log-linear expression for the consumer price index excluding energy, we can log-linearize
equation (3.123) in levels to obtain

Dcxe 1 1= Hd pm,c e HM,C
+ :(1*(.&)0) W Pt + we pC? Pt s

where we have used the definitions of relative prices pf*® and p;"‘, specified in Section 2.2. Lagging

one period and differencing, and using that the definitions of the inflation rates in Section 2.2 imply
that

~cre __ pcxe pHere
Ty = P - P,
~d __  pd Hd
T, = P =Py,
~m,c H1M,C PM,C
Ty = P —-Py,

we obtain the following log-linear expression for the CPIxe inflation in terms of domestic and imported

inflation: . .
cere _ (1 - (L) ad PN T e 3.157
T = (1 —we) peae Ty + We pewe T (3.157)

Proceeding in the same way as for the CPIxe above, we can start from equation (3.126) in order
to obtain an expression for the rate of inflation of the energy price index. Log-linearizing, we get

N d,ce 1-nem R m,ce\ 1—Mem R
Ptce _ (1 _ wem) (p > Ptd7ce 1 Wem (pp > Ptm,ce7

pCE ce

where we have used the definitions of relative prices pf’ce, p; " and p§¢, specified in Section 2.2.

Lagging one period and differencing, and using that the definitions of the inflation rates in Section 2.2
imply that

~ce __  pce Hee
T = PT—PTy,
~d,ce Hd,ce Hd,ce
Ty = B - Py,
~m,ce Hm,ce Hm,ce
Ty = B -,

we obtain the following log-linear expression for the consumer energy price inflation in terms of do-
mestic and imported energy inflation:

pd,ce 1—7em pm,ce 1-7erm
76 = (1 — Wem) (> 77+ Wem <p> y e, (3.158)

pce ce
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Finally, in an analogous way to the above, from equation (3.129) we can obtain an expression for
the rate of inflation of the aggregate total consumption goods. Log-linearizing, we get

R pcme 1=, pce 1-n, R
Ptc = (1 — we) < o > Ptcxe + We (p(:) Ptce'

Lagging one period and differencing, and using that the definitions of the inflation rates in Section 2.2
imply that

~c He DC
T, = Py — Py,
~cre Here pcxe
Ty = P - P,
~ce __  pce Dce
T = P —PBC,

we obtain the following log-linear expression for the aggregate consumer price inflation in terms of
non-energy and energy goods price inflation:

pcace 1-n, pce 1-n,
7= (1—we) < - ) FETE 4 we <pc) e, (3.159)

We finally log-linearize the expressions for relative prices in equations (3.136), (3.137) and (3.138),
which yields the following expressions:

pm,c 1_176
« T, C
pgwe = We <pcwe> Dy (3160)
d,ce\ 1= Mem m,ce\ 1=Mem
A b ~d p A
P58 = (1 — wem) (pce ) Py + Wem (pce > b, (3.161)
pcxe 1-n, pce 1-n,
pr=(1-we) ( e ) P+ we <pc> Py (3.162)

Note that we assume that the relative price of domestic energy evolves as an exogenous process, as
given by the following equation

d,ce

log p;l,ce = (1 - ppd,ce) log p™“ + pa.ce log pfff + O pdiceEpdce 4 (3.163)

3.4 Production of final investment goods

As for consumption, final investment goods are produced by a representative competitive firm that
combines domestically produced and imported goods. Total investment is, however, defined as the
sum of investment goods used in the accumulation of physical capital, I, plus investment goods
used in capital maintenance, a (u;) K. Moreover, to accomodate the observation that the price of
investment goods relative to the price of consumption goods is declining over time, the investment
production technology includes a unit root process with a positive drift, denoted by W;. Specifically,
the investment production technology is given by

(n;—1)/m; ‘ n;/(m;—1)
B alun) KE = (1= (1) " gy , (3.164)

where I{ is a one-for-one transformation of the domestic homogeneous good Y;, and I}™ is the homoge-
neous composite of specialized investment imported goods discussed in Section 3.2. w; determines the
steady-state share of imports in investment, and 7; the elasticity of substitution between domestic and
imported investment goods. The representative firm takes the price of output, P}, and the prices of
inputs, Ptd and Ptm’i, as given. Proceding in the same way as for consumption above, i.e. maximizing
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equation (3.164) subject to the investment expenditure budget constraint, we obtain the following
demand functions for I and IJ™:

Pd - -
Itd = (1 — wi) |:Ptz:| \I/?Z ! (It +a (ut) Kf) R (3165)
t
M

U (4 a(u) K7, (3.166)

P}

Izn:wi

where Ptm’i denotes the price of imported investment, and P} the aggregate investment price index.
Note that the prices of the domestically produced consumption and investment goods are assumed to
be the same. As for the CPI, we can use the derived demand functions to obtain an expression for the
aggregate investment price index. Using equations (3.165) and (3.166) in the investment expenditure
budget constraint, we obtain

1 . 1/(1—n;)

F=g [(1 —w) (Ptd)l_m +wi (Pﬁz)l_"i} . (3.167)

Defining the relative prices of final investment and imported investment relative to the domestic price
as

pr = \I't]]jté, (3.168)
pt = P;;;i, (3.169)

we can rewrite (3.167) as follows
i = [(1 —w;) +w; (pin’i)lni] e : (3.170)

The rate of inflation of the final investment good is then given by

- Lm0

P o, | Aw) (P (Pt ’ ) (3.171)

ﬂ-t = ’i = - 1_ ; y .
Py v, (1—w) (Ptd_l)lfm +w; <Ptn_1,1z) K

or, in terms of relative prices,

i (Pg Py q’t) Pl W,y plowy

Pti—l Ptd Wiy Ptd—l Wy _p§—1 Mgt

o\ 1717 1/ A=m)
d (1 —w;) + w; (pt’>
= L : (3.172)
Hoe | (1 - w;) + w; (p?ii) l
where v
t
_ 3.173
Kt v, ( )

denotes the growht rate of the investment-specific technology shock W,.
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3.4.1 Scaling of the final investment goods producers’ optimal conditions

The demand functions for imported and domestically produced investment goods (3.165) and (3.166)
in scaled form are given by:

#:(1—wg<;>_m<@+aam%7>, (3.174)

t Mot t ¢

myi\ i k;p
i = w; | P (’it +a(up) —— > : (3.175)
y2 Kottt

where we have used the definitions of relative prices pi and p;n’i specified in Section 2.2.

3.4.2 Log-linearization of the final investment goods producers’ optimal conditions

We begin by log-linearizing the demand for domestically produced investment goods in equation
(3.174):

X A 1 oo d kP a(u) kP e, .
ztd =P+ —————— " <zzt + 7( ) uUr + 7( ) (kf T Mot T M\D,t)) .
i+a(u); e Hozt oy Hot oy

Using that a(u) = 0, @’ (u) = oy, and u = 1 (see Section 4.2.1, specifically equations (4.17) and
(4.16)), we finally get
1 opkP

~d i oA
e N i T Ut 3.176
t (747 i L+ by ( )
Similarly, log-linearizing the demand for imported investment goods in equation (3.175), we get
. i 1 .d Wkl . a(u)kP /. . .
i =—n; (pi”” - pi) t <”t + Luut + L (kf T Mt T '“‘I/,t)> :
i+ a(u) TR Hozt g Hoot Py
Using again that a (u) =0, o’ (u) = o3, and u = 1, we obtain
- : 1 opkP
i = =i (5 = 9f) + e+ - iy 3.177
t i \ Pt by 6T i t ( )

As for consumption inflation, we can log-linearize equation (3.167) in levels to obtain

Y3

i N1 prei T 1 -
Pl=(1-w)(@)" Pftw|— P — ——

where we have used the definitions of relative prices pi and p;n’i, specified in Section 2.2. Lagging one
period and differencing, and using that the definitions of the inflation rates in Section 2.2 imply that

~i o Pi D
T, = P —F,

~d Hd Hd

Ty = Py — Py,
Amyt SN SN
T = B =B,

and that the growth rate of the investment-specific technology shock, specified in Section 2.1, in log
deviations is given by
frgy =¥ — Wiq,
we obtain the following log-linear expression for the aggregate investment price index inflation in terms
of domestic and imported inflation:
i\ 1-n,
N i 1.71 ~ pm,z 7 R . 1 R
’ﬂ'; = (1 — wz) (pz)n, W? + Wi <z> W?L’z — 1_777‘/.1,\1,?# (3178)
7
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We can also directly log-linearize the expression for the investment relative price (3.170). Rearranging:
- 1—n. .
()" = (- w)+wi (p)
i\ 1—7; s , N
) A=) @) D) = 1 —w) Fwi (™)
i () ().

1-n;

Substracting the steady-state relationship (p*) = (1 — wi)+w; (pP™) " and simplifying, we have:
) pmt i .

3.5 Production of final export goods

The goods X; are produced by a representative, competitive, foreign retailer using specialized inputs
as follows:

1 1 AY
X, = [ / (Xpt)F dk} ;1< <o, (3.180)
0

where X}, are exports of specialized goods defined below, and A} is a time-varying price markup in
the export market given by the following process

log \Y = (1 — pyz) log A + pye log MY | + opeere 4. (3.181)

The producer of X; takes the price of output, P, and the prices of inputs, Pﬁt, as given.!'! Tt
maximizes profits according to:
1
max PtxXt —/ Pkrth?tdk
Xt 0 ’
which yields the following demand for exports of specialized goods:

>\$

Xog = [ S ﬁX
bt =\ pa t- (3.182)
t

Integrating (3.182) and using (3.180), we obtain the expression for the index of export prices:

1

1 1 1-XY
P} = [/ (PF,) dk} : (3.183)
0

The producer of the k" specialized export good, X k,t» 15 @ monopolist and uses the following technol-
ogy:

1

= Nge—1 1 Ng=1 nzﬂil
Xt = [w;’m (X7%) 7 4+ (1 —we)7= (X,g{t) " ] : (3.184)

where X and Xg’t are the demand by prodycer k for the imported and domestically produced
intermediate goods used in the production of exports, X;" and X,fl respectively, and ¢* denotes a fixed
production cost. The cost minimization problem of the producer of the k" specialized export good is
to minimize total costs subject to the constraint of producing enough to meet demand:

min P RYOT ,?}t%—Pth;”C’xX,it

m d
X XE 4

Nx x
1 Ny—1 1 Ng—1 | ny—1 - At
o - 1 PZ N\ T1-X7
s.t. [w;z (xpm) 7+ (- (X)) ] > ()77 X,

"'We index the producers of final export goods by k, rather than 4, in order to distinguish the demand for the aggregated
imported export goods by a certain producer k, Xy, from the demand for a differentiated imported good for export
production, produced by the intermediate import good producer i, X;7;.

Y
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where
R;”C’x = y;‘f’c’th +1-— 1/}5”0’9”, (3.185)

and v;"“" is the fraction of the export producers’ costs that has to be financed in advance. We assume

that v}"“" evolves according to the following process:

we,x

logv, " = (1 — pywe) logv

we,T

+ Pywe,x log Vi1 + Oywe,zEpwe,a . (3186)

we,T

Denoting by MC}, the Lagrange multiplier associated with the optimization problem, the FOC writes

1 1

4 Bl
R{“TP™T = MO, (Xi%y) 7= wi (Xpg)

_ 1

1 1 1
YR = MO (XE,) ™ (1) (X

Solving for the inputs X}, and th, we obtain

o (mC,)" wa X 1
kt (Riuc,zptm,x)nx ’ (3 87)
L (mep)" a-w) X

Xk,t = (R;UC’thd)nx ’ (3188)

which, inserted in the production function (3.184), allows us to obtain the expression of the nominal
marginal cost for the producer of the specialized export good (identical across producers and, thus,
without the k subscript):

T we,T m,r\1—n d 1-n, ﬁ
MOF = RY* (wy (P™5) " 4 (1 — w,) (Pt) : (3.189)

The firm producing the k" specialized export good is subject to Calvo frictions. At any date, it
faces a probability (1 — &) that it can reoptimize its price, independent on the time that has passed
since it was last able to reoptimize. If the firm is not able to reoptimize in period ¢, the price in period
t + 1 will be set according to the following indexation rule:

Pr =7iP?t,_

LB T e e (3150
T = (Wt—l) (77)

where K, and s, are parameters such that kg, s, kg + 22, € [0,1], ¥ is the lagged export gross

inflation rate, and 7y is the foreign economy central bank’s target inflation rate. Unlike in the earlier

Riksbank models, we choose to treat the export firms’ indexation equally to the domestic and import

firms’ to allow for potential medium-term movement in foreign inflation expectations (possibly driven
by changes in foreign policy makers’ preferences). 7} is assumed to follow the process

log T} = (1 — prs) log T + pas lOg i1 + Orscrn 1. (3.191)

When setting its price at time ¢, the k" specialized exporting firm will maximize its expected future
discounted profits, taking into account that there is a probability £, in each period that it cannot
reoptimize. Denoting by P,g’t the reoptimized price at period ¢, the firm thus faces the following
optimization problem: 7

o0 _1 _1
s B ~ % ” ~ % n
H]%?X E. > (BEL) <t+svt+s <St+splf,t+s (ZtJrs) ! Xijprs — meJrsStJrsth-m (zt+s) f Xk,t+s>
ot s=0

)\I
pe :

a1
s.t. Xk,t = (%) ¢ Xt
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Substituting in the demand expression for X;,; along with the following expression
S
PI?,HS = H ﬁtz—&-jpkz,t’
j=1

the optimization problem becomes

+ T T 1T e 7A;\§+Sl
x v atio ng t+1"t4+s px t4s—
0 StPiiys (Zt+s) ( PT, Pk,t) .
s B
Iggx E E (B2)” CrsVt+s 1 At
Kt s=0 x x AN i Tis pr | s L
—mct+sSt+SPt+s (zt—i-s) (fpk,t t+s Xt+s

Rearranging,

o0 1
~x\ nf
Ig;ax Ey § :(Bé.x)s Cf—l—sUtJrSStJrSPt:fl—s <2t+:> ' XtJrS X
s=0

Kt =
T

Aigs Mts

~T ~T 1— = ~x s _ s
Tl - - Tids po Atps 1 o (T T 5\ M
X T px Tkt TMCy g | 7 pz Lkt

X k:
t+s t+s

Taking derivatives w.r.t. P,f ¢ we get

x
>‘ts

T T + 00 5 _1 s ) T 1-x=
t+s DT s 1 s T ~ % n 41 Tigs .
<1 o 33_1) <Pk7t> " Et Z(Bé-x) Ct+svt+sst+spt+s (Zt+s) f Xt+5 <CC)

t+s s=0 t+s

d
Atts

T _
+ >\t+s ]51' Ag+s -1
T k.t

T

oo
~+7
Ei Z<B£d>sctﬁ+svt+sst+sptq—:‘rs <Zt+:> K Xipsmciy
t+s

s=0

A%‘«I»s

. |
Multiplying through by ( frs — 1) ( kx,t) M7 , and simplifying, we get

_ A?#»s
e 5 _1 o ) T 1 o 1
DT s T =% ng t+1 - "i4s s
_Pk,tEt Z(ng) Ct+3vt+85t+spt+s (Zt+5) Xt+s <$ >
s=0 t+s

.
*© _ 1 7T T - A;\H'il
x s B x s\ 7 z 41 Ttts t+s _
+A s By E (BE4)°CrysVitsSits P (zt+s> I Xipsmeyy (x > = 0,
s=0 t+s

Ail)
_ 1 B _ ths
oo sB L e A x x Ty Ty st
Ey Zszo(ﬂgd) Ct+svt+sst+spt+s (Zt+s> ! Xt+s)‘t+smct+s ( Pr_ . o
)\Cl)
B —5; ARG q- 7Y P
o0 ~+7* n 7rt+1...7rt’+ A —
By > 2 0(BE) (s sVt+sSt4s P (Zt—i-s) T Xits (71:;15 S) e

T
)‘t-&-s
T
1—)\t+5

Pk,t:

28] 1 ~x ~x
B t* n x Tip1Tiys
Ey Z (5§$)S<t+svt+35t+sptﬂs Zits ! Xt""s)‘t-‘rsmc?-i-s LTy
~x s=0
= — — — i , (3.192)
ﬁ ~+ % n ﬂ—f+1'“7rtz+s 1-)\T s
By 3 (B&)*CoysvensSersBls (2 ) Xews (m )

s=0

R
where pf = o -
t
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We can derive a second expression for pf from the definition of the aggregate exports price index
PP in equation (3.183), in a similar way as for domestic and import intermediate goods producers.
We have:

1 1-X¢
1-\F

o= - é(j (_”2) : (3.193)

Using the expression of the demand for domestic input in export production (3.188), we can derive
the expression of the aggregate export demand for the domestic homogeneous good:

1 MC= N 1
Xtd = / Xg’tdk: = <dwtc7x> (1- wx)/ Xy 1 dk.
0 PR, 0

Replacing X}, ; by its expression in (3.182), we get:

A

MCF \" o Tokr
X! = (s ) (1= ) (D7 X, 3194
t}%t

: by S . . .
where py = 5=, and P;’ is a measure of export price dispersion defined as follows:
t

T
1 AT %
DT T \ T-AT
P = [ / (PE,) dk] ,
0
1-2¥
\F )\CUt

o | (BENTE |
B = s . (3.195)
0 t

We can break the integral, using the Calvo assumption on price setting, and re-express it in terms of
relative prices as follows:

1-2¢
) e ;1
ox L%U or 1*>‘t 1 . ~r 71i)\m
Py = | —aPi-1 + (1 =&)B)
t
Substituting pf using (3.193) we get:
, g M
. 25 1-¢ (Lt) N
\ Ty . 1= z \ mf
i = & | 5P +(1-¢&) t : (3.196)
T 1 _'gx

We can use (3.189) in (3.194) to obtain the final expression for the aggregate demand for domestic
inputs for export goods production:

xT
At
T_AT

"X (3.197)

N

Xi = (wa )7+ (1= wa)) T (1 ) (57)

Proceeding in the same way as for the domestically produced input good, we can arrive at an expression
for the aggregate export demand for the imported input good:
Y

T
17)\t

Nz
X = (o + (L= wn) ) ) T w6 X (3.198)

40



As in the case of imports, we want to distinguish between gross demand for exported goods,
denoted above by X;, and the demand net of fixed costs, which we denote by X;. Specifically, we
assume that .

Xit = Xkt — Zt+¢$»

or, in aggregate terms

1
X, = / Xy — zF 6. (3.199)
0

Inserting demand equation (3.182), we get

AT

_ 1 /pT \ 157
Xt:/ (Jjj) " Xydk — zf o7
0 t

Integrating over i, and using the expression for export price dispersion in equation (3.195), we have

v
At

X = (57N Xy — 29" (3.200)
We also derive the following expression for the exporting firm’s profits:
i . .
PROFITS}, = S,P, ( ) " Xyt — MO? (Xk,t + zw)

1

= Stht( *> Y ( Xkt — 5 9") — MCY Xy

Using the demand curve faced by the k** specialized exporter in equation (3.182), we have

\F AT

-L P? l—tAz PE N\ 1=Xx7
prorirss, = s, () ¥ ( () -t ) - () 7 x
t

1 AY
-1 P* \ 17 px px T—N\T
) T k, k, k,
= spp(57) ((139;) L X - thzj'¢x> — MCY <P;> " X(3.201)
t t t

3.5.1 Scaling of the final export goods producers’ optimal conditions

We can write the expression for the marginal costs (3.189) in terms of stationary variables as

ch J:pc * ) . 1
mctx = N (wx (pznﬂ?) Ny + (1 _ wm)) —Nz , (3202)
Qtptpt

where we have used the definitions of relative prices p;"*, p¥, p¢ and p;’™, and the real exchange rate
q¢, all stated in Section 2.1. Scaling the aggregate demand for domestically produced and imported
goods used in export production, (3.197) and (3.198), by 2,7, we obtain

Ne i
— —Ny o 1-XF
af = (wa ) 7 (L= wa)) T = w) () (3.203)
n AF
m m,r\N,—1 l—fzr ox 1-27
= <wa} + (1 —wg) (p, )" ) * wy (PF) Ty (3.204)

Finally, the expression of the optimal price for domestic exporters (3.192) in terms of stationary
variables is given by

)‘tx-‘—s

QttsP§ 1 oPEys T * (ﬁterl"'ﬁters) =20
F g L AT me
E (ﬁém) Ct—i—swz t+s P?:s t+sNt+s t+s T 1T

~ s=0
B = — S — — (3:205
Qt+sP p T LT 1-X
Z (,fo) <t+swz+ t+s +Sp§}s o Tt+s ( tI_H ?LS) o
S

=0 Tit1Ti4s
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where we have used that

1

_ 1 C,* * c Px <Z+ *) '
S, .. P~ ~t,* X _ + Pd St+SPt+s Pt+s Pt+s t+s \ 7t Xt+s
VitsOt+sliys | %t t+s = Ut+sZiyslits c C* Dd " T
Pt—i—s Pt+s Pt+s Pt+s Zt+s
- Qt+8pt+spt+s
wz+,t+s C,* Lits-
t+s

Scaling the expression for X; in equation (3.200), we get

A

= (py) ' — 9" (3.206)

We can also scale the expression for profits in equations (3.201), to obtain

1 A
1 PENTR Pl g P? N\ 557
. B o\ 7 k.t t e k.t i
Integrating this expression over the whole set of specialized exporters, we get:
1 1
/ profitsydk = SiP’ ( +*) oy x
0
1\ a7 [l ¢ 1 p 1/ pz 1f§%
o [ e [ ()
P 0 z Jo Bf o \ B
. ~+ % 7] ¢m k t At T
profitsy = S Pf ( ) T 1/ —dk —mcy (py) ' |
Tt Jo P
We define fo P’,“Tt dk = p; otemp , a price term that will equate one in steady state and under full
indexation.!? Bearing in mind that a fraction ¢, of firms index their price, while the remaining

oz, temp

fraction get to reoptimize, we can derive the following expression for p; , which will be useful for

the steady-state calculations:
oac ,temp gw 7Tt o{L’ temp + (1 _ 595) (3‘207)

We thus end up with the following expression for the specialized exporters’ real profits:

)\z

T
ﬂﬁf’temp —me? (p7) T 7| (3.208)

profits, = x; |1 —
Lt

3.5.2 Log-linearization of the final export goods producers’ optimal conditions
We first log-linearize the expressions for export goods producers’ marginal costs in equation (3.202)

Wy (pm,:r) 1-n,

& il 3.209
Wy (pm,m)l Ny + (1 - CU:;:) t ( )

mey = RYOT + 0" — G — py — by +

Log-linearization of the expression for the working capital interest rate for export goods producers

in equation (3.185) yields

W (R _ 1) we PWCT R
e T T B (3.210)

2Note that this term will not enter the final set of model equations, but is only needed for the computation of the
steady state.

HDWC,T
Rt -
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We now turn to the export goods producers’ price setting. Starting from equation (3.205), we can
proceed with the derivations in the same way as for the for the domestic and import intermediate
goods producers. Assuming that s, = 0, we get the following Phillips curve for the exporting firms:

~x  oF (1_551) (1_650) —~ 1T KR AT =%
Ty — Ty = é_x (1 n B/@x) (mct + >\t> + m (7Tt71 — 7Tt) (3211)
6 ~x ~k ,8/‘71;13 ~% ~%
N +ﬁ/€xEt (A — 7)) — 1+3 xEt (T = Te41) 5

where we have used the log-linearized version of the price indexation rule for the importing firms in
equation (3.190):
T ~
7, = ko 4 (1= Ky — 222) Ty (3.212)
For use in later sections, we need also to log-linearize the price dispersion equation (3.196). Rear-

ranging,
AY

1
Y 71\ 7
)\tz ,ﬁm TAT 1-— é-m (7)
or\ ToNT t o t Tt
™ =g (D) - | —

We now log-linearize, proceeding in the same way as for the domestic and imported price dispersion
terms before, which yields

PN PN
~T TENTXT g ~T 7 7T\ 1= 1 .z R 1 .z
Py =& <7r$> [7% — 7t +pt—1] + &, 1In <7r$pm> <7r$> ToaM —n (P") T e
(~z)# AT-1 1
1 (1-¢ ()T AN e
_ G TA\mw fx <x> [ﬂ't - Wf]
(po) T 1-&, T
77\ 7o aoy e \
1-— 1-— T_) 1= 1— A REDE
(5) T3 1-¢&, 1-¢,
JUpSE S AT-1 1
1-¢, (%) £, 7O\ (AT AT e
@ In{ — — 71,)\15 .
1—§x (ﬁx)m e Vi ]_—>\

We use the steady-state relationship 7#* = 7%, which implies that p* = 1, to obtain
~T ~T
Py = &uDy—1- (3.213)
Finally, we log-linearize the demand equations for domestically produced and imported goods used
in export production. Starting with equation (3.203), we have:

1_77 xT T

NeWa (pm,m) i AT, T A op 3T AP~z .

. PP b —2log AT + — P + &

e () e+ (L —wy) L (L ae)? P e T ek T

Using that full indexation implies that p* = 1, we arrive at the following expression:

~d
.’lft—

1-n T
~d NaWa (pm,x) ‘ AT, T T .
Moving on to equation (3.204), we have:
2—1 T T
Am U (1 - wl‘) (pm,I)WL AN, T A op AT A ~T .
== ' — A —_— )
T et (L wg) (= 170 T (w2 8P T
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Using that full indexation implies that p* = 1, we finally obtain

am_ _ Me (1= wa) ™) e PR N (3.215)
B L N |

We note that

wa (p®)! e (1—wy) (™)
Wz (pm’x)li% +(1-ws) wet+(1—wy) (pm,x)%*l

wr (™)' (s + (1= w0) ()1 ) +

X
= wi (pm,z)l e 4 2wy (1 Wm) + (1 - Wz)z (pm, )m“
w2 (pe) e+ 2wy (1 — wa) + (1 — wg)? (pme)= !
and so
(1= wy) (pm)"="" wg (pT) e

Wy + (1 — wy) (pm,x)nw_l
Thus, defining
m,z\ 17,
Dy = Ya (1p_ ) , (3.216)
Wy (pm,a:) Nz + (1 _ wa:)

we can rewrite (3.214) and (3.215) above as

T

~ ST
¥ = n,@ap" + L + Iy, (3.217)
and \
A~ ~ >T
B = =g (1= Q) B+ T abe + s (3.218)
respectively.

3.6 Total export demand

We assume that total demand by foreigners for domestic exports takes the following form:

.
Pfl‘
th( t ) (¥~ Gi). (3.219)

d,*
Pt

where Y;* is the foreign GDP, Gf is foreign government spending, P/ is an index of export prices,
and Ptd’* has been defined before as the foreign-currency price of the foreign homogeneous good, and
where we have assumed that exports do not enter in the production of foreign government spending.
From the foreign economy resource constraint, we know that this is equivalent to

X, = <Pt*> (Cf’ + O It )
t
We can substitute for Cf ™ to obtain
th T Te,* e,* d,*
X; = <P*> (cror+cpm 1) (3.220)
t
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3.6.1 Scaling of total export demand

Scaling the total demand by foreigners for domestic exports in equation (3.220), we have

-n
Xt B Ptm f Ctxe,* N Cte7* Itd,* Z:—,*
o+ d,* + % o +
24 P, 2 2 2 2

If we assume that z;r and z,7", albeit similar, are two different processes, as in Ramses I, and define

+,%
S _ AL
2=

2

as the degree of asymmetry in the technological progess in the domestic economy compared to the
rest of the world. We note that the evolution of Z,"* can be written as follows:

~,* Z;‘—,* +

z .
fi* = —+,% t;»l = MZ+ ’t' (3221)
21 21 %t ot ¢
The relative price of exports is then defined as
Pz . _ 1
= (5 (3.222)
Py
Using this definition, the scaled expression for export demand is given by
xe = (py) " <Cfe’* +o" + Zf) : (3.223)

We note that from equations (11.29), (11.30) and (11.31), we have that

Te, 1 e
C ’ :(1_(’“}6) <,> Ct»

C,%
2

cex\ —1N
€k % pt7 ‘ *
G = We C,* Cts
Dy

a (up) k"™

Hoztos tHhw= ¢

and

~d,* ok
Zt = Zt +

Thus, in a setting where there is only one consumption good and the share of energy is zero so that
w* =0 and p;"" = 1, as for example in Smets and Wouters (2003), we get that ¢;“" = ¢}. Also, if the
absence of variable capital utilization or capital utilization costs, we get that z'f = 4F. (3.223) could
then be written as

ze = (pf) ™" (¢f +if) .-

3.6.2 Log-linearization of total export demand

For the export demand expression given by equation (3.223), we obtain

zTe,* e,% -,
C AT €k & A% 1 “d,*

¢+ (2
CTE* I ce* 1 jd.x t cTe* 1 ce* 1 jdx t CTE* | c&* | jd.x t

Ty = —npy +

Note that it is not clear in practice what the shares of consumption and investment in exports should
be. It may not be optimal to assume that those should be equal to their shares in foreign GDP,
as the composition of exports from a small open economy may be different than the composition of
imports in the rest of the world. Moreover, the import shares of consumption and investment are most

45



likely not equal to one another. We do not model those explicitly as the foreign economy is assumed
approximately closed. Instead, in order to take this into account, we allow for more flexibility in
the parametrization of export demand. In practice, we thus estimate the parameter w? in the below
specification, where we have grouped together the non-energy and energy consumption into aggregate
consumption, and let data decide exactly what it should be rather than assuming that it is equal to
the constants specified above.!3:

Br = —n P+ wTE + (1 - W) (3.224)

3.7 Total import demand

Total import demand is given by the sum of demand for the three different types of non-energy good
and of energy imports. We then have that

1 1 1 1
Mt:/ Oﬁdi-ﬁ-/ I{’;di+/ ng;dz'Jr/ Ci"di,
0 0 0 0 ’

where we have let M; denote the sum of all import goods used in the domestic economy. Using demand
expressions (3.85), (3.86), (3.87) and (3.88), we get the following expression:'?

ATC A AT Amsce

My = G )T 4 () T X R T 4 G )T (3.225)

Note that the above expression is the sum of goods used in, and not imported to the domestic econ-
omy. As we have assumed that some of the imported goods are used to cover the fixed costs of the
monopolistic importing firms, the gross imports are going to exceed total import demand M;. This is
important for the calculations of the steady state, to ensure consistency between net exports derived
from the aggregate resource constraint and net exports derived from the expression for net foreign
assets. As the individual importers of non-energy goods are assumed to act under imperfect compe-
tition, they set prices as a markup over marginal costs and, in the absence of fixed production costs,
make positive profits that generate too high imports in the resource constraint. Denoting gross total
imports by M,, we have

1 1
My, = / Clidi 4 27 ¢™° + / I7Ydi + 2™
0 0

1 1
+ / XﬂdiJrz;rqu””wL / CoMdi + 2 g™
0 0 ’

A ATt AT

T, T

t i 7imi t
My = C7"(p" ) + 1" (13’1””) N X () (3.226)
Ameee

t .
—{—Cf’m (ﬁ?z,ce) 1-A7D + Z;r (¢m’c + gbm,z + ¢m,ac + (bm,ce) .

13In Ramses I and II, which contained simpler, three-variable models of the foreign economy, export demand was

specified as follows:

Pz —Nf N

X, = ( ;*) Yy

P
It was thus implicitly assumed that exports entered the production of GDP components in a way that made total exports
covary one-for-one with foreign total demand, at given relative prices. See Adolfson et al. (2005) and Adolfson et al.
(2013).

HMYWe note that, for the steady state computations, we use the following expression for export demand:

TN —7 ¢ sk\wZ ok 1—w?®
xy = ()" (ef)*e (i) e,
in order to take into account that the weights of the export demand shares are different from those implied by the
derivation above.
Equations (3.85), (3.86) and (3.87) are also used in the derivation of the evolution of net foreign assets in Section 7,
where the scaling and log-linearization of these equations is done.
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3.7.1 Scaling of total import demand

We can scale the expression for total import demand (3.225) by 2,7, to obtain

m,i
)\:n,c )‘t ) )\:n,,m \msce

t N —t L t
g = e (B T g () T g T G ) T (3.220)

Scaling (3.226) by 2,7, we get

m,c A, AT

. t___ M
e = o (BT i () g ) (3.228)
Amce

e .
+C§7m (ﬁ?’b,ce) 1-A¢ 4 (¢m,c 4 (bm,z 4 ¢m,:p + ¢m,ce) )

3.7.2 Log-linearization of total import demand

Log-linearization of the expression for total import demand (3.227) yields

. cm oy 2 AC ame J— AHe ~m,c
e = (PTG + o ehy (P )m)\t (3.229)
+£ (om,i) % /Z\m + Mt Mt T n (om,i) )\m,i S\Tn,i
m P t 1-— )\m’ipt b (1 _ )\m,i)Q t
™ AT E R A\ ~m,x N A\ sm,T
+— (pmﬂ,’) 1=amn® |::L'175n + 1 _ )\m,xpt +1In (pm,z) (1 _ Am,x)? t :|
c&m _am.ee | ATHCE o ce R \Tce ~m,ce
A [C?m*l_mcept ) e }
Using that, in steady state #™7J = 77 and $™J = 1, this simplifies to
. cm . e ~m,c m - )\m,z’ SN,
T [C;n T el } T [Z? Tt ] (3:230)
™ . A\ ~m,T c&m N \mce ~m,ce
R e L

4 Households

4.1 Household preferences

We assume that there is a large representative household, with full risk sharing of consumption among
household members as in Merz (1995). There is a continuum of members indexed by (j,k) € (0,1) x
(0,1).16 Here, j denotes the type of labour service a household member is specialized in, and k the
disutility of work. They attain utility from consumption and disutility from work. The preferences with
respect to consumption are unchanged compared to the setup in Christiano, Trabandt, and Walentin
(2011) and Adolfson et al. (2013). But while these previous two models assume a specification of
the disutility of work as in Erceg, Henderson, and Levin (2000), we here instead rely on the setup in
Gali, Smets, and Wouters (2012) as a simple way of introducing unemployment into the model. A
household member of type (7, k) has preferences

BN B¢ (65108 (Cpe = bCje—1) — 1 (5. k) CFOK?], (4.1)
t=0

16T general, the subscripted variables denote household or firm choice variables and the variables without a subscript
(other than the time subscript ¢) denote economy-wide variables.
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where (3 is the household’s discount factor, Cj ¢ is consumption of household member (j,k), 1 (j, k)
is an indicator function that is equal to one if the household member works and zero otherwise, and
O is an endogenous preference shifter. The parameter ¢ > 0 determines the shape of the distribution
of work disutilities across the individual household members.!” Cf , (¢ and ¢} denote shocks to the
discount rate, consumption preferences and labour supply, respectively, given by the following AR(1)

processes:'®
log Cf = (1 - pgﬁ) log CB + Pcs log gf—l + O¢BEB 15 (4.2)
lOg Cg - (1 — pé—c) log CC + pcc log Cgfl + UCCSCCJ, (43)
log ¢} = (1 — pgn) log (" + pen log (i g + a¢negn 4. (4.4)

There is habit persistence in consumption, as indicated by the inclusion of the term bCj;_1. The
endogenous preference shifter is defined as'®

0, = ZETY, (4.5)

where C; is average aggregate consumption,
C C \1-v 1 v
Zy = (24) TN ) (4.6)
t

and T} is the marginal utility of consumtpion given by

1

+N _ B B
Ty =G - ﬁbEtCt+1C§+lm- (4.7)

Cf
Gt C, —bCy_1

In a symmetric equilibrium C; = C;. Integrating over all household members’ utilities, using that
Cj,k,t = (C} for all (], k‘)’ givesQO

© 1 gt
By Y B¢) [ ¢Flog (Cr — bCioy) — ('O K dldj
t=0 0 0

e

00 1
= B Y56 |Gilos (G- 000 - R | 12 di] (48)
P o L+

We can derive the household-relevant marginal rate of substitution between consumption and
employment for type j workers as follows:

U, ON;

MRS, = — 2205t
RSt = =3, 700,

"In this preference specification, the coefficient of relative risk aversion equals one, as implied by the assumption of
log utility.

'8 Note that all three shocks cannot be turned on at once in the estimation of the model. They are all included in the
derivations to allow for the possibility of choosing any subset of the three.

9Note that, when habits are external and Cf = (; = 1, our expressions coincide with ©; and Z€ in Gali, Smets, and
Wouters (2012) (in Gali, Smets, and Wouters (2012), ZC is denoted by Z:), as given by

_ zf
O = G
1—v _ _
78 = (z8.)  (Ci—bCia)”.

20Note that this expression is very similar to the preference specifications in Christiano, Trabandt, and Walentin (2011)
and Adolfson et al. (2013). Instead of ¢, which was the notation of the shock to the household’s labor supply in the
model with hours, we now have (;'©; in front of the disutility of work term, and the inverse of the Frisch elasticity of
labor supply o, is now replaced by the preference parameter .
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where U; denotes the household’s utility function. We then have
G/ Groms,

s 3 —

MRS, =

In a symmetric equilibrium where C; = C;, using (4.7) we can rewrite this as

CCroms,

MRS =5 (4.9)

We thus note that, in a symmetric equilibrium, Y}V is the marginal utility of consumption.

4.2 The household’s budget constraint

The representative household optimizes its utility subject to the following budget constraint:
PtCCt + Ptz (It +a (ut) Kf) + Pk’,tAt + Bit1 + StBt}il

1 gt
= / / Wj’k’tdkdj + RfUth + Rt—lthlBt + R:—l(bt—lXt—lStBtF + Ht + TRt, (410)
0 0

where the left-hand side contains the expenditure terms and the right-hand side the income terms.
The budget constraint (4.10) is slightly modified compared to the earlier Riksbank models, due to the
assumption that some household members do not work.

The households spend part of their resources on consumption and investment, purchasing aggregate
consumption and investment goods at the prices Pf and P}, respectively. Moreover, as the households
own the economy’s physical capital stock, they also pay for the capital utilization costs which we will
describe further under 4.2.1 below. Note that we assume that the variable capital utilization involves
the use of investment goods, as described in Section 3.4. The term Py ;A;; is included to allow for
the computation of the price of capital in the model, P ;. The term A; reflects the existence of a
market for capital, and will be further explained in Section 4.3 below. Finally, the households invest in
domestic bonds By11 (on which they earn interest in period ¢ 4 1), denominated in domestic currency,
and foreign bonds B{jrl, denominated in foreign currency. S; denotes the nominal exchange rate,
defined as the price of a unit of foreign currency expressed in terms of the domestic currency.

The households receive income from wages, with W}, ; denoting the wage set by the household
as specified in Section 4.6 below. Note that W;; = W;; for all k, as firms pay the same price for
the labour of type j irrespectively of which household member that supplies the labour. Note further
that, unlike in the setup based on Erceg, Henderson, and Levin (2000) as in Christiano, Trabandst,
and Walentin (2011), and Adolfson et al. (2013), the wage in our model is defined as the wage per
worker rather than the wage per hour, as reflected by the integral over the household members wages
replacing the product of wages and hours worked. The households further receive return on their
capital holdings as given by the second term on the right-hand side. There is a distinction between
physical and efficient capital in the model, as we allow for a variable capital utilization rate, denoted
by u;;. With K f’ , denoting physical capital, efficient capital is given by

_ 4
Kjt = uj K;

Jst? (411)

and it yields a return of Rf. Interest rates are expressed as gross interest rates, so that Ry = 1 + ry.
Moreover, households earn interest on their bond holdings. The interest rate they earn on their
holdings of domestic bonds are R;_; adjusted by the exogenous process x;_; — a risk premium shock
as in Smets and Wouters (2007), given by the following AR(1) process:

log x; = (1 —py) log x + p, log X1 + oyexs (4.12)
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This shock induces a wedge between the interest rate controlled by the central bank and the return on
assets held by the households, and has similar effects as a net-worth shock in Bernanke, Gertler, and
Gilchrist (1999).2! A positive shock to this wedge increases the required return on assets and reduces
current consumption. It is different from the discount factor shock (as in Smets and Wouters (2003))
or the shock to consumer preferences (¢§ in our model), however, as it also increases the cost of capital
and reduces the value of capital and investment, while the other two affect only the consumption
Euler equation. The risk premium shock can thus help generate comovement of consumption and
investment.?? The foreign bonds instead pay a risk-adjusted interest rate of R} ®; 1x,_;, where
®,_1 denotes the premium on foreign bond holdings, discussed further in Section 4.2.2 below. The
households own the firms in the economy, from which they recieve profits denoted by II;.>® Finally,
T R; denotes potential lump-sum transfers (or taxes) that the household receives from (or pays to) the
government.

4.2.1 The capital utilization costs

The capital utilization cost function, a (u¢), is an increasing, convex (a” > 0) function of the utilization
rate u;. It is assumed to satisfy a (1) = 0, u = 1 and o’ = 7*
rental rate of capital further explained in Section 2.1.24 Under these assumptions, the steady state
of the model is independent of o, = a” (u) /a’ (u). The dynamics of the model, however, do depend
on 0,.2% The specific functional form for a (u;), assumed also in Christiano, Trabandt, and Walentin
(2011) and Adolfson et al. (2013), is given by the following expression:

in steady state, where 7 is the scaled real

a(u) = 0.50p0,u 4 oy, (1 — 00) us + 04 ((04/2) — 1), (4.13)

where o, and o} are the parameters of this function. The first- and second-order derivatives are given
by

a (ut) = opoaur+op(1—0,), (4.14)
a’ (uy) = op0q, (4.15)
yielding
a’(u) d"(1) _ T0a — % _ (4.16)
a’ (u) a (1)  opoqu+ op — oo, op
in steady state. Moreover,
a(u) =a(l) =0.50p04 + 0p — opo4 + 0.50p0, — 03 = 0. (4.17)

4.2.2 Risk adjustment on foreign holdings

The risk adjustment term, ®;, depends on the real aggregate net foreign asset position of the domestic
economy, a, the anticipated growth rate of the exchange rate, and a time-varying mean-zero shock to
the risk premium ¢, — the country risk premium shock, given by the following AR(1) process:

log ¢; = (1 - p(}> log & + pylog b1+ O35 (4.18)

2L A structural interpretation of this shock is provided in Fisher (2015).

22Note that we assume that this risk premium is tied to the household and so it enters the return of both domestic
and foreign bonds alike.

%3 Note that the model will be calibrated so that profits equal zero in steady state.

2"We denote by bar the real version of the corresponding nominal variables and by small letters the scaled version of
the corresponding capital-letter variable.

% Note that, for estimation purposes, we will introduce the following transformation of o,:

tr
1—o0/

otr

Oq = )

setting a prior on and estimating ¢%", instead of og.
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Specifically,
o =9 (C_H, Eisiy1st, &St) = exp (—gba (@ —a) — o, (Etsiz1se — 82) + &t) ; (4.19)

where q~ba and gzﬁs are positive parameters, s; = S;/S;—1 denotes the growth rate of the exchange rate,
and

Sthﬂ
ay = . 4.20
"T P (420)
Note that variables without time subscript denote the corresponding value in a non-stochastic steady

state. The term 2" in equation (4.20) is a scaling variable, defined as a combination of investment-

specific and neutral technology, which is included in order to ensure the stationarity of the model, as
discussed in Section 2.1.

The dependence of ®; on a; in equation (4.19) ensures that the steady state of the model is well-
defined. @, is assumed to be strictly increasing in a;, and it holds that ® = 1 in a non-stochastic steady
state, as shown in Section 12. If the domestic economy is a net borrower (lender), so that Bﬁrl <0
(Btljrl > 0), domestic households must pay a premium on the foreign interest rate (recieve lower
interest on their savings). This term, along with the stochastic risk premium shock, were included in
the Ramses I and Ramses II specifications alike.

The dependence of ®; on the exchange rate was instead specific to Ramses II. It is included to allow
the model to reproduce two observations regarding the uncovered interest parity (UIP) and the output
response to a monetary policy shock, respectively. First, while the standard UIP condition implies
that a decrease in R; relative to R} produces an anticipated appreciation of the domestic currency,
acheived by an instantaneous depreciation in the exchange rate on impact, this turns out not to hold
empirically.?® In theory, asset holders respond to the decreased rate of return on domestic assets by
attempting to sell these for the purpose of acquiring foreign ones. The implied increased demand for
foreign currency puts a pressure on the exchange rate to depreciate, until the anticipated appreciation
exactly compensates traders holding domestic assets. An interpretation of why this does not hold in
data is that the reduction in the domestic interest rate, say by a monetary policy shock, reduces the
general risk in the domestic economy which makes traders happier to hold domestic assets in spite of
their lower nominal return. The specification of ®; is designed to capture this idea, as an anticipated
appreciation in the level of the exchange rate lowers the assessment of risk in the domestic economy.
Second, the output response to a monetary policy shock is generally found to be hump-shaped in data,
which requires mechanisms that slow down the initial response of demand to the shock. The increase
in net exports, specifically, depends on the degree of depreciation when the shock hits, and is reduced
by the introduction of the risk adjustment mechanism described above.

The specification of the risk adjustment term in Ramses II differs from that in the published CTW
paper, where ®; is given by the following expression:

o= (@t, R} — Ry, $t> = exp <—€~% (@ —a) — ¢y (Rf — Ry — (R* — R)) + €%t> :

This is motivated using the regression interpretation of the uncovered interest parity result, specifically
considering the regression coefficient

ow e S, R R in theory in data
_ — =~ ~
Y= cov (log Si+1 — log S, Ry t) - 1 but <0 .
var (Ry — RY)

Log-linearizing the CTW expression for ®;, we have that

cov (log Sgy1 —log Sy, Ry — Rf)  cov (Ry — Rf — @4, Ry — Ry) L cov (Rt — Ry, ®y)
var (R — R}) N var (R — R}) N var (R — R})

20Tn earlier/internal versions of the Ramses IT documentation (but not in the published occasional paper), there is a
nice and intuitive description of the reasoning underlying the exact choice of the specification for the risk adjustment
term.
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Given that + is usually found to be negative in the data, in stark contrast to the positive unit value
implied by theory, any specification of ®; which causes it to have a positive covariance with the interest
rate differential will help in accounting for this discrepancy with the data. With the assumption made
in CTW that q~bs > 1, v will be negative as usually found in the data. The reason that this specification
was in the end not used in Ramses II has to do with the fact the the motivation for it comes mainly
from movements caused by monetary policy shocks. While it is plausible that a negative interest
rate differential (i.e. Ry — R} < 0) stemming from a monetary policy shock may signal lower risk in
the domestic economy, this mechanism is not as intuitive when the interest rate differential is driven
by some other underlying shock. As monetary policy shocks account for only a small share of the
total variance in the observed variables, this specification was changed in Ramses II to one that more
directly addresses the issues related to the observed unoconditional moments of the exchange rate
such as the high autocorrelation found in data.

4.3 The law of motion for capital

As mentioned above, the households in the economy own the capital stock, denoted by K?, with the
subscript p included to distinguish the physical capital stock from the efficient capital available to
firms. We omit the household index j throughout this section. The law of motion for the households
physical capital stock is given by

KPn = 1= 0) K{ + ToF (I, 1) + Ay, (4.21)

where § denotes the capital depreciation rate, F' (I, I;—1) summarizes the technology that transforms
current and past investment into installed capital for use in the following period, and T} is a stationary
investment-specific technology shock that affects the efficiency of transforming investments into capital.
It is assumed to evolve according to the following process:

log Y = (1 —py)logY + pylog Y1 + overy. (4.22)

Ay is included to help define the shadow price of capital Py ;. The households have access to a market
where they can purchase new capital, K7 +1- As the market for capital is closed, households wishing
to sell K7 1 are the only source of supply, and households wishing to buy K? v the only source of
demand on this market. As all households are identical, the only equilibrium is one where A; = 0.
Py 4 is the shadow value, in consumption units, of a unit of installed capital (for use in the following
period) as of time ¢ when the household makes its investment and capital utilization decision. In other
words, the shadow price is what the price of installed capital would be if there were a market for K7 1
at the beginning of period t.27 Note that we use the stock at the beginning of the period convention,
so that the investment during period ¢ determines the capital stock at the beginning of period ¢ + 1.
This is of relevance when setting up the model in Dynare, as Dynare uses the stock at the end of the
period convention and the the timing of the stock variables therefore must be changed in the code.

The investment technology is assumed to be given by the following function:?®

F (I, I;1) = <1 - S <Ilt>> I, (4.23)

t—1

where S (z) = S'(z) = 0, and §”(z) = S” > 0 is assumed to hold in steady state, with z =
W+ g denoting the real investment growth rate in steady state. Note that only the adjustment cost

2T This is explained in more detail in Christiano, Eichenbaum, and Evans (2005).

28 This was introduced by Christiano, Eichenbaum, and Evans (2005), and adopted in both Ramses I and Ramses II.
Note that the capital adjustment costs are modelled as a function of the change in investment rather than its level. In
other words, we introduce investment adjustment costs rather than capital adjustment costs. The reason for this are
the additional dynamics in the investment equation, which have proven useful in capturing the humpshaped response of
investment following shocks (see, for example, Smets and Wouters (2007)).
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parameter, S”, needs to be specified, as it affects the dynamics of the model.2? The steady state of
the model does not depend on the adjustment cost parameter. Taking the derivative of F' (I}, I;_1)
with respect to its arguments, we obtain

OF (I, I 1) ~,( I > I < < I ))
(I, L,) = —2=U (L) 2 4 (1-5(-—-")), 4.24
(e fim) oI, L) Iy L (4.24)
OF (I, I_1) ~,< I ) ( I >2
B (I, I,) = —2tU g 2L ) (=) . 4.25
2 (I, Ii-1) ol Ii 1) \ 1Lt (4.25)
In steady state, we then have
R, = -8 (@)z+ (1 - S*(x)) —1, (4.26)
B(I,I) = S (z)(x)*=0. (4.27)

The specific functional form for S used in Christiano, Trabandt, and Walentin (2011) and Adolfson
et al. (2013), and its first- and second-order derivatives are given by

@) = 5 {ow [VE @~ )] + e [VE (@ pp)] 2

=1+1-2
= 0,z= oot g

@) = S {VE e VI @ pema)] + (~VE) exp [VE (@ — i)}
= %\/ST”{eXp [\/E(w - Hz+#\1/)} — exp [—@(w - uzw\p)} }

= 0, o= i+ by, o
§"(x) = %\/?{\/Eexp [\/E(w — Ht fy } ( 5”) exp [ V& (a - uzw@)ﬂ
= ég" {eXp [\/ST'(SU — ot [y ] + exp [ S" (2 = pot oy ]}
=1+1
= 8" z= 4y

In the Adolfson et al. (2005) documentation of Ramses I, an example is given of a different functional
form for S (z) in footnote 11. Both these specifications fulfil the requirements on S (z), why it is of
little importance which one we choose. As it may simplify calibration comparisons with Ramses II, we
here adopt the more recent specification in Christiano, Trabandt, and Walentin (2011), and Adolfson
et al. (2013).

Note also that equation (4.11) yields

4.4 The household’s optimization problem

In each period, the household chooses its consumption and bond holdings to maximize equation (4.8)
subject to the budget constraint given in equation (4.10) and the law of motion for capital in equation

29Note that, for estimation purposes, we will introduce the following transformation of S

1— S/I,tr

7
57 = Qrrgr 7

setting a prior on and estimating S*", instead of S”.
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(4.21). Moreover, households decide the level of capital services provided to the firms. They can
increase the capital stock by investing in additional physical capital, in which case the newly invested
capital becomes operational one period ahead, or by increasing the utilization rate of the existing
capital. Specifically, households solve the following Lagrangian problem:

max B> B (L (4.29)
t=0

CtaBt-Q-lyBﬁ_vif_t,_l7At7-[t7ut

14+¢
(§log (Cy — bCy_1) — (O, [, %dj
Li=19 +u fol 0 Wi pdkdj + Rf‘Uth + Rio1x1 Be + Ri @iax—1 S B + 10 + TRy
— (PeCy + P} (I + a (ug) KP) + Pig i + iy + SiBE)
Fwi [(1=0) KP + Ty F (I, Li—1) + Ay — K74

where vy is the shadow value in utility terms of domestic currency. We then obtain the following set
of first-order conditions:

1
wrt. Cp: (P — BYECT ¢ o —Pupr=0 (4.30)

G C, — bCy_q — b0,

w.rt. By _C;:BUt + BEtCtﬁHUtHRtXt =0 ( )
w.T.t. Bt}jrl : —CtﬁvtSt + ﬁEth_,_lUt-i—lR:q)tXtSt—&-l =0 ( )
wrt. KPyy o —Clwp + BE, [gfﬂvm (R{;lum — Piya (ut+1)) 4¢P wiyy (1— 5)] =0 (4.33)
w.r.t. A —Cfvthr,t + C,@Bwt =0 (4.34)
wrt. Iy o =P P+ Pw YRy (I, I—q) + ﬁEtCtB+1wt+1Tt+1F2 (It+1,1t) = 0 (4.35)
wort. ug s (Yo KP (Rf — Pid (ut)) =0 (4.36)
We note that, using (4.7), we can also write (4.30) as follows:

TN = Pu, Pt (4.37)

4.5 Unemployment and labour supply

As mentioned in Section 4.1 above, modelling the labour market as in Gali, Smets, and Wouters (2012)
allows us to introduce unemployment into the model. Just as in Gali, Smets, and Wouters (2012)
(following in turn Gali (2011a) and Gali (2011b)) the unemployment rate is defined as

Ly — Ny

N,
Uy = =1— L ~log Ly —log N;. (4.38)

Ly Ly

With this definition, the unemployed include all the individuals who would like to be working but
are not currently employed. As argued in Gali, Smets, and Wouters (2012), it can thus be viewed
as involuntary. Note that the assumption that the individual members of the household take into
account the utility of the household rather than their personal utility is crucial. As the model implies
that unemployed individuals will enjoy a higher utility ex post than employed individuals — which
follows from the assumption of full consumption risk-sharing — not internalizing the benefits to the
household of an individual’s unemployment would result in no participation.

An individual specialized in type-j labour and with disutility of work {f (7O.k% finds it optimal
to participate in the labour market whenever

1 1 W
B e — BbeB e It Bk
(Ct Ct C, —bCy_, BbCii1Cien Crr1 — th> pe = GGt Ot
W
TN > GOk,
t
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using household welfare as a criterion, and taking as given current labour market conditions as sum-
marized by the type-j prevailing wage. Recall that we in a symmetric equilibrium have Cy = Cy. The
household member that is just willing to supply labour L;; is then given by the expression above
holding with equality. We get, in a symmetric equilibrium,

Wi
Py

=Pzl LY, (4.39)

4.6 Wage setting

We assume that households are monopolistic suppliers of differentiated labour services hired by the
firm. Thus, households can determine their wages. After having set their wages, households inelasti-
cally supply the firms’ demand for labour at the going wage rate. We suppose that the differentiated
labour, n;, is sold by households to labour contractors who combine it into a homogeneous input
good N; using the following technology:

1 PR
0

where A}’ is a time-varying wage markup given by the following process:
log \{’ = (1 — pyw)log A 4 pyw log \i? | + o pwew 4. (4.41)

These labour contractors take the price of the j% differentiated labour input, W;+, and the price of
the homogeneous labour service, Wy, as given. Profit maximization writes

gt

1
max WtNt—/ ijtnﬂdj,
0

and leads to the following first-order condition:

W, \ 1A%
”j,tZ(”t> "N (4.42)

which is a demand curve for the individual households’ labour services. Integrating (4.42) and using
the definition of N;, we obtain the expression for the aggregate wage rate:

1 RTINS b
wo= | [ mora] (4.43)
0

We consider that households are subject to Calvo wage setting frictions as in Erceg, Henderson,
and Levin (2000). In every period, each labour type (or union representing that labour type) faces a
probability 1 — &, that it can reoptimize its nominal wage, independent of when it was last allowed
to reoptimize. If the union reporesenting the j** labour type is not able to reoptimize in period ¢, the
wage it will charge in period ¢ 4+ 1 will be set according to the following indexation rule:

{ Wiger =7eaWie

~ _ w (= —RKw—Hw /v w [
i = ()™ (7f4) (7)75 (s )™
Let us denote by Wjﬁ the reoptimized nominal wage of the union representing the j** labour type

that is set in period ¢, and consider that this union has not been able to reoptimize during s periods
ahead. The wage in ¢t 4+ s will be given by

(4.44)

_ ~w ~w  Yi7.
Wiitts = Tigs -+ T Wit
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When reoptimizing their wage in period ¢, unions representing labour of type j choose the wage
in order to maximize the representative households’ utility (as opposed to the individuals’ utility),
subject to the usual sequence of household flow budget constraints and labour demand. In period ¢,
when setting its wage Wj7t the unions representing labour of type j will maximize its future discounted
utility subject to the budget constraint as in Section 4.4, taking into account that there is a probability
&,, in each period that it cannot reoptimize. Using (4.8) and ignoring the irrelevant terms (of the utility
function) for the wage setting problem, the problem becomes

[e%s) nlﬂ@
max Et Z (ﬂfw)s Cf+s |:_C?+5®t+slji-;s + Ut+st,t+snj,t+s

Wi 5=0 o (4.45)
Wi\ T-AF
st mjp= < M}t ) t Ny
Replacing both n;; and the expression for the wage W1, we get3?
i i A;ﬂLs 1+¢ /\;”+S(1+go)
n  Outs s M1 | =A% 3 1A
—Ciys T+p ( Wits * Nigs Wj,t

max Et Z (ng)s Ctﬁ+s

. AW, 1
It s=0 -1 1;—971)3 ﬁ = FEYo
- ~ ~w - -
+vtrs (Wiys) s Nits (7Tt+s . -7Tt+1) e (”j,t) e

The FOC associated with this problem directly yields the expression for the optimal wage Wt,
which is independent of j, as each union faces the same optimization problem. Taking derivatives

w.r.t. Wj gives

1_% 0o 5 M 1
~ T_\W R s TI oW ~wW ~ W NN
(Wj,t) e By Z (BEw)” CrysVtrs Wiss) s Nigs (Tfg oo Thq) 0k
s=0
AW I+e
= 8 Tits - Tit1 17%{
— S n w s s
- Etz (ng) Ct+5<t+s@t+s t+s < W ) Niys
_ t+s
s=0
Rearranging and dropping the index j, we obtain
At s I+e
5 00 s B n o w s Tih1 ) T-3 N
1A%, (14¢) t Zo (BEw)” CresCiysOtesAiys T Wigs tts
~ 17>\%U+s _ S=
Wt - [e’) B ~w ~w S
s TitsTip1 | 1=AP
Ey 30 (B8w)” €y sVt sWigsNiys (7Wt+s ) "
s=0
-2 (149)
L . . ) AT .
To rewrite in terms of relative wages, we divide both sides by W, o to obtain
’\;U+s 1+§0
B S (B6,)° P e @t | (Wit \ TR
1_)\?}+5(1+¢) t 0( é"u}) Ct+s€t+8 t+s t+s Wt+5 t+s
N 1_\0 B s=
Wy H_ = o —— L 1 ) (446)
s -8 1T s T | 1=
Ey Zo (B8w)” €y sVitsWigs Niys (T) o
o=
where w; = %, and we have used that
Qe (14) 108, ()
(W) e TN
i = Wy
(Wt) =A% s
30Note that the objective is almost the same as in the Smets and Wouters (2003) model. Instead of C?+31f§L

multiplying the first term in the summation, we instead have ¢}, ?f; and the term within the square brackets is raised

to 14 ¢ instead of 1 + or. The first-order condition is then almost identical to the Smets and Wouters (2003) model.
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Consider again the aggregate wage index (4.43). Due to the Calvo assumption on wage setting
frictions, the fraction of unions that are allowed to reoptimize their wages is random, and thus the
integral over some subset of the unit interval is equal to the integral over the entire unit interval
weighted by the fraction of the unit interval over which the former integral is taken. We can then
rewrite the wage index as follows:

. 1 1
A /<Wj,t>“%ﬂdj
0

Sw #w 1 4 171)\“’
= [TEwa T g+ [ (W) g
0

w

G I 4 (1—g,) ()T

1
W
[EY:

Dividing both sides by W, , we obtain

1
TWN 1-X 5 1w
1= §w< L) L (-g,) (@)
Ty
o L 1A
1 —éw (:Zj) 17)\t
Wy = L , 4.47
t -6 (447
where . L B 4
w_ Wi ez PP Wikl 4Ty 448
7Tt_VVt1_u_) + pd @ ’ (4.48)
- t—1%2¢—144—1 t—1

For use in later sections, we now derive the relationship between aggregate homogeneous labour
Ny, and aggregate household labour n, defined as

1
ntz/ N 1dj.
0

Substituting for the demand for n;;, using (4.42), we obtain

N

1 t
Wi\ =3
ng — Nt/ (J’> dj
o \ Wi
A
ng = N (li)t) 1=AY s (449)
where w; is a measure of wage dispersion defined as
1=y

AW ——

Lwp\ T |
Wy = — dj . 4.50
t /O(W) j (4.50)

We can break this integral and re-express it in terms of aggregates using the Calvo assumption on wage
setting frictions. The fraction of households that are allowed to reoptimize their wages is random,
and thus the integral over some subset of the unit interval is equal to the integral over the entire unit
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interval weighted by the fraction of the unit interval over which the former integral is taken. Hence,

r w
At

oo \Top
= gu) wwt—l
Ty

Using (4.47), we finally obtain

AW

t
. § ﬁ?’o -2
Wy = —wo Wt—1
w 7_[_u)

AP _At
So (FUW; 1\ TAF AT
t Vi1 . t .
LA dj + / L di
A ( W, ) ’ gw6%>

1-2}°
AP P

1-2
W S Wiy Wyt | o7 A 2
- e [T (R R) T e s
11—y
o | M
+ (1= &) (@)
o M
1-¢ <’~f§”>1‘1¥f o
w \ 7w
+(1-¢&,) :
s (1_§w)

4.7 Scaling of the household equations

(4.51)

To express the model in stationary form, we need to divide the quantities with the trend level of the
neutral and, where applicable, investment-specific technologies, as specified in Section 2.1.

4.7.1 Scaling of the preference shifters and MRS

We start by scaling the expression for the endogenous preference shifter ©; in equation (4.5). We

rewrite (4.5) as

C C
@ _Zt TN +_Zt c
t— T+ t A = F t
2 2

2
G

where

Defining

we have that

N _ AN
vy =T, z;r:Ctﬁggé

t
2t

1 1
T = BB | ;

Ciy1 %41 bg
T T +
2t Zt—1 2t 241 Rt t

1—v
C + v
211 % ( 1 )
¥ + TN | -
-1 *t z Ty

~N _ AN _+
vy =T, 2,

Then, using that we in a symmetric equilibrium have that C; = C},

0, = 250l = (/¢

C
I A BbE C’B ce
1 tSt415t+1

1
=~ + BOECy t+1 "5 + -
Ci—1 %1 * Civ1 %41 Cr
Z;L—l Zt7L Zt++1 Zt+ Zt+
o

b
¢y — bep 1 Ct+1lz+ t41 — bey
Ko+ 4 ’
where .
—V 14
c c 1 1
T W | -~ | >
,U'er,t Uy

(4.52)
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and

B rc Cﬁ Cc
_ t+1
o = Gt Gt — BbE, t+16t+
¢t —ber1—= - Ce1ft g1 — bet
zh,
For future use, we note also that
N 1
Oy =Tz, = Ct+1<t+1—c Y 5bEt<t+2Ct+2 Coa Zt++2 e
T I
Ztr1 2t Zpy1 z;‘;2 Zt+1 i
B8 e B rc
. Crr1Ci41 G2
Ut+1 Tt+1zt+1 — BbE; )
cep1 — bey— Cy2lzt 142 — bCrya
Mot t41 ’
and 5 5
~N c c
Y1 _ Cre18it1 — BbE, CreaGis2
Pot 41 Ct+1Hyt 41 — Dt Ct2bpt pr1bat 42 — DCty1fyt 141

We can also scale the marginal rate of substituion in equation (4.9) to obtain

MRS;, CICIONY

+ = TN+
Zt Tz
n
YON
mrs;; =
]7 Uiv

4.7.2 Scaling of the household’s first-order conditions
Scaling equations (4.30)—(4.36), we obtain

B rc B rc
G G Cry1Git1 8
w.rt. ¢ —=>—— — BbE} = QYo+ 0 =0,
¢t — bep—1 Ct1fbzt g1 — bet P

‘u'z+,t

€f+1¢z+ t+1 RtXt

wrt. bt t —Co e + BE, =0,

d
Mot t+1 iy

Ct—‘—lwz+ t+1

w.r.t. th—‘i—l Ct U+ tSt + ﬁEt R:q)tXtStJrl =0,

t+1tuz+ t+1

<f+1w2+ t41 (—k i

—— \T u — a(u

t41Ut+1 — Pryg ( t+1))

w.r.t. kt-}—l Ct Wiz \Ilt + ,BEt Pot t+1Hw t41

+ 1
w12 1 Vyp——— (1 -6
oW 2 it ke ( )

w.r.t. At : _<t6¢z+,t25k',t + Ctﬁwtz;r\lft = O,

_Ctﬁqbz*‘,tp% + watZ;F‘I’tTtFl (¢, 01—1)

w.r.t. 7 : . .
! —l—ﬁEthHthZ;il‘PtH Y1 Fp (igy1,4t) =0

)
Mot 1Mo 41

where F (i4,4;—1) and Fy (i441,1;) are specified further below, and

1 )
w.r.t. ug: Ctﬁ’(ﬁzﬁ—’tkfi (Ff _plzfa’, (ut)> = 0.
Mot 1wt

We can also scale equation (4.37) to get
o = Ct Yo+ 4PEs
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(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)



where we have used the definitions ;¥ = Tz, and Yoty = vz
We note that equation (4.58) yields the following expression for the rescaled Lagrange multiplier

(= -

Cf+1 ¢z+,t+1 Rixy

e
Ctﬁ Foot t+1 Tt

Y.+ = BE (4.65)
We can combine the first-order conditions for domestic and foreign bond holdings, (4.58) and (4.59),
to obtain

Rt = R:q)tEtSt+1, (466)

which is a modified uncovered interest rate parity condition, with the term ®; defined as in equation
(4.19), and s¢41 defined as follows:

St
St+1 = IS
t

We can rewrite equation (4.66) in real terms as follows:

Cy*
Ry . Ry O E St+1T¢41
Emt..  Eaor U ge
tTi41 tT 41 t+1
_ _ St—i-lPC’* Pc
1
Ry = R;®.E, Lt

C C,*
PSP

R, = RioE"
qt
where the real interest rates are denoted by a bar, and we have used the definition of the real exchange

rate .
. StPtc’

qt = Py

Moreover, we can combine equations (4.58) and (4.57) to obtain the following household consumption
Euler equation:

B
GG gy, Siatin
ct — th—lu - Cta1fhs+ 41 — bCt
B B8
_ BE Rix: pi CreaCivr BbE, CrraCira
T D | Coritiat i1 — De Ctrablot pr1Hot 1o — DCtr1lo+ 141 |
and noting that
pf _ ﬁpz‘il _ W?ﬂ
pip PP Ty
B
51 CoaCin
—————— — BbE;
¢t —bepq Ty Ct1o+ 41 — bet
Rixy Ctﬂ+1C§+1 Cf+2<§+2
= BB — BbE, (4.67)
Tip1 | Ct+1Mz+ 41 — bet Ct+2Mz+ 1Mzt 142 — bct+1ﬂz+,t+1
Using (4.54) and (4.55), we can also rewrite the above equation as
R
o = BE,——Xt N (4.68)

C
T Mzt 41
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For intuition, note that, in the absence of habit formation, i.e. when b = 0, (4.67) collapses to the
standard simple Euler equation given by

RtXtC C 1
t+15t+1 ’
i1 Ct+1Hz+ 141

iei= = BE
Ct
which states that the expected utility of one unit of consumption today equals the discounting expected
utility of postponing that consumption until the next period. In other words, the consumer chooses
her consumption such that she is indifferent between consuming one more unit today, on the one hand,
and saving that unit and consuming it in the future, on the other.
Using equation (4.61), we can solve for (f w2, W, and substitute into equation (4.60) to obtain

Ct ¢z+ it
5 Ct+1 Vot t+1

Ey [Ff+1ut+1 — piyra(ug) + (1= 6) ﬁk/,t+1} = Lot gy 1fog gy 1 DR - (4.69)

Combining with equation (4.65), we have

~ ; . Rixy
Ey [Tfﬂutﬂ = Piy10 (ue1) + (1= 9) pk',t+1] =Ly Wt fow 41Dk b+ (4.70)
t+1
We can also substitute (4.61) into equation (4.62), yielding
Py Vot 1 o
ph = P a Yo (i, i) + BB == Y1 Fo (i1, 0t) - (4.71)

L
Cf Yo+ +.t Hot t4+1H0 141
If we combine with equation (4.65), we obtain

i
1 . .
Ph = Pra YeFy (g, i—1) + Et L i1 Y1 Fo (Ggy1,9t) - (4.72)
R tXt Mg t+1

From this expression it is clear that the risk premium shock, x;, affects also the value of investment,
in addition to entering in the consumption Euler equation, as discussed in Section 4.2 above. Finally,
from equation (4.63), we have that

= ppa (ur) . (4.73)

To make the description of the household problem in terms of scaled variables complete, we need
also to scale Fy (I, I;—1) and Fy (I}, I;—1). We can scale the investment terms in equations (4.24) and
(4.25) as follows:

- 1 ~ 1 i
Fiiniy) = 1-8 <#z+tﬂxptt> g (/‘ﬁzt:u\ll,t t) Het b sl (4.74)
14—1 1t—1 -1
- . 2
~ ) 1
Fy (s 1) = g (Nﬁzt#\y,t t> <:uz+ztﬂlll,t t> . (4.75)
-1 1t—1

Combining equation (4.71) with expressions (4.74) and (4.75), we have

Pi = P Yt [1 - 5’(

Ct+1 Vot p41 o Foat et w1 b1\ 2
+ﬁ t— 45 D t+1Tt+1S : p Mot 1 a1
C’B (i 2 (2 ’ ’
t 2zt ,t

Mz+,t#xp,tit> & (Mztt#qz,tit) :uzﬂt:UJ\Il,tit:|

(] 11 11
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4.7.3 Scaling of the law of motion for capital

Starting from equation (4.21) combined with (4.23), we divide the quantities with the trend level of
the neutral and investment-specific technologies to obtain

1—6 ) i
B = —— k4 ( _3 (““’”’”)) it. (4.76)
Kot tHw g t—1

We can also scale equation (4.28) with z;” ;¥;_; to obtain

ke = uihy . (4.77)

4.7.4 Scaling of labour supply

Pd’ we can scale (4.39) to obtain

th Wt Ptd W]t ! © -
+PtdFtC_ CtCt 0 Lj,td]

W, Yoo
/ —td _Ct £ 2% /0 L}D,tdﬂ- (4.78)

4.7.5 Scaling of the household’s wage setting

Using that w; = % and p§ =
t Tt

We scale equation (4.46), stated here again for convenience:

A I+e
3 WiRl, | A, | oA
n w tTi4s - Ti41 —A¢
1= s (14e) Z (5§w) Ct+s<t+s@t+s t+s ( W:+s ) e Nt+s
1-2\T s=0
~ t+s _

E = s B Wi N Wi, o iy \ ToAT AT
t > (BEw) CrpsVt+sWigsNits T Wi
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First, note that
~w ~ W ~ W ~w
Wit s . Ty Wimfhe. . T

= -+ pd
Wits Wiy 52y P

+
5 o= Wi s _ Zt+s d d _ Figs
where w; = Fpa 1 the scaled real wage, and i+ 4 yq ... pot 145 = o Tig1 e s = pi We can

then rewrite the previous ratio as

~w ~w ~w ~w - ~w ~w
Wirtihs---Tipa - Wa Tits - Tg41 _ W Tits - Te41

7 + d -+ pd d d 7 d d
WitsZyy Py 2y P Wi shlor g1 Mot phsTigr - Tis  Wtdbs Mot g1+ Mot g sToq1 -+ Toas

The expression for the optimal wage in terms of stationary variables is then given by

t+s 1+(’0
~ ~ 1— /\w
¥é; nQ Wy niﬂ_s..ﬂrﬁl t+sN
12 s (e t+s Sg (ﬁfw) Ct+8<t+s tts Wis Hz+,t+1~~~Mz+,t+s7r§si+1~~”td+s s
1— )\’U}
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t - 1w
o0 ~w ~w 11—\
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E; BEw)" CFr st orsrrsNy o S
s;()( fw) Ct-i—swz ttsPttsiVi4s | g g Pt g1 Mot g s Tt Tigs
(4.79)
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4.8 Log-linearization of the household equations
4.8.1 Log-linearization of the preference shifters and MRS
Log-linearizing the endogenous preference shifter ©; in (4.52) gives
6, = +o7. (4.80)

Log-linearizing next the smooth trend for the the marginal utility of consumption in equation (4.53),
we get?’1

N ~ ~ ~N
2 = (=) (Bl = foey) — 0 - (4.81)
Log-linearizing (4.56), we get
mrsj: = &f + é? +6; + @Nj,t - 5?{- (4.82)

Integrating over all labour types, we can write the average marginal rate of substitution
1
s, — / 75,10
0

as follows: 5 N
— 5 ano A oo
mrsy = Cy + ¢ + 0+ Ny — vy, (4.83)
where N; denotes the aggregate employment, as given by
A 1 A
N; = / Njidj.
0
4.8.2 Log-linearization of the household’s first-order conditions
We start by log-linearizing the UIP condition (4.66), yielding
Ry = R} + &y + Eiéis. (4.84)
We next derive an expression for o, starting from equation (4.19), stated here again for convenience:
Q=0 (ﬁu Eiseyist, (th) = exp (_(Z)a, (@ — @) — ¢ (Eysiprse — ) + &t) -
We linearize the above expression to obtain
b = —@ys — b5 (Eidrr + 81) + oy, (4.85)

where we have defined a; = a; — a, since we assume that a takes the value of zero in steady state and
therefore must use level deviations for deviations of a; from steady state, and used that s = 5/S =1
and ¢ = 1 in steady state. Combining with equation (4.84), we arrive att the following modified
uncovered interest rate parity condition:

Ry = By = byt + (1= 8,) Bisisr — 051 + 0. (4.86)
31f we assume v = 1 we have
5 =0
and A
0, =0,

thus obtaining standard KPR (King, Plosser, and Rebelo (1988)) preferences. We note that in estimations, we have
typically had v estimated closer to 1.
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Next, we log-linearize the consumption Euler equation. We start from expression (4.57), stated
here again for convenience:

/¢ BbE, Ctﬁ+1<§+1

— -
et —ber1~ - Ct 1M+ 141 — bet
zT,

= (Pt 41k

Using that ¢? = ¢¢ = 1 in steady state, we have the following log-linearized expression of the left-hand
side:
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i % T e B
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ﬁbib C 6b< 71 ) Fy
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2 (s — )’ ¢(pr — b)? .

Multiplying everywhere by ¢ (u,+ — b)2 and simplifying, we have

~8 ne ) . .
Mo+ (:U’z+ - b) Ct + et (MzﬂL - b) Ct - /’LiJr ct + bﬂz+ Ct—1 — b:u’z7L ot ¢
-8 ne
—Bb (p,+ — b) EtCt+1 — Bb(p,+ —b) EtCH-l
+0bp 1 Eyéri1 — BbbCt + By Eifiy+ g4 q-

Equalizing this to the right-hand side again (where we have again used that P = 1), multiplied by
¢ (p,+ — b)?, we finally have

28 2 « ~ N
fat (por =) Gy + it (b — ) Gy — p2aée + s Gom1 — bpis fios
2B A " . N
—p3b [(N;ﬁr —b) ByCppr + (o — b) Bilryy — ps Eréran +bé — pos Befir g4
~B8 0 R
= (e =07 p (& + Dory + 7)) (4.87)

Following the calculations above, we can also log-linearize (4.54) to obtain

~N ) ~C ~ o N
Uy = M+ (#z+ - b) Ct + Moo+ (/‘Lz+ - b) Ct - :U’zﬁ-ct + blu’z'*‘ctfl - b:uz"‘lu’z‘*‘,t (488)

~ B sc R « .
—[3b [(Mﬁ —b) EyCyyq + (o —0) EyQpyq — po+ EyCoyn + be — Mz+Eth+,t+1] :

Log-linearization of (4.68) gives

~N A ~ ~ ~ ~N

Uy =R+ X — Eviripg — Eifig o1+ Eivggg. (4.89)
We note also that the log-linearization of equation (4.64) yields the following log-linear expression for
~N
(A

~N ~ B 5 .

Uy =G + Y.+, + Dy (4.90)
To complete the log-linearization of the household’s consumption decision, we need also to derive an
expression for ¢+ ;. Log-linearizing equation (4.58), we get

A A 28 2B A . . N
Vor = Ev i1 + BiCq — G + Re + X — Etfigs 441 — By, (4.91)
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We note that, in the abscence of habits (i.e. setting b = 0), shocks and growth, equation (4.87) boils
down to

1 . ww 5
_cpcwer @ h= wz+’t'
Inserting into equation (4.91) and rearranging
E; <— 1 ét+1> = - ! ¢t + (Et]af_t,_l —ﬁf) - (Rt - Etﬁ-?—&-l)
cper v P+
-1 ¢t + By (ﬁ§+1 - ﬁf—i—l) - (Rt - Etfrirl)
Cpcwer
1 .
S o — (B — By,
T Ct ( t tT 41
1 .
& = Eyore — (f - Beip).
t tCt+1 b t tTE41

and using that under these assumptions ¥+ = é holds in steady state, we arrive at the standard
textbook consumption Euler equation given by

& = Eyéraq — (Rt - E'tﬁ'erl) .

Turning next to the household’s optimization with respect to capital, we can log-linearize equation
(4.69),

i i y 1 ¢ Yy
E; [Tt+1ut+1 —pir1a (uerr) + (1= 9) pk’,t—&—l} = BEtTZZ)
<t+1 Z+,t+1

:UJz'*‘,t+1:u\I/,t+1]u)k’,t7
to obtain
kaEﬁfH + P uBdy — pla (u) Bty — pla (u) Eta@t-i-\l) +(1-9) ﬁk’/p:k:’,tJrl
= ;Mﬁﬂxyﬁk@t [Cf - 6tﬁ+1 + ¢Z+,t - 72)z+,t+1 + it 1 iy gy + /ﬁ\k’,t}
We note that u =1 and a (u) = 0 in steady state, and so the above expression simplifies to
B, (/7%?—}-1 + ﬂt+1) +(1-9) ﬁk’]gk/,tﬂ
1 Y 28 4B 4 5 N N <
= Bﬂz+ﬂ‘1/pk’Et [Ct SRS TR e ok e U o e o L A +pk’,t} .
Rearranging and substituing in
Yoty — Ephor g = Etétﬁ-i-l — Cf — Etfiyr 40 + (Rt — Byl q + Xt) ;

from equation (4.91) or, alternatively, log-linearizing equation (4.70), we get the following expression
for the real value of capital:
BL—-0)~ prt

) ~k ~
B+ — B, (r + um) (4.92)
Mot oy Mo Moo+ g DR/ i

—Eifig 111 — B (Rt — By + >A<t> :

Py =

We next consider the investment equation (4.71). Combining with expressions (4.74) and (4.75),
we have

pé — BTy [1 _ 3 <Nz+,t#\1/,tit> & (Nztt#\l/,tit) Nz+,tM\I/,tit:|

11 11 i1
B
Cryr Vot
+BE, t—;l 2t 41
Ct wz+ t

)

2
> Mot 4110 ¢ 41

v o ((Hat i w1 0t (G
D i+1 Le41S < . .

1t 1t
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Defining

- 1
d, = § (Nztt#\l/,t t) 7

11
& Hz+,tH\11,tit
-1
o l’LZ+,tl'L\I’,tit
d3; = [1—d17t—d2,t, ,
-1

we can rewrite the above expression as

i o CtBH 7/’z+,t+1 o
Py = P i Yeds s + BE =5 p
Ct ¢z+,t

. 2
41
K t+1 Lep1da i1 (it ) Fozt 441 1

Log-linearizing yields
PP = P YPpry + P LYo + P Ydsy + Bpw Y+ prydas,

where CZQ = do; — dz, and where we have used that di = d2 = 0 and d3 = 1 hold in steady state.

Rearranging, we obtain
i

P, = Dt + Y+ dss + B+ prgdasii.

P T

We next derive 0?37,5, which gives
CZ3,t = *Czl,t - Mz+qucz2,t7

where 0717,5 =dy ¢ —dy and ngt = dg ¢ — do. We then have that

)

ﬁk/Tﬁi =Py + Vo — dig — pos prygdag + Bp+ prgdaeia.

We now consider d; and ds. For di, we have

Cil,t = dig—di

]

5 . & . s Mot oy =~
St prgliz g + S ot g g + S,MZZ&W i1

since S = 5’ (ju,+ py) = 0 in steady state by assumption, as discussed in Section 4.3. For da, we have

Jz,t = doy —do

& N & N & +lhy ~ & + gl ~
= S"prpgfiory + S oty gy + S”%m - S”%um

= 5"y [/lzﬂt + fog g + it —?t,l} ;

where we have used that

. 1~ — —
§'(x) = 358" {exp [VS" (@ = popg)| +exp [~V (@ = )] |
= S/,v T = K+ Ky,
as derived in Section 4.3. We then have that

P < o 2z2n > = N N ~ -~ N N
mpi =Py + Yo — (e ppg)” 5" [lt — i1+ flyr y + gy — BEY (Zt+1 S SR M\p,tﬂﬂ :
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Rearranging, we finally obtain
-~ > N N - - N N 1
Bt — b1+ [ty + [y = BE <Zt+1 E el R e qu,t+1) t 5z
(bt pg)™ S

Finally, log-linearizing equation (4.73), we have

~k — =

T =Pi+ad (w).
Remembering from Section 4.2.1 that

a’ (u) = opoqur + o (1 — 04),
which in stedy state (where u = 1) yields

a (u) = opou+ oy —opo,
= O0p0q+0p— 0p0g

= Op,
we can log-linearize to obtain
a (u)a (uy) = opoguiy
a (u) = og.

Inserting into equation (4.94) gives
~k .

Ty = pi + oqls.
4.8.3 Log-linearization of the law of motion for capital
We log-linearize equation (4.76) to obtain

N 'Y
B, = (1-9)

— {k:f — flpry — ﬂw} +Ti (Tt + it> ,

where we have used the steady-state relationship S (ty+ pty) = 0. Rearranging, we get

- 1—6 /- i /o -~
p _ 179 (ip_ & 5 i »
k}t+1 - Lt g (kt Moo+ ¢ M\Lt) + P (Tt + Zt) .
We next log-linearize equation (4.77) to obtain
ky =y + KD
4.8.4 Log-linearization of unemployment and labour supply

As in Gali, Smets, and Wouters (2012), we define

1
Li= / Ljcdj.
0

Moreover, the unemployment rate is given by

Ut:ﬁt_Ntv
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where Ly and N; are log deviations from steady state while U, is the deviation of the unemployment
rate from its steady state.>> We also note that equation (4.43) implies that

i 1 1
W = [

th—ky’ . 6171)‘%‘) log W
1
1 Wi=xw A 1 1 cw
— W W; + W37 log W —— A¥ A\
1—\¥ W t+ 0g (1 o Aw)Q t
! 1 ;*1”” . - 1 cw
_ W T o Wi w3 | g
/0 = W, W;W; 4 +Wj og Wj (1— )\w)g t ]
1 . L
- _ T W..di
1
Wy = W +dj,
0

where we have used that all unions (denoted by j) choose the same wage in steady state. We can then
log-linearize (4.78) to obtain

1 1
N N 2 . 2 2B A S .
Wy —pg + </ Wj}tdj — Wt> = Ct + C: + ZtC + 90/ Lj7td].
0 0
Using expression (4.98) above, we obtain the following labour market participation equation:
B -5 =3 + 8 + 20 + ol (4.100)

Following Gali, Smets, and Wouters (2012), we define the average wage markup as the (log)
deviation between the average real wage and the average marginal rate of substitution, i.e.

fl t = (¢ — p§) — mrs,.
Combining with equations (4.100) and (4.83), we get
oy = (G4 50+ 0L) = (8 +8 + 60+ oM - 7))
= 2tcfét+5fev+@<ﬁtfﬁt)-
Using (4.80), this reduces to the following simple relationship:

fopt = ¢ (Izt - Nt) = @Ut- (4.101)

4.8.5 Log-linearization of the household’s wage setting

To log-linearize equation (4.79), we start by re-expressing it as follows:

1-X" . (1
exp ( 1tj8)éu+j ?) log zI;t> X

> 5 1 Wy A
Ey Z (B€w)” Cras¥ot t4sWersNers €xXp 1\ log — =
t+s

n d d
—0 Wi+s /,LZ+7t+1...1U,2+7t+S7Tt+1 ...7I't+8

> A (1 + @) w R
= Az‘;sEtZ(ﬁﬁw)Sciscas@tﬂzv;:@exp( Lhs log | — et :

_\w 0 d d
—0 L= A Wets Pt g 41« - - Hot 45T 1 - - Tgs

32We particularly note that this is the deviation of the unemployment rate (in levels) from its steady state, rather
than a log-deviation. Hence,
U =U,—U.
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A first-order Taylor expansion of the left-hand side yields:

1-A%( 1+<p) e ﬁ ~1U l_s/\w
WA Z (BEw)°¢ wz+wN< )
— lj'er
1-AY(1+p) > Tw =3
i Z (B€w) wz+wN< ) (¢t =)
— :U’z+
Nl—/\ (1+¢) >
i 1A E Z(%) ¢"wN

s=0

< Fw ) T—\@
:U’z""

o0 ~
1A% (1+g) B 7w
0SB (86,) P <m

5—0 Koo+
1 =AY (14 ¢) =
1w v Z; (BEw)* ¢+ N
1A% (+e)
1-\w

Et Z ng

1-A"(1+¢) v T30
1w Etz (BEL)° g%sz( - )
Pas
1— Aw(1+¢ Fw T
i EtZ (B,)° c%wN(ﬂdM)
z

1
Tz

X log (Wdu +)
+(1 =X\ (1+¢))logw
— (14 ¢)log 15w

1Vte) S s B - Fw O\ TAw
&I By (BE,)° (e N T —
s=0 z
7%1 (ﬁ;ﬂgl +. 4 fr;%s — sfrwd)
X l_ﬁ(”t+1+---+77t+s_377)
_“z+ (:U’z"",t+1 +...F Pt t4s — Sluz"")
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A first-order Taylor expansion of the right-hand side yields:

0o Fw Al(l;—(p)
3 (BE,)° CPCTOAYN T (ﬂd )
s=0 Koo+
00 - AY (14¢)
s B3 w ATl4@ T 71w n n
+E Y (B6,)° (POAUN 7 (s —¢")
s=0 ™ :u’Z+
o0 ~ A% (14¢)
s rnyyw ATl+e T L B ¥%;
FE Y (B6,)° CHONTNTE (5 (¢l =)
s=0 TRt
AY(1+e)
w s 1—\W
+EtZ (B.) CBC"AWNW< T ) (Or4s — ©)
z
00 B AV (1+e)
s B o \w ® T 1=
TE Y (B6w)" CPCONT (L) N7 { (Negs = N)
s=0 z
A% (14+¢)
5y (6, <Bcn@Nl+@< w ) ok
+ Iy
s=0 “ Wd’uz+
1+
1+ a2 X
x o \® Arage | (A, —AY)
ﬂ.w ﬁ.w —\w
log (ﬂdu +) <Tr%+>
Fw s TE)\wLP) AW (1+SD)
E PCrOX NI N
+ tszg (B€)" ¢¢ b T
. 7 (gﬁ%vﬂ t +d7~T%U+s) .
X —Z (mh+ .l — )

_ 1
T

(Nz*,t—l—l + ...+ Mot t4s — S:“’z*)

Now recall that 7", = (7§)"™ (ﬁfﬂ)l*'{w*%w (%) (p,+)"". We know from Section 12 that m¢ =
7¢ = m?, which implies that #¥ = (ﬂd)lfﬂw (%) (u,+)". Under the additional assumptions that
s, = 0 and ¢, = 1, we have that
I 7Td,uz+.
From equation (4.48), we moreover have that 7% = 7%,+. Under the previous assumptions, we thus
have that i—; = 1, which yields
w = 1.

Using these steady-state relationships, we equate both sides of the optimal-wage equation derived
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above and, after simpliflying, we obtain

1=A"(1+¢)

1—\¥ ’L/l:)tCB’l]Z)Z-F’(T)NZ (ng)s

s=0

+ Ey Z (5611))8 Cﬁwz“'wNX

s=0

0 ~ A ~ wa ~w ~w
X |:Ct+s+1/}z+,t+s+Nt+8+1)\w(wt_)‘ Wiys + My + oo+ Ty
~d ~d N A
T4l T T Ty T Mt T T N’z"",t«#s)}

> s nyw B > A Y Jw
= By Y (B6,)" COC"AONY G+ (i + Ot + (14 9) oo + A1

s=0
Y (1 + gp) ~ ~  ~w ~w
~ ~ ~ o ~d ~d N N
"‘71 O\ (wt T WipsTypy t oo T = Mg = oo = Mg — Mgt g1 — o0 — /~L2+,t+s> :

Solving for steady state in equation (4.79) implies 1.+ wN = AYOC"N'*¥. Simplifying the previous
expression, we get

1=X(1+¢) <@t+@t)

1I—=A"
AT A ~ ~ Jw ~
= (1= B&,) B ) (BEw)" [cm + Orts + PNits = Vot s + s = 7wt
s=0

)\w(l—kgo)—l ~w ~w . N N N

: +W (Wt+1 ot Ty — 7T§l+1 T T W?Jrs T Mgl T T Mz+,t+s)
. N . - “ Ao

= (1~ €,) By {C’Z + 60+ Ny =iy + N — T (4.102)

+ (BEy) [&?ﬂ + 011+ N1 — @z+,t+1

cw Ao o A (14+¢)—1 (2w . .
+A1 — S Anas! + T <7Tt+1 - 77?+1 - /~Lz+,t+1>

2 | an A ~ ~ cw )\w(p ~
+ (BEw) |:<t+2 + O+ ONewa — Vot o + Ay — T Wi
AA+e)—1 2w w g g -
+ 1w (Wt+1 T Myqpo = Tpp1 — Mg — Hot p41 — Mz+,t+2)
+o

Leading one period forward, we can rewrite expression (4.102) in the following recursive form:

1—-\Y(1+ ~ ~ n ~ ~ ~ ~w A\ ~
M (@+@:) = (1-8¢) (gt O+ N — P+ N - 1_fwwt) (4.103)
1-A\Y(1+ ~ ~
+55wMEt (wt+1 + wt+1)
> AL+ =1 fow . X
+(1—=BE) > (BEy) (1—)\3’Et (Wt+1 — - Mz+,t+1> :
s=0

Now, going back and log-linearizing the expression for @, in equation (4.47), that we derived from the
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aggregate wage index:
T 1—/\%"' - —
1= 6 (3) T r e @
t
1 T
= . 1 - 1 0
oo (e ) 1 e (L o
1 1
,ﬁ_w 1—\W 1 7‘.’[.’[1) 7':‘_w 1—\W
— R 1-— D) I-2® — | — AY =AY
(%) i) @ e T ()T -
1 TN 1w 1 w
teoryw (o) |F8 (= ) = =)

P 6) |y g (@) (O = AY) + g ()57 (e — )

w (1_)\w)2 ogw (W ¢ 1_)\ww u?wt w
Using the steady-state relationships w = 1, % =1, and

7~T’LU 1_1/\w
1=¢, <7Tw> + (1 - fw) (w) 1=,
t
and rearranging, we obtain,
e = - fwf (ﬁ;” ?rf’) (4.104)
w
Log-linearizing the expressions for 7}’ and 7}’, under the assumption that sz, = 0, we get
T, (4.105)
(4.106)

Ty = kS + (1 — k)

=Wy — Wy_1 + 7?? + oyt g
.106) into the recursive equation for the optimal wage, (4.103),

and
iy
Substituting in expressions (4.104)—(4
yields
]_*)\w(l‘I*QO) 2\ = )‘wtp’—\
1 1-—
L0 (o A .
- — - P ci 1- w )
(1_)\w)(1_€w)€w Wiy + T + flpry — Kwff_g + (1 — Kw) T
= (1_6511;) (6:+ét+¢Nt—72)z+,t+5\;U>
1 - A’LU 1 + ~ ~ ~ ~AC ~C
+B8&, 1 —()\w ?) E, (wt+1 + 7721+1 + figt 441 — BwTy + (1= Fw) 7Tt+1> .
_ %)

Multiplying by %, we get
Eubulio1 + (N = bu (1+ BEL)) @r + B, bu Brrsa — Eubu (71
86, b (71— T ) + kb (0 — 7) — BEumubuBe (7 7o)
~ AN ~ A Lw ~ A
+ (1 - )\w) <wz+,t - <t - @t - @Nt - At > - gwbw:utz+,t + 5£wwath+,t+1

= 0,
- A (14+¢)—1
Y (1-BE,) (1=¢€,)

where
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We can rearrange this equation in order to simplify it further. Dividing through by &,,b,,, we have

(X — by, (1+ BE2))

Wy + W + BE W1 — (W? - %)
gwbw
+BE; (ﬁfﬂ - 79T§+1> + K (51 — 1) = BrwBr (7§ — Tiy1)
1-=XY) /- sn A 7w ; A
+g (wztt —C — 61— Ny — N\ ) — fipt g+ BEtfiys 411
fwbw
= 0.

We next define the parameter

1_ﬁ€w)(1_§w) AV —1 _)‘w_l
fu) )\w(1+<p)_1_ éwbw.

Now, adding and subtracting d.,, the coefficient multiplying @w; above can be written as

(bw (14 BE2L) — A) (bw (14 BEL) — A — (A¥ = 1))

dwz(

gwbw N dw * gwbw
SIS S e R
— dw+ (bw (1+6£’3}) _Zw l()l _/3510) (1_£w))
g a0t
= dy+ < by

The wage Philips curve in equation (4.107) can then be written as
W1+ BE W1 — (ﬂi - %)
+BE (i = Fipa) + o (R — 72) — BraBy (7§ — Foia)
—dy (Dore =& = 60— N = N) = iy + BBifir
= (dp+ (1 +5)) wy.
Re-grouping terms, we get
- (ﬁt — W1 + 7Y+ ﬂz+,t> + BE; (@Hl — Wy + 7Y + ﬂz+,t+1)
+%§ - BEt%g-i-l + K (7%5—1 - %g) - 5HwEt (ﬁf - %g—i-l)
—dy (ﬁ’ztt - &? - ét - @Nt - 5\7:))
= dyy.
Using that nominal wage inflation is
= Wy — Wi—1 + 7§ + oot ¢
we have
-y + BEm L+
"‘7?; B 5Et7?§+1 + Kuw (frf—l - %E) — BruwEy (ﬁf - 70T§+1)
—dy @w,t - 6? - @t - SONt - 5\?)

= dyWs.
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Now, using equations (4.100), (4.80), (4.81) and (4.90), together with (4.109) we have

wt + ( @Nt A?)
= Wi+ <¢z+t (Zt + 0y > _SONt_;\;U>
= W+ (1/;Z+’ - Ct — (2t + &t + Qz}er,t +]5f) — oN; — 5\:})

A?+€tﬂ+2f+¢£t—¢it+¢ﬁt+5\;u>

¢
L. (B o, g P
= wt—pf—(?‘f‘Ct +ZtC+<PLt>+SOLt—SONt—/\:U
N - A

- (Lt
= ‘PUt_)‘t’

where Uy is the deviation of the unemployment rate from its steady state. The wage Phillips curve
then becomes

RO R = BE (75 — Fe) + kw (R — 7Y) = BruwEy (75 — 70y1) — du (‘PUt . X;”) .

We note that, in our model (and in Gali, Smets, and Wouters (2012)), unlike in Christiano, Trabandt,
and Walentin (2011), and Adolfson et al. (2013) (and in Erceg, Henderson, and Levin (2000)), the wage
Phillips curve includes only shocks to the wage markup and not preference (labour supply) shocks,
which allows us to separately identify both of those shocks.?* As in Gali, Smets, and Wouters (2012),
we define the natural rate of unemployment as

. 1.
Ur ==X/, (4.110)
¢

i.e. the unemployment rate that would prevail in the absence of nominal wage rigidities. The wage
Philips curve can then be expressed as

¥ — 7, = BE; (71 — %fﬂ) + K (R — %f) — BrwEy (7f — %fﬂ) — dy (Ut - lAJt") (4.111)
We note that, if the inflation trend is constant, so that %f = 0, this reduces to
7Y = BEFY | + Rl ) — BruwEiS — dyp (Ut - Ugl) . (4.112)

Moreover, if unions fully index to the constant inflation target, i.e. if x,, = 0, we obtain a purely
forward-looking wage Philips curve

T = BE — duwyp (Ut - Ut") : (4.113)
We complete the wage setting block by log-linearizing equation (4.49), which yields

. A A% log () cw
nt:Nt+17>\wwt+(1_)\w)2)\t.

Assuming that there is full indexation, which implies that @ = 1, we can simplify this further to get

the following expression:
w

e = Ny + ny (4.114)

33See also discussion at the end of Section 15.4.
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For use in later sections, we need also to log-linearize the wage dispersion equation (4.51). Rear-

ranging,
w 1\ A
- ” T o 1-¢, ()
o 1— )\w t 7Tt
=£ ( Wy 1) +(1-¢
v t ( w) (1 - gw)

We can now log-linearize in the same way as for price dispersion terms in Section 3 earlier, which
yields

AW
T 13" w5 T T\ 1@ 1 w R 1 cw
=&, < w) |:7Tt — Ty +wt,1} +&,In <ﬂ_ww> <ﬂ_) T )\w)\t In (w) [ A
L (1me, @) e
(i) 1-¢, o <ww> 7 -]
¢ (~w)ﬁ ¢ (W)ﬁ AT
gw 1- w % A 1- w Lw A N
In T T 1—-A")A
+(u°})1f? 1—&, 1—-&, ( ) A
cwe L\ A 1
1 _éw (:7“’) A gw In ﬁ ﬁ -3 )\w S\w
1-¢, (p)xe AT AT — A

Using the steady-state relationship 7% = «", which implies that @ = 1, we finally arrive at the
following expression:

~

Wy = &1 (4.115)

5 Monetary and fiscal authorities

5.1 The central bank

We assume that monetary policy is conducted according to an instrument rule. Following the specifi-
cation in Ramses II, we assume that the policy maker can adjust the short-run interest rate in response
to deviations of CPI inflation from the inflation target, some measure of a resource utilization gap, and
the real exchange rate gap. Moreover, the policy maker can also take into account the rate of change
in inflation and in resource utilization. We allow for interest rate smoothing, assuming that the policy
maker places some weight on the lagged interest rate. Monetary policy is thus approximated with the
following rule:

Ry Ry Ty T
log<R) = pRlog< 7 >+(1 PR) {log< )—l—rﬂog(mC ) (5.1)

+rgu (Ui—1 — U) + 14 log <th 1)] + rarAlog ( > + raru AU +logep s,

where R; is the short-term interest rate, 7§ the CPI inflation rate, U; the unemployment rate, 7§ an
exogenous process that characterizes the consumer price inflation target, with a steady-state value
that corresponds to the steady state of actual inflation, and er; an interest rate shock. Just as in
Adolfson et al. (2013), in this document the first will be referred to as an inflation target shock and
the second as a monetary policy shock. The monetary policy shock is assumed to follow the process

logepy = (1 —p.p,) 10ger + p., 10gER -1 + Ocplep - (5.2)
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Note that, given our labour market modelling and unlike in Ramses I and II, we have here chosen
unemployment as the measure of resource utilization, rather than hours or some measure of the GDP

gap.34
5.2 Government consumption
We model government consumption expenditures as follows:
Gi = 917, (5.3)
where g; is an exogenous stochastic process given by
log g; = (1 — pg) logg + pyloggi—1 + o4egs. (5.4)
Here, g = n,Y, where 1, denotes the steady-state government consumption as a fraction of GDP.

5.3 Log-linearization of the monetary policy rule and government consumption

Recalling the definition X, = log Xy — log X = log (%), we can write the policy rule in terms of

log-deviations from steady state as follows:?"

Ri=prRi_1+ (1 —pg) [%,f e (76, — ) + 11 + rcht_l] + AR AT + 1Ay AU + ERy, (5.5)

where
=C =~C
Ty = PrcTy_1 + Orec€xet. (56)

Government consumption in scaled form, defined as g; = G/z;", is given by the following exogenous
stochastic process in terms of log-deviations from steady state:

gt = ngt—l + Og€g,t- (57)

6 The aggregate resource constraint

We begin by deriving a relationship between total output of the domestic homogeneous good, Y;, and
aggregate factors of production. We then proceed with the aggregate resource constraint.

#1n Christiano, Trabandt, and Walentin (2011), as well as in Ramses I, the central bank is assumed to take into
account the output gap as the measure of resource utilization. In Ramses II, the output gap was replaced by hours
worked. The motivation for introducing hours in Ramses II was twofold. First, filtered hours worked is an observed
variable (filtered with an HP or a KAMEL-trend) which enables judgment to directly influence monetary policy, and
ii) the specification with hours was preferred by the data (although only with a slight advantage). In our model, hours
are no longer observed, which is why our baseline specification has the unemployment rate as the measure of resource
utilization.

We note also that, in Ramses II, r4 is set to zero, and so the real exchange rate term is excluded. In preliminary
versions of the Christiano, Trabandt, and Walentin (2011) model and in Ramses I, the term is included in the rule. The
final version of Christiano, Trabandt, and Walentin (2011) assumes that 7, = 0 as well as rar = ray = 0. The final
version of Christiano, Trabandt, and Walentin (2011) also has 7; entering the rule instead of m:—1 as in Ramses I and II.

35Recall that U; denotes the deviation in levels, rather than the log-deviation, of the unemployment rate from its
steady state, and thus

U, =U, —U.
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The unweighted average of the domestic intermediate goods is given by

1
'YiS'LLm — / Yl,tdi
0

1
— /0 [(thM)l_a e Ky — 2 ¢d] di

1 Kz e}
() el
0
= ztl “e < ) /Nztdz—zt

where K; and N; are the economy-wide averages of capital services and homogeneous labour, respec-
tively. The last step above makes use of the fact that all intermediate good firms face the same factor
prices, regardless of wheter or not they have the opportunity to reoptimize, and so they adopt the
same capital services to homogeneous labour ratio.?® We then have that

YU = 2 e KNI — 2 (6.1)

We consider next the demand for homogeneous goods. Using demand equation (3.3), stated here
again for convenience,

¢
pidt 127
S/;,t = ’ }/;f:
P
we have
i 1
Y, = Yi,tdl
0
A
1 P'dt 1-xd
= / Zzi Y.di
0 }%
Ag Ag
— }/t <Pd) A‘ti—l (ﬁ;l) 1—)\td , (6 2)
where
1-2¢
1 At ad
Ptd = / (Pidt> N di
0 9
Dividing by P¢,
1-2¢
)\g g

1/ pd\ 1-xd ‘
od 2,t .
Py = / ’ di . 6.3
t 0 <1Dtd> ( )

We can break this integral and re-express it in terms of aggregate prices using the Calvo assumption

36 This follows from the firms’ cost minimization problem.
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on price setting:
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Py = / v dz—i—/ >d di
0 By ea \ ¥
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~ 1—)\ — 1, 1—-X
- (=) di+ (1 &) (5)
0 Ptd Ptd—l
i N Y,
7rd d 17t>\d >\§ld A
= e (Zt) T e ()
Substituting ¢ using (3.23) we get:
1-2¢
M TN
d /\;'id 1-¢ (Wf)l ,\d oo
od 1-A9 d \
Py = |&a dpt 1 + (1 —¢&q) = : (6.4)
L 1=¢&

Combining (6.3) and (6.2) with (6.1), we have the following expression for GDP in terms of aggregate
factors of production:

A¢ A¢
Vi = ()T Ve = (00) T [l oa kNS - 20 (6.5)

The aggregate resource constraint, equalizing the uses of domestic homogeneous goods to the above
expression for GDP from the production side, is given by the following equation:

Ad

t
G+ 0+t + 184 X < ( d) A1 [z}—%tK;lNg—a — 2 ¢d] (6.6)

Substituting in the demand equations for C{, Cf’d, I¢, and X{, given by (3.121) together with (3.127),
(3.124) together with (3.128), (3.165), and (3.197), respectively, we have3’

G+ (1 —we) (1 —we) [ b ]_m [Ptm]_ne C;

Ptcwe PtC
~Tem _
Ptd’ce Ptce Me
+ (1 — Wem) we P Pr Cy
Ptd = 1
sa-w)| ] T et KD
t
Ptm,z 1-n, 127?% o 1i§§
| we pd + (1 —ws) (1 —wa) (B)) Xt
t
/\d
< (90)7 [eaKenT - 2o (6.7)

3TNote that there is a price dispersion term in the export demand equation, while there are none in the consumption
and investment demand equation. This has to do with the fact that the Calvo frictions are placed on the aggregate level
for exports, i.e. export firms face staggered price setting when pricing the final export good, and only on the intermediate
level — staggered price setting for the domestic and imported intermediate good — for consumption and investment.
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6.1 Scaling of the aggregate resource constraint

Scaling by 2", remembering that z;" =¥/~ 2,

A¢ _ _
E _ (od) Afil ztl aﬁthaNtl “ B z;—(ﬁd
o\ = o
t \Ilt 2t t
Ad & a
Y = (ﬁg) A1 |:et (t) N} — ¢d:| . (6.8)
P ¢

Finally, using equation (4.49) we replace aggregate homogeneous labour, Ny, with aggregate household
labour, n;, to obtain

Ag k [e% _ )‘%U 1-a
yr = (]3;!> M-, <t> W, Ty — ¢4 . (6.9)
g e+ ¢

Scaling (6.6) by z;", we have

g+t + e i+ af
Atcfl k (0% _ A%U l-a
< (f)gl) M1, (t) W, My —¢? . (6.10)
g e+ ¢

6.2 Log-linearization of the aggregate resource constraint

We begin by log-linearizing the left-hand side of equation (6.10):

y= g+ &+ il 4 2l (6.11)
Log-linearizing, we get
d ed d d
. Loty e 1%
go=Jg 4 et el Ld T g (6.12)
Y Y Y Y Y

We now focus on the right-hand side of equation (6.10), i.e.

d w 11—«
2t k‘t @ _1)\tAw
od \ A¢—1 ° - d
Yt = (Pt> ¢ €t <> w, Oty —¢
g ettt

/\d AW 11—«
td k‘t @ 1 tAw
od ) 1-X o 1= d
Yt (pt) =€ <> w, oy — 9.
o e+t

Log-linearizing, we get

Rearranging,

Up +

A4 d d od
<d Toad A a4 Mlog (p7) ca
)7 [ 2t )

k: « AW 11—«
= € < ) (ﬁ}_ 1@ n) X
Py o+
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Using that € = 1 and that full indexation implies that p? = 1 = 1, and rearranging,

1/ k \°
g = < > n'= x (6.13)

Yy g b+

N ~ N N A (1 -« > N
X [€t+a(kt—ﬂxp,t—ﬂz+,t)—1(_)\10)101&4‘(1—0‘)7%
A
Ad_lpt‘

The log-linear version of equation (6.10) is then given by equations (6.12) and (6.13) combined.

7 Evolution of net foreign assets

In this section, we derive the expression linking net exports and the current account. Expenses on
imports and net new purchases of foreign assets must equal income from exports and from previously
purchased net foreign assets. Hence, the evolution of net foreign assets at the aggregate level must
satisfy the following equation

Sthrl + expenses on imports, = receipts from exports, + Rf_lfIJt_lxt_lStBtF.

We focus first on the expenses on imports. We begin by noting that the relevant measure here is the
total value of all imports that cross the border, that is the marginal cost times the gross imports as
given by equation (3.226), and so

1 1 1
expenses on imports, = StPtd’*R;UC’m </ Cﬁdi%—/ Iﬂdz’—i—/ X[di
0 0 0
_1_2;— (gbm,c + Cbm’i + ¢m,x))

1
+S P RYO™ ( / Cz%mdi + zjqu’“’) .
0

This is an important distinction as the value of the imports used in the domestic economy, i.e. the im-
ports entering the production of final goods, is higher than the value of imports net of fixed costs above
due to positive markups from the monopolistic importing firms. In earlier models, this distinction was
not made, why the implications for net exports from the resource constraint and from the evolution of
net foreign assets were not consistent.>® This, in turn, implied that the consumption-to-output ratios
were not in line with the data. Moving on to the receipts from exports, given by

1 A
receipts from exports, = Sy P}’ (E;r*) ) ((pf) =3 Xy — ZZF¢$> .

As for imports, the relevant measure is the value of all exports that cross the border, that is what
remains of exports once the fixed costs of production are covered times the aggregate export price.

38 This issue is discussed in more detail in internal Riksbank memos by Malin Adolfsson, where the inconsistency
between the expressions for net exports from the resource constraint and the evolution of net foreign assets is derived.
The treatment of imports and exports is problematic as the two economies in the model are not treated symmetrically.
Instead, it is assumed that there is monopolistic power in both the domestic import and export sector and that they are
both meeting a single foreign good price. Moreover, the assumption of advance financing of firms’ costs introduces an
additional friction that drives a wedge between the resources used in the domestic economy and the trande balance. No
solutions are proposed in the memos by Adolfsson.

As the biggest wedges are induced by the markups, we here handle the problem of monopolistic competition and positive
profits through the introduction of fixed costs in production of imports and exports. These are set so as to ensure that
profits in steady state are zero. We do not handle the wedge stemming from the advance financing assumption, as it is
likely to have much more limited quantitative implications.
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We can substitute for C7}, I7}, XT and C77™ in the expenses on imports using (3.60), (3.67), (3.72)
and (3.77). We then have:
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. . om. . . .
where for j = ¢, i, z, ce, we define p;"”, a measure of price dispersion, as follows:
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Hence,
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%
_ 5P <(ﬁf) =N X, - w) R \®1xe 1 SiB (7.2)

where we have used equations (3.85), (3.86), (3.87) and (3.88), and where ®; is defined in Section
4.2.2.
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7.1 Scaling of the evolution of net foreign assets
We scale equation (7.2) by 2, to obtain
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where we have used the definition of the real aggregate net foreign asset position

Dividing by P¢z;", we have
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where we have used definitions of relative prices p§, p;”™, p;”" and p¥, the definition of the real exchange

rate

_ StPtC,*
qt = Ptc )
and the growth of the nominal exchange rate
Sy
St — .
St—1

7.2 Log-linearization of the evolution of net foreign assets

We log-linearize equation (7.3). To do so, we apply a first-order Taylor expansion of the expression
around the steady-state of each variable. Note that a takes the value of zero in steady state, so level
deviations must be used for deviations of a; from steady state. We therefore define a; = a; — a. Note
also that the steady-state version of (7.3) writes

qpc ch,m m (.om,C % -m (,em,t % m (°om,T %
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In what follows, we directly state the Taylor expansion substracting the previous steady-state expres-
sion for the sake of conciseness. We then have (dropping terms involving a = 0):
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Assuming full indexation, that is p"¢ = p™?é = p"® = ™ = ¥ = 1, the expression simplifies to
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Now note that the steady-state relationship under full indexation and given that a takes the value
of zero in steady state yields
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which allows to further simplify the log-linearized expression to obtain
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8 Inflation rates and relative price formulas

We have defined the following relative prices in Section 2.2, stated here again for convenience:

d,ce
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These definitions imply the following ten restrictions across inflation rates for the relative prices of
total consumption, aggregate non-energy consumption, energy consumption, domestically produced
energy consumption, investment, exports, imported consumption goods, imported investment goods,

goods imported for the production of exports, and imported energy consumption, respectively:
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m,T
Ptm,a: Pt—a Wzn,x

P =g P = — P (8.9)
P Ptd—l wf
and
m,ce __ Ptmﬁe Ptnjfe m,ce __ W;n,ce m,ce (8 10)
t = Ptd Ptdq b1 = wf Y .

Note that the first three and the fifth relative price equations (for aggregate and non-energy consump-
tion, and investment) are not needed for the solution of the model since we already derived expressions
(3.162), (3.160), (3.161), and (3.179).3"

8.1 Log-linearization of the relative price restrictions

Log-linearizing equations (8.4) and (8.6)—(8.10) yields the following five expressions (ordered as above):

P = A — A+ B, (8.11)

oz Az Ak L N N
Dy =Ty — T — % (/iz+v*,t - Nz+,t) + Di—1, (8.12)
pre = F1C — AL+ P, (8.13)
it = — w45, (8.14)
Pt = AT — &+ P (8.15)
A R (8.16)

The log-linear expression for the relative prices of the three different types of aggregate consumption
and for investment have already been derived in Sections 3.3.2 and 3.4.2.

9 Real exchange rate and the terms of trade

We define the real exchange rate as
B StPtC,*
qt = Ptc )

and note that we can write the definition of the real exchange rate in terms of inflation rates and
changes in the nominal exchange rate as follows:

StPtc’* 1 stﬂ'g’*
pr— _ pr— —1. 9. 1
at Pf S, P, gi—1 s qt—1 (9.1)

We define the terms of trade as

1

D ACHN

TOTt = PtM s

where PM is the price at time ¢ of the total bundle of imports.
We next derive a price index for total imports, to be used in the definition of terms of trade. From
equation (3.225), we have that

m,c )\mvi m,x m,ce
>‘t )‘t /\t

Tt
My = O () 0 4 1 (5 )T X () T G ey T

39The inclusion of these four equations instead of (3.162), (3.160), (3.161) and (3.179) causes a collinearity issue when
solving the model.
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We then define the price index for total imports, PM, in the following way:

Amse >\m,i AT /\:n,,ce
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Given that full indexation implies that p;"“ = p;m = p;"" = 1, we ignore the price dispersion terms
to simplify calculations. Then,
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Alternatively, we could define
c Stf)tx
TOE = Ptm,ca

as well as corresponding measures for investment and exports. In terms of relative prices, we would
then have
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if the technological growth rates in the two economies coincide.
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9.1 Scaling of the terms of trade

1
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pg’*ToTt
We note that, in steady state,
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9.2 Log-linearization of the real exchange rate and the terms of trade

Log-linearizing (9.1), we have
Ge = 8¢ + 7" — R+ i1 (9.4)

Log-linearizing the expression for the terms of trade as given by equation (9.3),
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We can rewrite this as
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Rearranging, we finally obtain
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Log-linearizing the alternative definition would yield
— . .
ToTy = p; + Gt +p; — by — b
10 Exogenous processes
The domestic side of our model contains a total of 23 exogenous processes, most of which are given

by AR(1) processes
loge: = (1 — p,.)loge+ p.logei—1 + oecert,
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where e = €, T, i, fig, A%, X7WE, AT A& ymce & \w V;”C’d, pEOm pet B e ¢ X, ¢, eR, TE DT g,
and gc; ~ N (0,1).*! In practice, it may be empirically motivated to allow some of the shock processes
to be correlated with their foreign counterparts, and to model some as ARMA processes. Moreover,
some of the shock processes are turned off in the estimation. In this document, we restrict the dis-
cussion to the theoretical model which was used as the starting point for the estimations, and leave
empirical considerations aside.

In terms of log-deviations from steady state, we thus have: the neutral stationary technology shock
in equation (3.6)

€t = Pe€i—1 + OcEet, (10.1)

the investment-specific stationary technology shock in equation (4.22)
T, = PTYt—l +orert, (10.2)
the shock to neutral technology growth in equation (3.7)
ﬂz,t = ppzﬂz,t—l + O—/Lzs,uz,ty (103)
the shock to investment-specific technology growth in equation (3.8)
Loyt = PugBwi—1 + Opg g ts (10.4)
the domestic price markup shock in equation (3.2)
od od
A = p)\d/\tfl + T \dExd 1 (10.5)
the import (non-energy) consumption price markup shock
sm,c cm,c
A = pymedy_1 + Oymegyme g, (10.6)
the import investment price markup shock
smyi My
>\t — p/\m,i)\t_l + O-Am,ie)\m,i7t, (107)
the import-to-export price markup shock
Sm,T sm,x
At = pama Ny Oymag ma g, (10.8)
tha import energy consumption markup shock
~m,ce sm,ce
Ap = pamace Ny F Oymicegymace 4, (10.9)
all four in equation (3.59), the export price markup shock in equation (3.181)
ST *T
At = PaeAig ForeEr (10.10)
the wage markup shock in equation (4.41)
Q cw
At = PawAig T OAwEr Y, (10.11)
the fraction of the domestic firms’ wage bill that has to be financed in advance in equation (3.11)

~we,d ~we,d
V;UC = pywc,dyiufl + O'Vwc,dsywc,d,t, (1012)

1Tn Ramses I and II, the processes for the fractions of the firms’ costs that have to be financed in advance, 1/{., vy, and
v, are assumed to be constants. Here, we define them as AR(1) processes, that can be switched on and off, depending
on the calibration.
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the fraction of the import retailers’ costs that has to be financed in advance in equation (3.63)
ﬁ;ﬂc?m = pl/wc,mﬁ;v_cim + O'Vwc,mé‘ywc,v'n’t, (1013)
he fraction of the export producers’ costs that has to be financed in advance in equation (3.186)
ﬁ;ﬂc@ = Ppwe,z I);U_cix + O'VwC,zEVwC,I7t, (1014)
the shock to the houshold’s discount rate in equation (4.2)
e 2B
Ct = PeaCro1 T OsEcs (10.15)
the shock to consumption preferences in equation (4.3)
~C ~C
Ce = peeC1 + o¢ceece (10.16)
the labour supply shock in equation (4.4)*2
An An
Gt = penGi—1 +ogneen s, (10.17)
the household risk premium shock in equation (4.12)
Xt = Pxfét—l + OxExt (10.18)
the country risk premium shock in equation (4.18)
G = pydror + 0485, (10.19)
the monetary policy shock in equation (5.2)
éR,t = psRéR,t—l + UEREER,ta (1020)
the inflation target shock in equation (3.19)
o~C oC
T = PreTi_1 + OrcExre g, (10.21)
the evolution of the relative price of energyin equation (3.163)
~d,ce ~d,ce
pt — ppd,cept_l + Opd,cegpd,ceﬂf. (1022)

and government consumption expenditures in equation (5.4)

gt = ngtfl + O-ggg,t- (1023)

42We note that the labour supply shock in theory is modified to a random walk (allowing for drift in the labour supply),
ie.
i =Gy +ocnecn .
In practice, however, this is implemented by setting p.» = 0.999 in the AR process listed in the main text.
Also, as a shortcut to allow for composition effects from variations in the labour force (in a boom workers of lower
productivity than average tend to enter the labour force; see the code from Lindé, Maih, and Wouters (2017)) the
stationary technology shock is modified to

€ = P€t—1 + OcCe,t + 0 cnEen 4.
Potentially one could, following Lindé, Maih, and Wouters (2017), modify the labour supply shock to

amn
Ct = angt—l + O¢ne¢n,t + O¢n,e€ety

i.e., allow the technology shock to affect labour supply.
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11 Foreign economy

11.1 Structural model of the foreign economy

The structure of the foreign economy is analogous to that of the domestic economy. All functional
forms (utility function, production technologies, various costs) are unchanged. Nonetheless, given our
small open-economy assumption, the influence of the domestic economy is negligible, and the foreign
economy is thus approximately closed. Most of this block’s optimal conditions are identical to those
of the domestic block, with variables and parameters assigned an additional superscript “x«” where
appropriate. We won’t derive the full set of foreign’s optimal conditions in this section (the derivations
can be found in the corresponding sections for the home economy), but we will rather focus on the
equations that differ with respect to what has been previously derived. The entire set of equilibrium
conditions is presented in Section 13.2.43

11.1.1 Firms

The structure of the foreign economy’s corporate sector is analogous to that of the domestic economy’s
homogeneous good sector. Foreign intermediate good firms produce the differentiated goods using the
same technology as in (3.5), that is:

Vi = (GENG) T € (KL) T - A (11.1)

where all variables are defined as in the domestic economy. As for the domestic economy, we assume
that the foreign economy has two sources of growth: a positive drift in the neutral technology, z;,
and a positive drift in the investment-specific technology, ¥;. The stochastic processes of €; and the
growth rates of zf and z,* are defined as in (3.6), (3.7) and (3.9). The goods are sold monopolistically
to foreign retailers who produce the homogeneous foreign good, Y;*, by aggregating the intermediate
foreign goods Y} as in (3.1):

1 1 Af
Yt*:[/ (iikt)k?di} ; L <Ay < oo,
0

where A/ is a stochastic process determining the time-varying price markup in the foreign goods market
defined as in (3.2). From the cost-minimization problem of the foreign intermediate goods producers,
we obtain expressions for the marginal products of labour and capital as in (3.35) and (3.36), for
marginal costs as in (3.37) and (3.38), and for the nominal rental rate of capital services as in (3.17).
We moreover have a corresponding expression to the gross effective nominal interest rate faced by firms
in (3.10), the price setting equations (3.22) and (3.23), and the price dispersion equation in (3.27).
After log-linearization, we end up with the starred version of the following eight equations: the two
marginal cost expressions for foreign intermediate goods producers (3.46) and (3.47), the marginal
product of labour (3.48), the marginal product of capital (3.49), the capital-to-labour ratio (3.50),
the gross effective nominal interest rate (3.42), the Phillips curve (3.56), and the price dispersion
expression (3.57). We also need to include the starred version of the log-linearized expression of the
technological growth rate ji,+ , in (3.51).
The foreign homogeneous good is allocated among the alternatives uses as follows:

Y = GE+ O + CFF 4 I (11.2)

The fact that X; does not appear in the previous equation arises from the small open-economy
assumption — foreign exports to the home economy represent a negligible share of total output and
the foreign export sector can thus be omitted from the analysis. By the same reasoning, although the

43 The foreign economy model is very close to the model in Smets and Wouters (2003), on which the first Ramses model
(Adolfson et al. (2005) and Adolfson et al. (2007)) also was based.
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foreign economy does include an import sector, we can omit the production of imported intermediate
goods in the foreign block. Again, this is because imports from the small open economy form a
negligible part of the foreign consumption and investment bundles, which implies that variations in
import prices have an insignificant impact on the evolution of the foreign price index P,

We next turn to the production of final goods. We start by assuming that final consumption and
investment goods are produced by foreign, competitive, representative firms using the same production
technologies as in (3.115), (3.116) and (3.164), and thus

L e Mt N it 7 e
Ci = [ =wr) () 4 ok ()| (11.3)
* nz
N i net 1 ni—1 | ne-1
Cfe’* = (]_ —wZ)’fé (Ct ’*> e + (w:)"?c (C:n’*) ne ) (1]‘4)
1 L:l 1 ";F;l "zi_l
I+ a () K = w3 | (1 - w7 (1) 70 nyh () T | (11.5)

As noted above, however, the small open-economy assumption implies that imports represent a neg-
ligible share in the consumption and investment bundles, such that

we
wiy — 0
Hence, (11.4) and (11.5) become:
crer =, (11.6)
I +a(u}) KP* = U I, (11.7)

The representative final consumption good firm takes the price of output P;”* and the prices of inputs
Ptd’*, and P/“" as given. It faces the following budget constraint:

PtC,*Ot* — Ptca:e,*ci"te,* + Ptce,*cf,*’ (118)

where P/"“*C/®" denotes the expenditures on non-energy goods and P “*Cy™ the expenditures on
energy. Just as in the domestic economy, we have that

che,* Ne
Cro = (1 — w?) [;} Cy, (11.9)
t
. pree* —n:
Cyr = wk [Ptc*] Cy. (11.10)
t
Moreover, we have that
X —n 11/ (A=ng)
Pt = (1= wd) (BEe) T et (o) ) (1)
cxe,* * dx) e x [ pm,c,x\ 1-n% 1/(-n2)
Pt = | (1—wp) (P2) T wr (B0n) . (11.12)
Letting w} — 0, we get that
Prrer — pir, (11.13)
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Using the definitions

C,*
oo = P
t Ptd7*7
cre,*
crex Pt ’
t - d7*
Pt
ce,*
ce,x Pt 7
t Ptd,* )

we can rewrite (11.11) as
* X 1/(1=ng)
i = [0 - e )

The rate of inflation of the foreign aggregate CPI is then given by

NPT
7Tt PC,* -
t—1

or, in terms of relative prices,

ek pd,* d,* c,*
ﬂ_c,* o Pt Pt—l Pt _ Dy ﬂ_d,*
t - C,* d,* - Cx t
Py P, P>y P

We note also that

cre,x d,*
Ty =Ty
C,%
C, % by d,*
T = X Ty
Dy
and that
ce,*
ce,* yZ d,*
t — cex T
Pi—1

For investment we have that

Letting w; — 0, we get that

7* d7*
Py \IT;*P':
Using the definition
; Urph*
2,k t+t
by = x
t Ptd’
(11.23) becomes '
Pt =

Moreover, the rate of inflation of the foreign investment good is given by

7% d,*
i B

[Z :
P Husg
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(11.14)
(11.15)

(11.16)

(11.17)

(11.18)

(11.19)

(11.20)

(11.21)

(11.22)

(11.23)

(11.24)

(11.25)



We note that, as the foreign economy is closed, the good Y;* is the single produced good in the economy
(other than energy). It is sold at the price Ptd’*, and used directly for consumption and investment by
the households. The reason that investment price inflation may deviate from the consumption (and
domestic) price inflation is the fact that we allow for a potentially different trend in the investment
production technology, just as in Section 3.4 of the domestic problem earlier.

In scaled form, for consumption, we obtain

¥
_Te

* £\ [ ek 7’7::1 N LZZI ne—1
¢ = (1 —wh)mE (/") & + (wh)me (¢f™) e , (11.26)
where
Ptca:e,* —n
Tex * *
Gy = (1 — we) |:f)c’*:| Ci s (1127)
t
Pce,*]—nz
€,% * t *
gl =w [* . (11.28)
e Ptc

Using the definitions of the relative prices p;’™, pi"“" and p;®* specified above, we have

N 1 —ne
@t =-ed) (o) (11.20)
Dy
pce,* —n:
&t = wk <t> cr. (11.30)
Dt
For investment, we have
" * kpv*
i’ P ERLIC L (11.31)
ozt g g ¢

Before turning to the foreing household’s optimization problem, we first log-linearize the few op-
timal conditions that we just derived for the foreign economy and that differ from the domestic ones.
From (11.29) and (11.30) we directly obtain

& =gt + 6 (11.32)
& = =k (P — pe) + 6. (11.33)

We recall also that the following holds:
erer = b, (11.34)

To obtain a log-linear expression for the foreign aggregate CPI, we can log-linearize equation (11.11)
in levels to obtain

1 \1 % pee 1-ng
> P Wk ( > P (11.35)
pe* pe*

P =)

where we have used the definitions of relative prices p;”* and p°®* specified above. Lagging one period

and differencing, and using that the definitions of the inflation rates 7;"“", 7" and 7" in Section
2.2 imply that

ﬁ_gze,* — Atcxe,* o Ptc;ri,*’ (1136)

R* = PO* — PO, (11.37)

ﬁ;:e,* _ Atce,* - Ptc_e,l*’ (1138)



we obtain the following log-linear expression for the foreign CPI inflation in terms of non-energy and
energy price inflation,

C,* 1 e cre,x peer e ce,*
~C, * ) ) * -~ CE,
7yt = (1—wik) <pc7*> T +w, (pc,* ) (PR (11.39)

We note also that taking logs of expression (11.20) gives

pemer — g, (11.40)
From equation (11.22), we have
REOT = peet _ peet 4 b, (11.41)

Just as for the domestic economy, we assume that the relative price of energy evolves as an exogenous

process, so that
ce,*

logp, " = (1 — ppce,*) logp

ce,*

+ ppees 10g PIET + OpeesEpeens . (11.42)

We also log-linearize the relative price expression in equation (11.17), which yields the following
expression:

~C, % pce’* 1_772 ~Ce,*
Py =wh <pc’* ) Dy (11.43)
(11.31) yields
" 1 . *kp7* .
i = — <z*zt + abut> . (11.44)
7 Ht 5 g x
Finally, from equations (11.24) and (11.25), we have
=0, (11.45)
and ‘
A = 7 gy (11.46)

11.1.2 Households

The household problem in the foreign economy is very similar to the domestic economy one, but for
the following exception: the small open-economy assumption implies that foreign households do not
have access to the domestic bond markets. As a result, the budget contraint for foreign households is
slightly different from (4.10), and is given by:

PORCF + PP (I + a(up) KP7™) + P JAf + Biyy

1 n’fyt
_ /O /O YW dkdj + R KP4 RE L XiBE + 10} + TR;, (11.47)

where all variables are defined analogously to those in the domestic economy. The household’s util-
ity maximization problem, analogous to (4.29), thus results in first-order conditions for the foreign
economy corresponding to (4.30), (4.31), and (4.33)—(4.36). The preference shifters are specified in
an analogous way to (4.5), (4.6) and (4.7). Moreover, the preference shocks pertaining to the foreign
economy’s household problem, ¢;"*, ;™ and (}"", are defined as in (4.2), (4.3) and (4.4), and the risk
premium shock x; as in (4.12).

The law of motion for captital is given by the process specified in (4.21), and efficient capital is
assumed to relate to physical capital as in (4.28).

Unemployment and labour supply are specified as in (4.38) and (4.39).

The wage setting problem is analogous to the domestic one in Section 4.6. Households set wages
maximizing its future discounted utility, and then inelastically supply the firm’s demand for labour at
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the going wage rate. Just as for prices, there is a time-varying wage markup shock, \;”*, defined as
n (4.41). The wage setting problem yields expressions corresponding to the optimal wage equations
(4.46) and (4.47), the relationship between aggregate homogeneous labour and aggregate household
labour (4.46), and the wage dispersion expression (4.51).

After scaling and log-linearization, we end up with the starred version of the following eighteen
equations from the household side: the expression determining the labour participation in equation
(4.100), the unemployment rate in equation (4.99), the natural rate of unemployment in equation
(4.110), the endogenous preference shifter in equation (4.80), the trend consumption in equation
(4.81), the marginal utility of consumption in equation (4.88), the marginal rate of substitution in
equation (4.83), the wage markup in equation (4.101), the consumption Euler equation (4.89), the
first-order conditions with respect to capital and investment (4.92) and (4.93), the expression for the
capital utilization rate (4.95), the law of motion for capital (4.96), the relationship between efficient
and physical capital (4.97), the wage inflation expression (4.106), the wage Phillips curve (4.111), the
expression for aggregate household labour (4.114), and the wage dispersion expression (4.115).

We restate and solve the foreign-economy wage problem below. Just as in the domestic economy,
the foreign households are monopoly suppliers of differentiated labour services hired by the firm. As
such, they can determine their wages. Households are subject to Calvo wage setting frictions, facing a
probability 1 — &}, in each period that it can reoptimize its nominal wage. If the union reporesenting
the j* labour type is not able to reoptimize in period ¢, the wage it will charge in period ¢ + 1 will be
set according to the following indexation rule:

Wit = t+1”
~wok _ N s S U 9* (11.48)
{ T = () )K ( ) I () ()

The household’s wage optimization problem is given by

* 14 ,
jw ey DLk v A (")
or T Ko AW F ~ W,
CTL * Yitis t4s el t+s N* Wfk lfz\tJrS
t+s 1+p* Wt*+s t+s 7t

(o]
max  Ey > B’ G o
Wj,t s=0 At+s : y

* * 1-A% * ~w,k ) 1-A* Trx | 1-29%F
TV (WtJrs) s Nivs (R - ) ks (Wj t) ths

5

Optimization w.r.t. W;’it yields

Aty aiid
w W*Tl'wz ﬁ'w lwa’*
N o) Ao Z (B*€0)” Ct+5<t+s t+s (%Hl) s N\
(@) e = - T —— . (11.49)
us T )‘w,*
b Zo(ﬁ*g*) <1ﬁ+s“t+sWt+s s (W) o
s=

where W} = WW/—f Note that, due to the Calvo assumption on wage setting frictions, we can then
rewrite the wage index as follows:

N

1 1
(Wt*) I-AM1e  — /0 (W;:t) =2 dj
Sru 7110,* 1 ~ 1w,*
- e e [ (i)
0 w

1 1

=g (W) T 4 (1) (W)
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Dividing both sides by (W*) , we obtain

AW\ TRTE -
_ * t T tts * ~%\ 11—\
1= g ( e ) T - )
U
w,*
awre\ o 1-\!
1= (Zine )
~ % _ t
wy = 7 = , (11.50)
( _fu))
where 4
— % ok pdk — »k
wx Wt* _ w?zt Pt . wt HZJ,-,*’tTrt 11 51
™= * +, *Pd,* - wr ’ ( : )
=1 Wiz Py t—1
_* wr .
and w;y = TFapdy 18 the scaled real wage.

% t
We next scale the wage setting equation. First, note that

K W,k ~w,* K W,k ~w,* . ~w,* ~w,*
Wimls T B Wimls T Wy TgfgeTpiq
* - ok pdx T ok d,* d* °
WH‘S wt—l—szt—l—spt—l—s Wits Pt t41 -+ - :Lj’z+7*,t+s7rt+1 7Tt—&—s
We then have that
)\w,* 1+QO*
t+s
Aw *E wt ffﬂi 7?:51’; 1_>‘7£Uf; N*
t+st E (5 gw) Ct—l—sct-‘rs t+s oy ol t+s
1- >‘t+5(1+¢’ ) s=0 5 Motk g1 Hab ok s T 1 Tets
~ % 1-2% o
(w7) 4
o0 ~ W,k ~ W,k w,*
FUr & 1A
By Y (B*€L)° ¢ wiy Nf i tha Tl )
w t zto* ,t4+st t d,*
s=0 +e e s \ Wit Hoptk gyqeHot,x t+s7rt+1 Tils

(11.52)

For the log-linearization, we need to recall that 7,7] = (77")"™ (ﬂ'Hl)l o (F*) (4,0 ) 0.
From the steady—state computations, we have that 7¢* = 7¢* = 7%* which implies that 7%* =
(Wd’*)lfﬂ (#*) (pt+.)"*. Under the additional assumptions that >, = 0 and ¥, = 1, we have that

ﬁ_w,* _ 7_‘_d *Mz+ N
We moreover have that. § s
W w ,Ui;:ﬂ' ’ _ 71_d,*'uz_'_ .,
and, thus, W;: = 1, which yields
w* = 1.

Using these steady-state relationships, we can obtain the following log-linear expression of the optimal
wage equation:

1—-A\"*(1+ (p* ~k o~k * o A% Ak P ~ % ~w,k )\w’*tp* ~k
1_)<\w,* ) (wt +wt) = (1-58%) <C? +OF + " N =+ Ay T U
* ok 1_)\11),* (1+90*) ek ok
+B7E EpE: Ey (wt—l-l + wt+1)

o
)\w,* (1 + ¢*) _ 1 A~k dx .
ﬁ gw § /3 £w 1 — \W* t (Trt-i-l - 7Tt-7}-1 - MZ+’*,t+1> .
s=0

Log-linearizing the expression for w; that we derived from the aggregate wage index, we obtain

*
=k gw ( w,* fﬂ%*)

w; = ™ — T
t 1_&-;&1} t t
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Log-linearizing the expressions for m;"* and #,”*, under the assumption that s}, = 0, we get

W, * _ * A C,% * C,*

Ty = Ry + (1= ry) T

AW,k o~k o~k ~d,* ~

T = Wy Wy T s g

Combining and rearranging as in Section 4.8.5, we finally get the following wage setting equation

Tt =B ERS + (11.53)
O B ) T 4 (755 RE7) = 5L (3 — )
—dy, " (Ut* - UZH) ;

where we have defined

b’fU = * %k *
(1-p%¢,) (1-&,)
4y = 2w W T =2 _—- 11.54
& ) 1 Eh (1154)
and where 1
U = EA,: " (11.55)

11.1.3 Monetary and fiscal authorities

We assume that foreign monetary policy is also conducted according to an instrument rule, which is
analogous to the one described in Section 5.1:

R} R 7o ﬂ'cf
+rrus (U = U”)] 4 7aq-Alog (Zt > + rapy- AU +logeps 4

where all variables are defined as in Section 5.1. Note that, due to the assumption that the foreign
economy is approximately closed, we have excluded the exchange rate term from the rule.
We model foreign government consumption as follows

Gy =g:%", (11.57)

where g; is an exogenous stochastic process defined as in (5.4). Here, g* = 1;Y™, where n; denotes
the steady-state foreign government consumption as a fraction of foreign GDP.
11.1.4 The aggregate resource constraint
Following Section 6, the foreign aggregate resource constraint writes:
A*

_Zt
Gi+ O O 4 I = (5) T [ e ()T (N = 27 (11.58)

Scaling the resource constraint yields

*

:‘;:k ki* « .
gi e it = ()T N () vy,
Pt t oy ¢
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Substituting IV} using the foreign version of (4.49), we have

d,* e, .d,*
g o+ iy

f o o* B /\;U,* l1—a*
= (ﬁf’*)“*l € <t> ng () N —¢*] . (11.59)
Hootox t g t

We now turn to the log-linearization. We first consider the left-hand side, i.e. the uses of the
foreign good:
Y=g+ T

We can substitute for cf’* to obtain

Te,*

* * e, -d,*
Y =g t ¢ e

Log-linearization yields
* ze,* e,% -, %
) ze, c™ e 1

i =2 &t i (11.60)
y

A C
Yo = w9t G T
Pt Doy y

Moving on to the right hand side, log-linearization yields

* Ak k* o *\1—a* * A* ~d,*
= _— n — X _—
Y9 [(uﬁ*uw) (n") ¢>] |:1_/\*pt ]

*

k* “ —a* _ [a PR N
+ (> (n*)' ™" x [6: + o (k;ek T Pt g N\If*,t)

Hozt o o=
Aw,* ek
+(1—OK ) (nt —wwt>] .
Under full indexation (where p®* = 1* = 1), we also have that (foreign and steady-state version of

(6.8))

*

* k* “ x\1—a* *
Yy = (TL ) - Qb 5
oot % g+

so the aggregate resource constraint from the production side writes

Mo 1 Y
Q* = 7*]3 + —~ <> n* Y x 11.61
t 1—\ t y [y s flog ( ) ( )

Ak * [ 7.x ~ N * Ak AF o*
X |:6t +a (kt T M\I/*,t) +(1—a") (”t - 1_/\w,*wt>] :

11.1.5 Exogenous processes

The foreign model contains a total of 15 exogenous processes, all given by AR(1) processes:** the
neutral stationary technology shock

€ = Per€i_1 + OcrEex 1, (11.62)
the investment-specific stationary technology shock

;= pr-Ti +oreerey, (11.63)

4 Just as for the domestic-economy model in Section 10, we here restrict the discussion to the theoretical model which
was used as the starting point for the estimations, and leave empirical considerations aside. In practice, it may be
empirically motivated to model some of the shock processes differently, or turn them off in the estimation.
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the shock to neutral technology growth

/J’Z*,t = pp,z* /J’z*,t—]_ + O-/Lz* E/LZ* ,ty

the shock to investment-specific technology growth

Hogrs ¢ = Ppgu B+ t—1 T+ O pguEpgn it
the domestic price markup shock
Sk Sk
At = Par A1 T O EN 1,

the wage markup shock
LW,k Sw,x
Ap = e Ay F Owr ey g,

the fraction of the foreign firms’ costs that has to be financed in advance

AWCk A WE,*
Vy = PpwexlVy_ 1 + O'Vwc,*{—:ywc,*’t,

the shock to the household’s discount rate
AB?* A/37*
Ct = pcﬁy*Ct_l + O—CB‘*ECB‘*,ﬁ

the shock to consumption preferences

A Cy*

ACk
Ct frg pCC’*thl +UCC’*€CC’*,t7
the labour supply shock
ATk AM,*
Ct g an’*Ct—l +J<n,*€<n,*7t’
the household risk premium shock
Xt = P;*f(:fl t Oy Exr it
the monetary policy shock
éR*,t = Peps éR*,t—l + OepsEepn,ts

the inflation target shock
~c,® ~C,*
7Tt == pﬁ'c’*ﬂ-t—l + O’ﬁCa*EﬁC,*7t,

government consumption expenditures

A

g; = pg*gzll + Og*Eg*,t)
and the evolution of the relative price of energy

acek ~ce,*
Pt = PpeesPypy T OpeeEpeert.

11.2 Modelled as a VAR

(11.64)

(11.65)

(11.66)

(11.67)

(11.68)

(11.69)

(11.70)

(11.71)

(11.72)

(11.73)

(11.74)

(11.75)

(11.76)

In this section, we present on alternative model of the foreign economy, which is similar to the foreign-
economy modelling in earlier Riksbank models. This version is not used at present, but only included

for documentation purposes.
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In Ramses II, the foreign economy block is specified by the following system of equations:

* *
Xt = AXtil'i_CEt
; Yi_
log (% log ( Yzt
08 Y ail a1z ai3 0 0 08 Y
* * * *
T =T a1 aze a3 az T L
* * * _ *
Ry — R = az1 aspy asz asy R, - R
1 (M 1 M)
N N
1
log (m) Py log (wit)
My Hy
Oy* 0 0 0 0 Ey*,t
c21 opx 0 coqg P En* t
+| 31 c32 ORre c3y P Ert |
0 0 0 o, 0 it
0 0 0 0 o, Epgt

where the e;’s are mean-zero, unit variance i.i.d. processes uncorrelated with each other. It takes into
account that foreign output, Y;*, is affected by disturbances to zt+ , as

logY = logy; +logz;
(6%

= logy; + logz + 1 log ¥y,

-«
where log (y;) is asumed to be a stationary process. As the matrix C' has 10 elements, the order con-
dition for identification is satisfied. The documentation of Ramses II discusses the intuition behind
the zero restrictions in A and C'. Here, it suffices to note that the above system is estimated together
with the rest of the model, implying that the estimation of the parameters in A and C is affected by
domestic as well as foreign observed variables, and that the past few years’ experience with estimation
has taught us that the parameters pertaining to the foreign economy block tend to be rather unsta-
ble. Moreover, shocks to the investment technology process have been switched of since the original
implementation of Ramses II. In the latest versions of Ramses II, even the neutral technology process
has been detached from the rest of the foreign VAR, rendering the modelling of the foreign economy
block similar to that in Ramses I.

In Ramses II, the two permanent technology processes are assumed to be global. As Sweden is a
small-open economy, we usually assume exogeneity of foreign variables. In other words, the standard
small-open-economy assumption implies that Swedish economic developments should be affected by,
but not affect, the developments in the rest of the world. It is not obvious that global technology
processes should be estimated in a model of the Swedish economy with restrictions on Swedish variables
following global shocks, such as for example Ramses 11, as the results will be driven to a considerable
extent by data and restrictions pertaining to the domestic economy block.

For the above discussed reasons, in the model presented here, we will deviate from the assumptions
made in Ramses II. We will instead assume that the foreign economy block looks like the one in Ramses
1. To this end, we will shut off any shocks to the investment-specific technology, as in the implemented
version of Ramses II, and assume that the global neutral technology growth is given by an AR(1)
process.

The foreign economy in this model is specified as a VAR model of foreign inflation, output and
interest rates, assumed to be exogenously given. Defining

~ !/
Xe=[n 95 R,
where 7} and R} are quarterly foreign inflation and interest rates, and §; the foreign output gap*’,

we can write the model as
FOX* =F (L) X;(—l + Ex* ity (1177)

45In Ramses I, it is the HP-filtered output.
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where g+ ¢ ~ N (0,X,+). In Ramses I, it is assumed that Fyy has the following structure:

1 0 0
= 0 1 0
_’Y;kr,o _'YZ,O

This structure is equivalent to assuming predetermined expectations in the Phillips curve and output
equation, and could be not rejected in the estimation of Ramses I. Note that this specification of the
foreign block is complemented with two exogenous processes for the evolution of the domestic and
foreign technological processes fi,+, and /é\j ’*, specified in Section 10 below. The parameters in Fj
and F' (L) can be estimated outside of the model, and then calibrated prior to the estimation of the
parameters pertaining to the domestic economy block. Note that the foreign variables are still needed
as observed variables when the model is estimated, in order to enable idenfitication of the asymmetric
technology shock z,"*. In Ramses I, HP-filtered output is used in the estimation of the parameters
in (11.77), while the vector of observed variables in the model estimation includes foreign output in
growth rates.*

Note, finally, that in the case the foreign economy is modelled as in the above VAR, we need to
assume that total demand by foreigners for domestic exports takes the following form:

P\
X, = <Pt> Y/, (11.78)
t

as foreign GDP components are no longer explicitly modelled.

12 Steady state

In this section we solve for the non-stochastic steady state. We apply the convention that variables
without a time subscript represent steady-state values. We first present the solution for the domestic
economy, before proceding with the foreign one. Note that in practice, however, the steady state for
the foreign economy model is solved first, as the domestic steady state partly relies on the foreign
economy steady-state solution.

12.1 Steady state of the domestic-economy model

We begin by solving the steady state for the monetary policy rule. With the exception of consumer
price inflation, all variables are in log-deviation from their steady-state values. We have, in steady
state, that

R; . Ri_1 77'? Wg_l
log<R) = pRlog< 7 > + (1 —pr) {log <7TC) —I—rﬂlog( = (12.1)

+rgu (Ui—1 — U) + 14 log <qi]_1>] +rarAlog <Wt> + raruAU; + logep,

p—

R R e e
log <R> = pprlog <R> + (1 —pp) [log <7rc> + rr log <7TC)

+rry (U —U)] + razAlog (:C> + raru AU,
yielding
,R.C
=t = 7 (12.2)

40Foreign inflation and interest rates are included in levels in both cases.
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As will be clarified in the following section, the foreign policy maker follows a similar rule for the
foreign economy and, hence,

The relationship between the aggregate and domestic inflation rates and the relative price of aggregate
consumption then implies

s =T
Solving for (8.1)—(8.10), we obtain:
™ = x° (12.3)
v = gd (12.4)
7% = 79 (12.5)
ghee = o (12.6)
d
o= (12.7)
Hu
= b (12.8)
e = qd (12.9)
o™t = gd (12.10)
e = gl (12.11)
amee = g, (12.12)
Solving for (3.18), (3.81) and (3.190) yields
ﬁ_d — (ﬂ_d) Kd (ﬁC)l_Hd_%d (i‘f‘)xd — (ﬂ'd) 1—sy (ﬁ-)%d
, e 1—5tm, _
ﬁ-maj —= (ﬂ.mg)’fm,y (ﬁc)l—ﬁm’j—%m,j (%)M’m’j = ('ﬂ'd) ” ! (ﬁ‘)”mﬂ ) ,7 = C,’L',ZL',Ce
7~rm _ (ﬂ_m)nz (ﬁ_*)l—liz—%z (ﬁ')%z — (ﬂ_m)lf%gc (ﬁ')%z )

Assuming full indexation, i.e. that »; = s, ; = 2, = 0, the above three expressions simplify to

Y — (12.13)
i = qd j=ci,x,ce (12.14)
7 o= gt (12.15)

From equation (4.48), we can solve for wage inflation

d
= w“ju”r =y, (12.16)

and from (4.44) for wage indexation to obtain

R = () (@) ) () = (60 7 ()

Assuming full indexation, i.e. that s, = 0, and ¥,, = 1, wage indexation simplifies to

7= p e =¥ (12.17)

From (3.9), we have that

[e3

Pt = fhy "o (12.18)
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From the Euler equation (4.58), we can then solve for the steady-state interest rate

R="tznd (12.19)
g
We then have that the real rate is given by
_ R Lot
R=—="== 12.20
7‘[‘0 /8 ) ( )

where we have used that 7¢ = 7¢ in steady state.*” Correspondingly, R* is determined by the foreign
economy Euler equation, as given by

R* = %wdv*. (12.21)
With expressions for R and R* at hand, we can now solve for the steady-state gross effective nominal
interest rates faced by the different types of firms in equations (3.10), (3.62) and (3.185):

ch,d — Vwc’dR +1-— V”J)C,d (1222)
RWe™  — gwempt ] g wem (1223)
RW&T  —  weT +1— pweT. (1224)

From equation (9.1), we can solve for the the steady-state value of the nominal exchange rate growth

rate:

i d

s=—— = (12.25)

TG - d*’

From the UIP condition (4.66), we have
R = R*®s.

Combining (12.19), (12.21) and (12.25), we have

o - Mt BT 1 Bomt al
Pote B Th* s . [ omd* g
o = M (12.26)

Hopt B

Under the assumption of equal steady-state growth rates and discount factors in the two economies,
we have that
d=1.

It is clear from equation (4.19) that we denote the steady-state value of net foreign assets by a. We
assume that a = 7,y.*8

4TNote also that we assume that the neutral interest rate, or the time-varying real interest rate trend, are equal in
steady state, so that:
R'=R.
See also Section 14.
¥ We will generally set 1, to 0. This is relevant for the linearlization of the model, as level deviations must be used for
deviations of a; from steady state instead of log deviations. The linearizations in earlier sections were done under this
assumption.
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Next, we solve for the steady-state marginal cost of domestic goods producers. We start with the

scaled expression of the optimal price (3.40)
S )\d
‘mety 3 (560)° [ (24) }
o=
~d\ S
V. - (560) [(f) |
~d
d d dsgo [55(1 - ] LB (%) d
pY = A'mc = Mmc? 7
20 [&d ] 1- 86 (%)
Using the second expression of the optimal price (3.23), which we derived from the aggregate price,
we obtain
1 1-)¢
=a\ T ~d 1-xd
g 1 1—55d<7> 1—fd(ﬁ)
mc® = (12.27)
Al_ﬁ€d< )1 A (1_§d)
(12.28)

Assuming full indexation, implying that 7% = 7¢, this simplifies to
1
d_ —

N

Note that A? is related to the elasticity of substitution between the different domestic goods, which
we denote by 74, in the following way
A = :
L =4

We note that A? is calibrated. Similarly, for importing and exporting firms, we have
1 1-\*
T-2T
(12.29)

)7 |1-6 (%)

cx — i 1 - 551‘ (%
1
and A
ij lm ' PNy
1 1o ( ) o (W)H ,]
mj _ ™m,j m,j \ wmd
m?J
Assuming full indexation, so that 7% = ¥ and 77 = 7", we get
1
me’ = b (12.31)
(12.32)

me™ = 1 -
Amhj

and
We again note that the markups A? and A™7 are related to the elasticities of substitution between

differentiated goods in the export and import aggregates, respectively, as follows
N
A= —
1- Nz

)\m,j — nmv] .
L=y
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We note that A\* and \™/ for j = ¢, i, z, ce are calibrated.
We can now also solve for price and wage dispersion, as well as expressions for the different firms’
fixed costs. We start with the domestic firm. p? is given by the steady-state version of (6.4):

4 1-2%
1 A7 Ad

1-¢ #4\1-xd
(1-g | bz

5 . (12.33)

b= Y
(1_gd (=) )

Assuming full indexation implies that 7% = 7%, so that p? = 1. The fixed cost term, ¢%, is computed
such that profits equal zero in steady state. Using equation (3.41) evaluated in steady state, and
equating total profits to zero, we obtain

d
1 A
d od \ 1-X
= — = . 12.34
P =y <mcd (p ) ) ( )
Assuming full indexation and using (12.28) we have
ol =y (Ad - 1) : (12.35)
For the importing firms, we can evaluate (3.89) at steady state, for j = ¢, i, x, ce, to get
1™
- (20) L\ AT S
1_5777.,] :m: 1=amd
(1 o gm,j) 1—55%]-
P = N (12.36)
(oo ()
m,j \ 7
Assuming full indexation implies that ‘
P =1, (12.37)
for j = ¢,i,x, ce. Evaluating (3.196) at steady state, for the exporting firm we have
L 1=)"
' Ol
17{&0 :T -
(I=&) | — = —
P’ = — (12.38)
=& ()
Assuming full indexation implies that 7 = 7%, so that
p* =1. (12.39)

We also need to pin down the expressions for the various fixed costs associated with imports and
exports. These costs are computed such that profits equal zero in steady state. In the case of the
importers of consumption goods, we can use (3.93) together with the zero profit condition to obtain:

¢m,c — Cm < 1 _ (ﬁm7c)1/\A7;hC> . (1240)

mcm,c
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Similarly, we use (3.94), (3.95) and (3.96) to obtain:

¢m7z —m <mcm,i _ (pmﬂ) 1—Am, > , (12.41)
m,T m 1 oM, T L?';:‘z

5 — (mcm,x _ ()i ) , (12.42)

m,ce €,m 1 °m,ce )\m’r;’Lce(‘P
¢ B = <mcm’ce — (p ’ )l*)\ 7“> . (1243)

Assuming full indexation, we can combine with (12.32) to obtain

¢mvc — Cm ()\W,C _ 1) , (12.44)
¢m,i — 4m ()\m7l _ 1) , (1245)
P = M (N 1), (12.46)
P = ST (AT 1) (12.47)

For the exporters’ fixed costs, we evaluate (3.208) at steady state and impose zero profits to obtain:

6" e
1 = 7ﬁz,temp+mcx (ﬁz)m
€T
T R AT
(bx = ﬁx,temp (1 —mc” (px) 1_)‘I> :

As already mentioned in Section 3.5, under full indexation we have that %™ = 1. To prove this,
we need to evaluate (3.207) at steady state, which yields:

ST

ﬁx,temp — (1 - éx)p

(1 o m%) '
Recall from (12.15) that, under full indexation, #* = 7n*. We also know that p* = 1 under full
indexation. Hence, exporters’ fixed costs are given by

' =x (1 —mc® (px)w) . (12.48)

Assuming full indexation, and using equation (12.31), we have
AT —1

Finally, we find the steady-state solution for w using (4.51) as follows:

1-\%
‘ CAN
1_§w :7111 B
(L= &) | — ey —
W = — (12.50)
(-6 )7)
Under full indexation, we have that 7% = 7%, which implies that
w = 1. (12.51)

Up to here, we were able to solve analytically for the steady-state expressions of some variables.
The rest of the steady state needs instead to be solved as a system of equations in the remaining
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variables of the model. We list the needed steady-state equations below, starting with the steady-
state relative prices of consumption, investment and exports. We can use import producers’ marginal
costs in equations (3.61), (3.68) and (3.73), together with the definitions of relative prices in Section
2.2, to obtain the following expression for p"™J, j = ¢, i, z,:

g PIPP 1 speplepe,
pd  Ppc pcx mec™mJ  Pc  Pcx pd
c pwe,m
prmi R (12.52)
PEFMCT]
Similarly, using (3.78), we get the following expression for p"c¢:
mce Pm,ceﬁpc,* Pd,* B 1 Stpc,*gpce,* Pd’* -
p Pd  pc pex pdx T memce P pd pdx pegx
qpcpce,* Rwem
P — R (12.53)
p TINCT'”
From (3.136), we have
cxe maeni—n, 1Y/ (171
pre = [(1 —we) + we (p™°) C} , (12.54)
while from (3.137), we have
ce d.ce 1inem m.ce 1777 1/(1_776'm)
P = | (1 — wem) (p ’ ) + Wem (p"¢)" " Tem . (12.55)
From (3.138), next, we have
1/(1=n.)
P = [ w00 () b )] (12.56)
From the investment price index, (3.170), we have
, 1
p = [(1 — w;) +w; (p™) ’“} e (12.57)

We solve for p* using the expression for the exporting firms’ marginal costs, (3.202), evaluated in
steady state, which yields

p = O e (1) T (12.58)
- qpcmcx x p T . .
We note that we are still missing an expression for the steady-state real exchange rate g, which is why
we cannot solve analytically for any of the relative prices.
We now derive expressions for the price of physical capital and the rental rate of capital. From
the households’ FOC w.r.t investment and bond holdings, (4.71) and (4.65), we have

s TR (54 L
p' = Pi 1(2,2)+Rpkf

1
TFy(i,1),
g ( )

and we know from Section 4.3 that S(z) = 5’ (z) = 0 is assumed to hold in steady state, with
T = i+ pby. Thus, (4.74) and (4.75) imply

Fi(i,i) = 1-8 (NWW) _ g (uz+_/~twi> uzw@z‘ .
1 7 i

. N2
Py (iyi) = S’(“Z*W) <“Z*W> =0,

[ ]
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which allows us to solve for the steady-state price of physical capital

i

o D
)= —. 12.
P = (12.59)

Using (4.69) together with (4.65), and using that a (u) = 0, we can solve for 7* to obtain

o (1), 120

From the households’ FOC w.r.t. capital utilization (4.73), we can then derive an expression for
op = a (u):
7k
o= 5 (12.61)
Note that o} is a parameter, determined by the values of #* and p'.
We can find a solution for w using the expression for domestic intermediate goods producers’
marginal costs, (3.30), which gives

w =

L) 1209

met (1 — )™ ace

The steady-state capital-to-labour ratio is computed using a second expression for the domestic inter-

merdiate goods producers’ marginal costs, (3.31):

k 1 o RYeC d :
wWRYS® \ @

Lo - - 12.63

N g b+ (mcde(l _a)) ( )

Note that this equation implicitly solves for k, as we will derive another expression to solve for N
below. Before proceeding with our calculations, we need also to note the following. In steady state,
we impose that the capital utilization rate, u, is 1, so using the relation between physical and efficient

capital, (4.28), in scaled form we have
k= kP (12.64)

We next consider the aggregate ressource constraint, (6.11), evaluated in steady state:

y=g+c+c it a2l (12.65)
where g = 71,y. From equation (3.145), we get the following steady-state expression for c?:
¢ = (1= wp) (pe)e ¢, (12.66)

while from (3.147), we get the following steady-state expression for c®¢:

d pd,ce “MNem
= (1 — wem) [ e } . (12.67)
We here also note that equations (3.149) and (3.150) evaluated in steady state give
pcxe e
" = (1 — we) [pc} c, (12.68)
and
pce MNe
c® = we [pc] ¢, (12.69)



respectively. From equation (3.174), we have that

1= (1) ()" (100 ).

Recall that a (u) = 0. The steady-state expression for i¢ then becomes:
it = (1—w;) (p')" . (12.70)

From (3.203), we have the following steady-state expression for z¢:

N PN

2! = (e (™) (L= w0)) T (L= ) 1) (12.71)

From equation (3.223), we have the following steady-state expression for exports
z = (p°)™ (cm* T zd> , (12.72)

We next derive expressions for y and ¢, which will allow for ¢ to be implicitly determined by the
resource constraint in equation (12.65), together with equations (12.66)—(12.72).

We begin with the steady-state expression for y. Evaluating in steady state the expression for
total production in equation (6.8), we get

y=WW1H kfwf%ﬂ. (12.73)

Hog fp+

Combining (12.73) and (12.34), we have the following steady-state expression for aggregate production

a4 a
(p7) 211 € (,Wiﬁ %)

vy= Ad 1 Ad N.
4 ()35 (ka7 )
Assuming full indexation, we have that
1 k\“
y=c¢ < ) mc?N. (12.74)
oy oy + N

We proceed with deriving an expression for steady-state investment ¢. This can be derived from

(4.76):
k 1-9
i=—(1- , 12.75
T < :uzJHUJ\II) ( )

where we have used that k = kP.
We use the Euler equation (4.57) to derive an expression for ¢+, yielding

1 ¢

T el D)

(pz+ — BD) . (12.76)

We can then derive an expression for steady-state employment, N, from the scaled optimal-wage
expression in equation (4.79). The steady-state version of (4.79) is given by

Fw 1w
_1=A"(1+e) )\w(:n@NSD 1- ﬁfw (uiﬂ.d>
w 1-\w = = 5 .
¢Z+U_) Fw %/\t’w
1- B8, (725)
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Plugging in the steady-state version of the second expression of the optimal wage (4.47), which we
derived from the aggregate wage, together with (4.48) which in steady state gives that 7% = u_+ 79,
we have

w17 IEAY () e 1
L— &, (F2) ™ _ACONE 1 g, (55)
_ o T o AVAte)
(1 fw) 4w 1— /Bfw (%ﬂ) a0
Assuming full indexation, this simplifies to
AYC"ONY
& = ip@' (12.77)
Pas

From this equation (in combination with the rest of the system of steady-state equations) we can solve
for N.
Evaluating equation (4.52) in steady state, we get the following expression for the preference shifter

O:
0 =", (12.78)
where from (4.53) and (4.54) we have
11\
C v
=—|— 12.79
: oN <:uz+> ( )
and
oV = e (11,+ — Bb) (12.80)
c(p+ —0) 7 ’ '

respectively. We note that we can combine equations (12.78) and (12.79) to obtain

1—v 1—v
1/ 1\ 1\
0=— () oV = <> : (12.81)
v Moo+ Koo+

which is a function only of variables which we have already solved for earlier.

We noted earlier, when deriving steady-state expressions for relative prices, that we were still
missing an expression for the steady-state real exchange rate q. Adding the net foreign assets equation
to the equation system above will allow us to solve for ¢ together with the rest of the variables.
Evaluating the expression for the evolution of net foreign assets (7.3) in steady state yields

c R m,i x

— qp we,m m omchfc m (em, Amz‘ m omx%

G~ RO () TR T () 1T g™ () TR
p:

€\ CE %

ATce
+¢m,c + ¢m,i + ¢m,x) + qppf* Rwem (Ce,m (ﬁm7ce)1f>\?t,ce + ¢m,ce>

C oL AT
= L (677 0 —o7) + Ry

7Td:“’z+

Assuming full indexation implies that 77 = 7"J so that p™7 = 1, for j = ¢, i, x, ce, and similarly
p* = 1. Simplifying the expression above and supposing that a = n,y, we obtain, under full indexation:

pc,* <1 R*(I)XS

> + pce,*ch,m (Ce,m + ¢m,ce)

nayﬁ s
+ch,m (Cm + im + 2 + (bm,c + (bm,i + ¢m,m)
= p%(z—¢Y). (12.82)

Under the assumption that 1, = 0, which we normally assume, we have that

Rwem (cm +ime™ 4 ¢m,c + ¢m,i + ¢m,m) +pce,*ch,m (Ce,m + ¢m,ce) — px (x . d):p) )
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Evaluating (3.146), (3.175), (3.204), and (3.148) in steady state to obtain expressions for ¢, i, ™,
and c®™, respectively, yields

pm,c e
"= wc< > ¢, (12.83)
pC
m,i\ i kP m,i\ i
i = w; <p . ) <i+a(u) ) = w; <p . > i, (12.84)
P Hozt foy P
Mg IA“;\Z
" = (wp (=) () T, 7) T
M
= (wm +(1— wy) (pm’x)"l‘l) T wem, (12.85)
pm,ce —MNem
&M = wem< e > c, (12.86)
where the second expression uses the fact that a(u) = 0, and the third expression assumes full

indexation implying p* = 1.

We now have a complete system of equations, consisting of expressions (12.52) for j = ¢, i, z, ce,
(12.54), (12.55), (12.56), (12.57), (12.58), (12.59), (12.60), (12.62), (12.63), (12.64), (12.65), (12.66),
(12.67), (12.68), (12.69), (12.70), (12.71), (12.72), (12.74), (12.75), (12.76), (12.77), (12.82), (12.83),
(12.84), (12.85), and (12.86) which, under the assumption of full indexation, can be used to solve for
the steady-state values of the following variables:

m,i ,m,x , m,ce

PE, M pE pee et % pC pt " P, 7, 10, Ky P,

c, Cd, Ce,d703067 Ce7id,xd,

. mo M m e,m
xay727wz+7N7qac , 0,0, C7,

given a steady-state solution of the structural foreign-economy model.
We can then solve for m using the total import demand equation (3.227) evaluated in steady state:

m=c"+i" 4™+ M. (12.87)
We can also solve for the steady-state households’ aggregate labour, n, using (4.49):
. AW
n=Nwi- ",
Using (12.50) under the assumption of full indexation, we have that w = 1. Hence,

n=N. (12.88)

Using equation (4.56) and integrating over all labour types, we get the following expression for the
steady-state marginal rate of substitution:

mrs =

¢’¢"ON

¥ (12.89)

From (4.78), we have

_ 1 1

w Wj, .
— | =Ldj= ﬁ”zo/ L¥dj.
pC/OWJ ¢°¢ 0].7

Assuming full indexation gives that fol %dj = 1. We then have that L = L; for all j and

L= (@) . (12.90)
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Equation (4.38) implies that steady-state unemployment is given by

L-N
U=-""-".
L

Finally, we have that
u"="uU.

12.2 Steady state of the foreign-economy model

(12.91)

(12.92)

We begin to solve the steady state for the monetary policy rule. With the exception of consumer
price inflation, all variables are in log-deviation from their steady-state values, or in deviation from

its steady-state value in the case of unemployment. We have, in steady state, that

R* R* 77_‘_07* ,ﬂ.c,*
1 i - * 1 i 1 - * 1 T* 1
og<R*> PR 0g<R*>+( pR){0g<WC,*>+r 0g <7r>

+rru+ (U* = U")] + ramAlog ( 7 ) + raru AU,

log(ﬂc;) =0
T

7-‘-07*

yielding

— gC* = Ot
From (11.20), (11.21) and (11.22), we have
reTesk 7Td’*,
7o* = gb*,
ree* — 7Td’*
From equation (11.25), we further have that
¥ = m
Hogr
Moreover, (11.24) yields
pi,* — 1

Price indexation yields

Assuming full indexation, i.e. that s»* = 0, this simplifies to

ﬁ'd’* — 7Td’*.

This assumption also implies that the marginal cost in steady state is given by

(12.93)

(12.94)

(12.95)
(12.96)

(12.97)

(12.98)

(12.99)

where \* is related to the elasticity of substitution between the different foreign goods, which we

denote by n*, in the following way:




From equation (11.51), we can solve for wage inflation

— % d,*
* W+, =T d,*
To* = Zwi* = Lyt TOT, (12.100)
while wage indexation yields
~wok (xR, (=Ck\ 1=Ky, = ok 9%,
T = ()" (7) ()" (b )
1—5
~ .k * WG g\ 9
7‘(‘w’ = (7-(-d7 > (7T ) w (lu’2:+7*) w
Under the additional assumptions that s, = 0 and 9, = 1, we have that
FO* = 1 g (12.101)
Given the expression for 7%* above, we moreover have that %i = 1, which yields
t
w* = 1. (12.102)
From equation (11.17), we have that
_p11/(=n2)
Pt = |(1—wh) +wf (p=) ] : (12.103)
where we recall that p;®™ is given by an exogenous process, and p°* is calibrated.
We have that .
Lptre = fhge® Hoe- (12.104)

From the household’s consumption Euler equation, we can then solve for the steady-state interest rate

R* — 'L‘;k* s (12.105)
Having determined R*, we can now solve for the steady-state gross effective nominal interest rate
faced by the firms:

RY“* = y"“*R* + 1 — v"o™, (12.106)
From the household’s FOC w.r.t investment and bond holdings, we have

Dok ek T* ko ek 7Td7*
P =P YT (0, 8) +

Assuming, just as for the domestic economy, that S (z*) = S’ (2*) = 0 holds in steady state, with
T* = o« fbg=, we have that Fy (¢*,i*) = 1 and Fy (i*,7*) = 0. The steady-state price of physical
capital is then given by

pi 1

T =

From the household’s FOC, we can also solve for 7 as follows:

ok
by =

—k ., * sk R* *
=, <7rd“@ —(1-46 )> , (12.107)

where we have used that a (u*) = 0 holds in steady state. We can also derive the following expression
for o} = a’ (u*):
of =7, (12.108)

where we have used that p"* = 1.
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From the foreign expressions for the firms’ marginal costs, corresponding to (3.30) and (3.31), we
can derive the following expressions for w* and for the steady-state capital-to-labour ratio:

e o1
1 Rwe 1—a® (—k*\ a¥-1
ot = ( )Hw r 2 , (12.109)
mc* (1 — a*) ()™ e*
k* 1 o RWer* -
w * O\ o
— = Ly | ————— 12.11
Nx  Herbah (mc* e (1— oz*)) ( 0)

Just as for the domestic economy case, we impose that the capital utilization rate, v*, is 1. Using the
relation between physical and efficient capital, we then have

k= kP, (12.111)

As for the domestic economy, we will derive an expression for aggregate homogeneous labour, N*,
from the expressions for consumption and investment from the household optimization, combined with
the aggregate resource constraint. We begin by deriving an expression for consumption as a function
of hours. The optimal-wage expression corresponding to equation (4.79) for the domestic economy,
evaluated in steady state under the assumption of full indexation, yields

B )\w,*cn,*@* (N*)so*
= Do .

Using the consumption Euler equation, we can derive the following expression for 1,+,.:

— %

1 Cc,*

e

(Kot — B7D%). (12.112)

Combining the two above equations, we obtain the following relationship determining the steady-state
value of consumption:

N w* ¢ (patr — B7%)
¢ = - ,
PEFNYH T O* (N*)SO (Lot — b%)
where .
1—v
1 v
*=(z) "
Hozt o

or

¢ (N*)? = Eene, (12.113)
where

A ..
W* (o) 7 GO (pprr — B07)
PEENTECT (s — b)

From the law of motion for capital, we can derive the following expression for steady-state invest-

ment: - L g
= (1 - _> : (12.114)
T /’LZ+’*/"L\I’*

Next, we derive a steady-state expression for the aggregate ressource constraint, which will allow
us to determine N* and, in continuation, y* together with the above equations (12.113) and (12.114).
For this, we first need to consider the expression for total production in equation (6.8). Evaluating in
steady state, we get

—
Zex H* —

*

I [ e 4 |

g %
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Assuming full indexation implies that p* = 1. We can then obtain the following expression for the
fixed cost term ¢*, setting profits to zero in steady state:

¢*=y*<

Combining the above two equations, using that ¢* = 1, we get

1 o\
= (i) () e
Hogrs o+ N

y* =, N*, (12.116)

1 O\
E*: _— mc*.
() ()

Note that we treat the capital-to-labour ratio as one variable, which we have already solved for above.
We have that the foreign good is allocated among the alternatives uses as follows:

1
—1]. 12.11
mc* > ( 5)

or

where

y* _ g* +Cd’* +ce,* +id’*,

where
Cd,* — Ee*
¢TO* = (1 — w?) (p&)"e ¢, (12.117)
pce,* —ng
= w; < ) c*, (12.118)
pc,*
and »
ds a(uf) k™
221, =i+ (uf) ki

Hoztox g w ¢

Usign the assumption that a (u*) = 0, we can write

cex\ —Meo
Yy =g+ ((1 —we) (p77)" + wi <p > ) ¢+ (12.119)

Substituting in (12.113) and (12.114) into (12.119), and using that g* = nyy* = n;=y«N*, and
that T* = 1, we can derive the following expression for steady-state aggregate homogeneous hours:

1
* N\ T T+to*
<(1 — OJ:) (pcv*)ne + UJZ (ppc(-e,**) e> Ec*N* ‘

N = 1-5* ) k*
(1 =m5) By — (1 - m) N

Having found an expression for N*, we can now easily solve for y* from (12.116), ¢* from (12.113),
c*@* from (12.117), ¢®* from (12.118), ¢+« from (12.112), £* from (12.110). Having solved for k*,
we can use (12.114) to solve for i*. We can also solve for aggregate household labour, using

We note that full indexation implies that w* = 1, and so
n*=N*
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13 Summary of the model with a structural foreign economy

We here list the set of log-linear equations needed to simulate the model with a structural foreign
economy. Above each respective log-linear equations, we show the non-linear equation(s) from which
it has been derived. This section summarizes the endogenous variables of the model. The exogenous
variables are listed in Sections 10 for the domestic and 11.1.5 for the foreign economy.

13.1 Domestic equations

From the domestic intermediate good firms’ problem, we have the gross effective nominal interest rate
faced by domestic good firms in equation (3.42)

R;uc,d = V;uqth +1— V;uc,d

Uwc,d (R _ 1) we.d Z/wc,dR .

pwe,d
Ry = Ruwed ¢ T WRt’ (13.1)
marginal costs in equation (3.46)
d U_JtR;wC’d
mef = ——
mply
mel = Wy + R — mpl,, (13.2)

the marginal product of labour in equation (3.48)

mplh = (1- ) e (k>

Mz+,tﬂ\11,tNt

. D
mpl, = a() + &, (13.3)
N/,
the capital-to-labour ratio in equation (3.50)

<’f> ke
N/, Mz+,tM\If,tNt

—

k PR . .
(N) =k — Ny — (Mz+,t + H\I/,t) ) (13.4)
t
marginal costs in equation (3.47)
=k
d_ Tt
mcf = "

el =7 — mpk,, (13.5)

the marginal product of capital in equation (3.49)

y ( kt )(104)
mpk; = aep | ————
' ! /~Lz+,tN\I/,tNt

_ %
mpk, = — (1 — «) <N> + &, (13.6)
t
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and the domestic price Phillips curve in equation (3.56)%

1
oo ~d ~d 1-\d
~d ﬁ 7Tt+1...7Tt+ t+s
pt Et E (ﬁgd)sgt+s¢z+,t+syt+s d d 2
—0 ﬂ-t—‘rl"'ﬂ-t-i-s

e B d d 7}?_’_1 frgl+ 17>\t+s
. s . e s
= Lk Z(ﬂgd) Ct+swz+,t+syt+$)‘t+smct+s d d

—0 Tihq - Tigs

K
w = (miy) ™ () e (e

1o q1-a
~d 1_)‘;51
5= 1-& (7})
¢ (1-¢&4)
e _ 0BG € (a5, F (g
Ty — T, = &0+ Bry) (mct +)\t> + 15 By (7[‘t_1 TI't) (13.7)
B ~ ~c Bﬁd ~c ~c
g (=T ) = L5 B (= 7).

We also include the evolution of the combination of investment-specific and neutral technology in
equation (3.51)

«@
_ 11—«
Bt = Mgy Mz

(0%

ﬂﬁ,t = ﬂllf,t + ﬂz,tv (13'8)

11—«

and the expression for the domestic price dispersion in equation (3.57)

. 1-2¢
A d
~d Agld 1-— fd (ﬁl 1-a¢ ' g
od Tt oq 1M ¢
— Zt 1—
Dy €a (ngtq) +(1—-¢&) 1—¢,
~d ~d
Pr = EaPr—1- (13.9)

From the importing firms’ problem, we have the gross effective nominal interest rate faced by
importing firms in equation (3.97)

R;uc,m _ V};}QmRI 41— V;uc,m

WM (R* o 1) _wem pWEM R

R} (13.10)

ch,m _
t - Rwe,m t Rwe,m (2

marginal costs for the import consumption, import investments, and import-to-export importers in
equation (3.98)

j QPy
mC?’LJ = Tfn‘jR;f}C’m, j =C, ’l:, X
k) 9.
Py Py

49 The log-linear Phillips curve is a combination of the log-linearized versions of the three included non-linear equations.
Note that the log-linearized equation included here has been derived under the assumption that there is full indexation,
that is assuming that »z4 = 0.
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mepC = G+ pf — py — Py + RO, (13.11)
mey = g+ pf — py — prt + Ry (13.12)
mei" =G+ pf — pr — i + RYO™, (13.13)
marginal costs for the imported energy consumption in equation (3.99)
m,ce __ qtpgp;:e’* we,m
Gt = —ox meell
t D
mey = G + B + 9y — By — 9y + RO (13.14)
the Phillips curves for the four different types of importers in equation (3.100)%°
oo J ™m,j y
mj i 7rt+’1" ﬁ-tJr’ 1>\t+’§
B EL Y (BEm ) Gy stoos ot ey | s
5=0 T4 - ST
‘ I’i’i
ST T e B A
m, m, m, ce s
= FE Z(ﬁgm,j)sgt+s¢z+,t+spt ]Zg+s)‘t+gmct+g P m.j )
s=0 t+1 s Ty
ct if j=c
. . i whoif =1
j = ci,z,ce, z= Y
e7m . .
¢ if j=ce
~mj _ (mg\ T e\l =m0\ Hm. : -
T = (ﬂ-tgl) (Trt) " 7 (ﬂ-) 7, J=¢1tx,ce
- T BV
_y TV m.J
gm,] (ﬂ-sn,]>
~m,j . .
by - y J =61, T,ce
(1= &)
~m,c ~=C (1_B£mc) (1_€mc) (Amc Km,c ~m,c =C
A ’ ’ FA) e (R - R 13.15
t gm,c (1+ B,‘-ﬂm7c) t 1+ Brme ( t—1 t) ( )
B ~m,c 2C B/im,c ~c =c
P T ﬁﬁm,cEt (TS — o) — mEt (T — Teg1)
= 1—BE,,) (1—¢&,,) N ; ~
A, ~C ( m,i m,i (Amz s m,i AT ~c
T =7 me,  + A )—i— (W_’ —77) 13.16
t t é‘m’z (1 +B/€m7z) t t 1+ﬂl‘€m}z t—1 t ( )
ﬁ A, =C lgﬁmz ~C ~c
+——F (71' 1T ) — — b (7, — 7 ,
1+ Bhm, t\ M1 t+1 1+ Bl t ( t t+1)
~ 1= B&mne) (1—&ns) K ~
~T,T =C ( m,T m,xr </\mg,‘ m,T A, T ~C
T —T —I-/\ )+77r_’ -7 13.17
’ ¢ fm,a: (1 + Bﬁm,z) ! 1 + 5/43771,1: ( =1 t) ( )
B m,x = =C Blm.a ~c =c
S — )N __rme @ _
"’1 ¥ Brma (741 — Tepa) 1+ Blima e (T = Tepa)

50 Just as for the domestic good producer, the log-linear Phillips curve for the importer is a combination of the log-

linearized versions of the three included non-linear equ

ations.

Note that the log-linearized equation included here has

been derived under the assumption that there is full indexation, that is assuming that s, ; =0, j = ¢, 4, 2.
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~Am,ce oC (1 _Bgm ce) (1 _fm ce) (/\m ce {m,ce Km,ce ~m,ce =cC
T, — T = : : me, T+ A >+7’7r; -7 13.18
t t fm,ce (1+B’€m,ce) t t 1+B"<’m,ce( t—1 t) ( )
B ~m,ce =C /Bﬁmce =C =cC
bR (AR, ) - —imee By (77—,
1+/8"<5m,ce t( trl H_l) 1+B"1m,ce t( K t+l)

and the expression for the import consumption, import investments, import-to-export, and energy
import price dispersion in equation (3.102)

1—)\:”’j
B 1 A;n’j- )\nL,j
17)\'m,j t
Vi AN
m.j T g | N L= &my (ﬁ) i
Pe = |&m mg Pe-1 + (1 - gm,j) 1 _é . r JE6LT,ce
ﬂ't m?]
~m,c “sm,C
B = Brts (13.19)
~SM,G 3MM0
Py = fm,z’pt—h (13.20)
~m,T <>m,x
b = gm,xptfl7 <1321)
~m,ce -~>m,ce
Dy = gm,ceptfl : (1322)

From the exporting firms’ problem, we have the gross effective nominal interest rate faced by
exporting firms in equation (3.210)

we,r . We,T we,x
Rt =V Rt +1- Vy

PWC,T ver(R—1 AWC,T WOTR A
Rt C= . Rz(uqx )Vt T Vch,x Ry, (1323)

marginal costs in equation (3.209)

ch,:c C,% 1

Py m,r\1—n, 1-ng
mcx:ti(w Dy T+ 1—w)
t qtptxpg CE( t ) ( -'E)

m,z\1-7,
o <f9_ ) P, (13.24)
wz (Pm™®) e (1 — wy)

mey = RYCT 4+ 5 — Gy — py — 5 +

the export Phillips curve in equation (3.211)%!

1

o0 c T F G T —
SR BE)* B Qt+5sPt+sPt+s t4+1 - Tegs t+s
Dy Lot ( faﬁ) Ct+swz+7t+s C,% Tt4s T T
P T - Ty

s=0 t+s
e C X ~ ~x )‘f-;s
Qt+8pt+ pt+ 7rt+]_ oo 7Tt+ 1_’\t+-
= B (BE) ot ppam ey AT e | s ’
s—0 Di+s Tip1- - Tys
~T T Ke (—x\1—Kg—sp (o\2
Ty = (Wtfl) (77) (1)
1—1A§ 1-\?
1—¢, (%
~r T\ 7y
Y =
(1 - gw)

1 Just as for the domestic and import goods producers, the log-linear Phillips curve for the exporter is a combination
of the log-linearized versions of the three included non-linear equations. Note that the log-linearized equation included
here has been derived under the assumption that there is full indexation, that is assuming that sz, = 0.
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o~ LT /{fx AT ~%
(mct + )‘t> t (Wtfl — T

£, (14 Brg) 1+ Bry
g A — Bk ~x ok
+mEt (At — ) — ﬁﬂf (Tt = Ti1) s

and the expression for the export price dispersion in equation (3.213)

1
AL 72\ T-AF
t t t
NS e, (7)
o § Ty ox gx T
T

t+(1_§w) l—f

>T

~T
Pr = gxptfl .

(13.25)

(13.26)

We also include the demand equation for domestically produced goods used in export production in

equation (3.214)

N i
_ T o 1Y
2 = (wa G T+ (1 wa)) T (L) () e
1-n x
~d NaWa (pm,x) N AL, T T ~
i = = B by +
t Wy (pm’m)l Ne + (1 o (.Uw) t 1 — )\x t t

and the one for imported goods used in export production in equation (3.215)

)\(L‘
t
N 17)\15

xy = ((JJm + (1 —wy) (pgn’x)nfl) T (Pf) Tt

. 1—w m,z\Mz—1 ) AT ~ R
o ML) OO e N
we + (1 — wy) (pme)'= 1-A

(13.27)

(13.28)

From the final consumption and investment good firms’ problem, we include the expression for the

aggregate non-energy consumption demand in equation (3.155)

pcxe e
cfez(l—we){ tc } Ct
Py

& = —ne (By" — P) + ¢,
and the expression for energy consumption demand in equation (3.156)
ce] —Te
¢ = We [ptc] ct
by
éf = e (ﬁfe - pg) + ét:
as well as demand for domestic consumption goods in equation (3.151)
o = (1 - we) (5" cF°
o = npi 4 e,

for imported consumption goods in equation (3.152).

(13.29)

(13.30)

(13.31)

(13.32)



for domestically produced energy in equation (3.153)

pd’ce Nem

e, d __ t e

" =(1—wem) - c§
Y2

~e,d ~d,ce

G = —MNem (pt - ﬁge) + é;:
and for imported energy in equation (3.154)

m,ce1 —MNem
em _ pt e
¢ = Wem |~ cy

t

~e,m ~m,ce

& = e (B — D) + 6
We further include demand for domestic investment goods in equation (3.176)
.d i\ [ kf
if = (L—wy) (pp) " (i +a(u) ———
Pttt
1 opkP

i =mpi o
z

and for imported investment goods in equation (3.177).

myi\ ~ '
) k:p
Z%n = W; pti (lt +a (ut) S A )
Y2 Kot tHhw ¢

iy = = (P = B1) + i+ -

Ut,

We also include the expression for the CPI inflation in equation (3.159)

c [ (1 — we) (PF7) ™" + we (Pf0)' ™"

1/(1-n.)
e = cre) 1" ce 1_77e]
(1—we) (Ptfl) + Wwe (Ptfl)

pc:ve 1-n, pce 1-n,
Ty =(1—we) < e > T+ we <pC> LA

as well as equation (3.157) for the non-energy consumer price inflation

1- c ) 1- c
e _ [ (1= we) (PA) 4w (P

1/(1-n,)
(1= we) (PLy)"" +we (P2 )1%]

1 1=ne d p"e 1= m,c
75 = (1 — we) <pcme> Ty + we ( > i

pcwe
and equation (3.158) for the energy price inflation

17
Lo |G (PE) T o (P

PR

“Nem

1 _
(1 — Wem) (Ptdicle> ) + Wem (Ptﬂj,fE)l e

d,ce 1-n m,ce\ 1—1
~ce (] D o ~d,ce D e ~m,ce
Ty = ( — wem) F U + Wem Ty .
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(13.34)
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(13.36)

(13.37)
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Moreover, we need to include the expressions of the relative prices of the three differrent aggregate
consumption goods in equations (3.162), (3.160) and (3.161),

_ _, 14/A=n,)
i = [(1=we) (™)' + we (6
pcze 1-n, pce 1-n,
Pf = (1 —we) ( pe: ) D+ we <pc) [ (13.40)

e 11/(1=1,)
P = (L= we) + e ()]

pm,c 1-n,
A AT, C
P57 — <pm> e, (13.41)

ce d,ce 1=Nem m,ce\1—n 1/(=nem)
pi° = |(1 = wem) (pt’ ) + wem (py 7)™

pd,ce 1-71em d pm,ce l_nmn
R ~d,ce ~m,ce
P = (1 — wem) (pce ) Dy + Wem (pce > Dy, (13.42)

and the relative price of the aggregate investment good in equation (3.179)

pi= -+ (o) ]

m,i\ 1" )
m:wC;) A, (13.43)
From the household problem, we have the endogenous preference shifter in equation (4.80)
0; = 2FoY
O, =28 +700 (13.44)

the trend consumption in equation (4.81)

1—
- (e5) (3
:U’z"'7t 1_}1{/\[

~ ~ ~ ~N
¢ =1-v) (zgl — fi+ ) — VO (13.45)
the marginal utility of consumption in equation (4.88)
B
N G CrarCinn
O ey PP “be
Gt = OC—1 T+t ¢ 41 t
~N ) e 2 A ~ ~
Op = g+ (p+ = 0) G+ pior (por — 0) G — pr o+ bpis ooy — b i+ (13.46)

~ B sc . « N
—Bb | (p+ — b) ErCryq + (po+ — ) Eeyyq — pop+ ErCey1 + by — Mz+Eth+,t+1] :

the marginal rate of substitution in equation (4.83)
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NF{/(M@W@]
0

mrs; = &f+é?+ét+¢Nt—6iV, (13.47)
We also have the UIP condition in equation (4.84)
Ry = R{®¢Eysi41
R =R} + &, + Ei8,, (13.48)
and the expression for the endogenous risk premium term in equation (4.85)

®; = exp (—gba (a; —a) — ¢, (Ersir1s: — 32) + &t)

Oy = —o1 — by (Eydry1 + 5) + &y, (13.49)

the log-linearized consumption Euler equation in (4.89)

R

~N t Xt ~N
Uy = BB —————U
Tzt 41

~N A ~ A N ~N
Uy =R+ Xy — Bty — Evflor pp1 + By, (13.50)

the first-order condition for capital in equation (4.70)

_ ; y Rix y
Ey [Tfﬂutﬂ — P10 (ues1) + (1 = 6) pk’,t-i—l} = Et?d L g1 Pt
t+1
~ B(1—10)~ prk K R
Dy = ———Du + ——F ('r’ + ut+1> (13.51)
wt oy N g U

—Eifig 111 — L (Rt — Bt} + >A<t> ;

the first-order condition for investment in equation (4.93)

pi = By [1 _3 (Mz+,t#\1/,tit> & <Nz+,tﬂxp,tit) :uz"‘,t:u\ll,tit:|

11 11 11

B ; . 2
Crp1 Vot tr1 o ar [ Mzt 1M 41041 (2N
HBE I T S - Pt 4 1H0 441
P ey it it
>~ N A > -~ N N 1 > % pi G
it = b1+ Pt + oy = BE <Zt+1 Ut et g1 M\If,t-i—l) + (tos i) 5" P+ Yo = et
(13.52)
and the expression determining the capital utilization in equation (4.95)
7t = pia’ (w)
7y =i+ oui. (13.53)

We moreover include the law of motion for capital in equation (4.96)

1-6 - i
ki = —k} + 71y <1 -8 (Mz+ftu\p’t t>) it
Pt tHhw ¢ -1
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Ky = Mlzljp (kt foztt — ﬂ\p,t) ZP (Tt + Zt) (13.54)

and the relationship between efficient and physical capital in equation (4.97)
kt = Utktp
ky = iy + K2 (13.55)

We also have the expression determining the labour participation rate in equation (4.100)

— el

Wi W .

—L | Zltgi = (Peny / L7, dj

pg 0 Wt t St ~t

=y ! o
0

o ano 2B =
—p5=C; + G + 55 + oLy, (13.56)

the unemployment rate in equation (4.99)

L — N
U, = I
U, =Li— Ny, (13.57)

the natural rate of unemployment in equation (4.110)

N 1~
Ur ==X/, (13.58)
12
and the wage markup in equation (4.101)
frws = UL (13.59)

Finally, we include the expression for the wage inflation in equation (4.106)

- d
w W+ T4
ﬂ-t — —
W—1
N ~ ~ “d , ~
Ty =W — W1 + Ty + [l g, (13.60)
the wage Phillips curve in equation (4.111)%2
t+s 1+¢
o R T =20
AW B n 1e) Wy tts i1 N,
1A s (o) s Z (B€w)" CrrsCirsOrts Wis flpt g g bt g1 Tigs ths
R
t = 1
o0 ~w ~w 1—X
_ 7 s LT t+s
Ey BEw) CPr oot 4 sDrss Ne T S
SZZ:O ( gw) Ct+$ 2T t+s +s +s Wt+s MZ+,t+l"'Mz+,t+s7rlcfl+1"'7rg+5

L w (e \l=Rw—5w o\ s D
T = ()™ (7f)” ™7 (1) (i)

52 Just as the log-linear price Phillips curves, the log-linear wage Phillips curve is a combination of the log-linearized
versions of the three included non-linear equations. Note that the log-linearized wage equation included here has been
derived under the assumption that there is full indexation, that is assuming that s, = 0 and that ¥, = 1. We have also
used the log-linearized equations (4.100), (4.80), (4.81) and (4.90) to arrive at its final form.
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1 1-2y

Fw\ T
11— ( t ) i
~ gw 71'%”

W+ =
' (1 - gw)
Y = BEiihy + (1 Bpg) Ty (13.61)
+kw (751 — 7/_?5) — BrwEy (7§ — 5‘7\;1) — dyyp (Ut - Ut”) ,
d A1 b — A (14+¢)—1
b gwbw nY (1 - ng) (1 - éw)7

the expression for aggregate household hours in terms of aggregate homogeneous hours worked in
equation (4.114)

A
ng = Ny () '
A w ~
'th == Nt + Wﬁ)t’ (1362)

and the expression for the wage dispersion in equation (4.115)

1=y
AW = AN
~ b 1— 5 Tt M
. W%U ) BV, w (71’%”)
— “tah, 1—
. %QW“J MRl R
Wy = &1 (13.63)
We also need to include the central bank policy rule in equation (5.5)
Ry R4 Ty i1
log <R) = pprlog < 7 ) +(1—pp) [log <7ri) + rlog ( 7%5
C
+rru (U1 — U) + rqlog <th—1>] +razAlog <Zi> + raru AU + logery,

Rt = pRRt—l + (1 — pR) [%\f + 7y (7?"1(5:—1 — %T\;) + TRUUt—l + Tth—l} + TAﬂ-Afrf + TARUAUt + éR,t,

(13.64)
the aggregate resource constraint in equations (6.12) and (6.13)
y= g+ &+ il oz
d e,d id d
N A c” . cor X AN
Ut = ggt 4t et G gl (13.65)
Y Y Y Y )
>‘td k « _ A%U l-a
o0 XI— o, T
Yt = (pf) M ey <t ) i, Ty — ¢?
Ky o+ ¢
1 k ¢
G = - ( ) nlm x (13.66)
Y \HgHz+
N ~ N N AV (1 -« <> ~
X [Et ta (kt Mot — #ﬁ,t) - 1(_)\w)wt +(1-a) nt]
N g
)\d . 1pta
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the evolution of net foreign assets in equation (7.4)

A A
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C,*

A pc,* R*@XS
- T S P o
qpc a¢ p («T ¢ )pt +p X <.’lft + — )\I t> qpc ﬁdﬂz+ ai—1
_pa: (.%' o be) R;UC,m o pce,*ch,m (Ce,m + gbm,ce)ﬁge,*
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t 1— )\m,cpt t 1 ymi )\mﬂ'pt
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and total export demand in equation (3.224)

T\—1N ¢ [ x\WE [ d* 1-we
zy = (pf) M (cf)*e (Zt )

By = —npf +wTE + (1 — W)

\mce

A ST, A6 5,
_ Rwemgm <x;n + Wpt > B e <ct + Wpt

(13.67)

(13.68)

To complete the description of the domestic economy block, we also need to include the dynamics

of relative prices in equations (8.11)%% and (8.12)—(8.16)

pd ce
d,ce Pt d
™= d,ce T
t—1
~d,ce ~d,ce ~d,ce

T =D — D+

1

z W% Hootox ¢ Top -
Py = 3% o
T Foot ¢

T A~ 1

.d, . . .
pf =af — Ayt — % (Mz%*,t - Mz+,t) + D1,

m,C
m,C Trt m,C
Py = —g P
7Tt
~AMTN,C ~m,C AN, C

Py =T _”t"‘pt 1»
m,i

myi Tt m,i
Py = —g Pt
7T

Am’L Amz Amz
Py =M _7Tt+pt B

(13.69)

(13.70)

(13.71)

(13.72)

»Note that we will assume that the relative price of domestically produced energy evolves as an exogenous process,

why we have rewritten equation (8.11) with inflation on the right hand side.
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m,T

mae _ Tt ma
by =g P
t
P = A = A B (13.73)
m,ce
m,ce Ty m,ce
Pr = g Pt
7Tt
ﬁ;n Jce ﬁ;n,ce — +ﬁ;n <1?€, (13.74)

and the definition of the real exchange rate in equation (9.4)

Stﬂ't

qt = qt—1

t
Ge = 8¢ + 7" — R+ i1 (13.75)

We include some additional variables that are not needed to solve the above system, but that may
be of interest. Specifically, for the domestic economy, we include the aggregate investment inflation
in equation (3.178)

1-n, i 1-n, 1/(1-n;)
vy | (=) (BT 4w (P)

~+ .

T, =
v 1— N 1=
L) (L) T e ()
) N1~ d PN I
T =(1—w) (p ) Tt wi | [y 10 7 (13.76)
P L=m; ™
and total import demand in equation (3.230)%*
ATC /\;ni )\;n,z )\;n ce
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t i RV
my = 6 () i () T g () T ™ ()
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xT ~m AT ~m,T c&m ée’m+ \Tce gm,ce
t 1 — \"vee t

. cm ~m e ~m,c i “m )\m,i ~m,i
my = E + + Wpt + E o + 1_7]915 (1377)
m

13.2 Foreign equations

We now turn to the foreign economy block. As the foreign economy is assumed closed, the below set
of equations constitute a complete model that could be solved independently of the domestic economy
block.
From the foreign intermediate good firm’s problem, we have the gross effective nominal interest
rate faced by the foreign firms
ch* o ;vc,*Rt +1-— V;UC*

we,x ( ok we,* Pk
v (R _1)ch,*+y TR A,

ch * 5
R’UJC,* t ch’* t

(13.78)

% Note that this expression is the log-linearized version of total imports used in the domestic economy, as previously
discussed in Section 3.2. Total import demand m; and gross total imports m, differ by the inclusion of fixed costs, which
affects their steady state values. The log-linear version of m; would look the same as the one for m;, except for m; and
m being replaced by e and m, respectively.
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marginal costs in terms of marginal product of labour
Y_I];fk R’LUC *

*
me; =
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mpl}

g = B+ B — gl
the marginal product of labour
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— % % k .
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(-5
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<N>t = ki — N; — (Mz+’*,t+u‘ll*,t)a

marginal costs in terms of marginal product of capital

the capital-to-labour ratio

77k;,>|<
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me, =71y —mpky,

the marginal product of capital
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and the price Phillips curve’®®
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(13.79)

(13.80)

(13.81)

(13.82)

(13.83)

%5 The log-linear Phillips curve is a combination of the log-linearized versions of the three included non-linear equations.
Note that the log-linearized equation included here has been derived under the assumption that there is full indexation,

that is assuming that »* = 0.
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~d,* =c,* (1 - 6*5*) (1 - 5*) —~ 1* K* ~d,* o>C,%*
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ﬁ* ~d,* e,k /B*KJ* ~ck aCk
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We also need to include the evolution of the combination of investment-specific and neutral technology

oa*

Kot t = (M\I/*,t) T-a® oo ¢

*

N a N N
Patop = 77 p Hoet T Lt (13.85)
and the price dispersion equation
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From the final good firms’ problem, we have the expression for non-energy consumption demand

in equation (11.32)
zre,x * 1 _772 *
G = (1- we) C,* t
Py
étxe,* — nzﬁg,* 4 é;, (1387)

and the expression for energy consumption demand in equation (11.33)

cex\ e
ex % by *
G = We C,% Ct
AEK * [ ACE* N A
& =0 (BT —py) + ¢ (13.88)

We further include demand for domestic investment goods in equation (11.44)%°

a(uf) ki

it =iy +
Pt g ¢
* D,*
~d R 1 o k‘ R
W=+ ——t—ay. (13.89)
U7 oyt s g

We also include the expression for the CPI inflation in equation (11.39)

1-ng BN Iy o
* d7* € * ¥ 1 e Te
per | @=wn) (B) T b (B

C’* j—

t [ 1—n* .
mr e (PR) T e ()
1\ 1-7e cex\ 1-n2
7t =(1—w}) <pcv*> 7}?7* + w} <];c* ) e (13.90)

®6Note that foreign firms do not use imported goods in their production. The demand for domestic investment goods
still exceeds investment used in the accumulation of physical capital, iy, however, as investment goods are assumed to
be used also in capital maintenance, as illustrated by the second term on the righ hand side of the equation.
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as well as the expressions for non-energy price inflation in equation (11.40)

cre,* d,*
T =T

t T
#ETOT = w1, (13.91)
and for energy inflation in equation (11.41)
ce,*
7_‘_ce,* _ D d,*
t T cexTt

P

A (13.92)

Moreover, we need to include the expression of the relative prices of the aggregate consumption good
in equation (11.43)

X " y oy 1—n* 11/ (1=n7)
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and the relative price of the aggregate investment good in equation (11.45)
p =1
Pt =0. (13.94)

From the household problem, we have the endogenous preference shifter
Of == "0 "
O = 5 + o0, (13.95)

the evolution of trend consumption
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the marginal utility of consumption
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the consumption Euler equation

_N* * Rixy _N,*
= B By V41
Trbrt 141
/\N ~N, ~
= Et'UtJr:I{ + Rt Et//[zz+,*7t+1 + X:, (1399)

the first-order condition for capital
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and the expression for the capital utilization e
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We further include the law of motion for capital
K = 1-0 P T (1 _ 3 (Mﬁ tHw ¢l )) i
Pt t e ¢ ()
= L (i ey )+ T (1747). as10
and the relationship between efficient and physical capital
kf = ufkl™
kf = af 4 kP (13.104)

5"Note that the second derivative of the function S is a function of steady state variables only and therefore treated
as a parameter. This explains why is has a superscript *, even though the function S itself doesn’t.
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We also have the expression determining the labour participation rate
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the natural rate of unemployment
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and the wage markup X
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Moreover, from the wage setting problem, we have the expression for the wage inflation

— % d,*
g — Wy foptx ¢ T

t - Tk
Wy_q
~ W,k et et ~d* ~
Ty =Wy — Wy + Ty A g (13.109)
the wage Phillips curve in equation (11.53)%%
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58 Just as the log-linear price Phillips curves, the log-linear wage Phillips curve is a combination of the log-linearized
versions of the three included non-linear equations, as well as a number of log-linearized equations from the household

problem (as the domestic wage Phillips curve). Note that the log-linearized wage equation included here has been derived
under the assumption that there is full indexation, that is assuming that sz, = 0 and that ¥, = 1.
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the expression for aggregate household hours in terms of aggregate homogeneous hours worked
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We next need to include the central bank policy rule
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and the following two equations from the derivations aggregate resource constraint:
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We again include an additional variables of interest, that is not needed to solve the above system,
namely the foreign investment inflation rate as given by the following expression:
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13.3 The complete system

The equations listed in Sections 13.1 and 13.2 above constitute a system of equations for the following
lite of variables:
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14 Time-varying neutral rate

In the model above, we assume that the monetary policy maker sets the interest rate, Ry, in relation
to its steady-state value, R. In other words, the central bank reacts to the deviation of inflation,
unemployment, etc. from their steady-state values by making the interest rate deviate from its steady-
state value. Also, households take into account the deviations of the interest rate from steady state
in their allocation decisions. An alternative assumption would be to assume that the agents in the
economy instead consider deviations of the interest rate from some time-varying medium term value,
R!, which we shall refer to as the neutral rate and which, in turn, itself varies around the steady-state,
R. The idea is that there are slow movements in the real interest rate that are driven by global factors,
such as global savings developments or demographics, that do not affect allocations, as this seem to
be in line with what we have observed in data in recent years. We think of the neutral rate as the rate
that is neither expansionary nor contractionary if the economy operates near its potential. We specify
a simple auxiliary model for the trend component of real and nominal Swedish and foreign interest
rates. Importantly, we assume that shocks which affect the trend components have no effects on the
cyclical components, and vice versa. The trend-cycle decomposition of interest rates will be jointly
determined by the structural model and the auxiliary model.
Denoting by bar the real version of the corresponding nominal rate, we assume that

Rl = Rix¢, (14.1)

where R! is the nominal neutral rate, R! is the real neutral rate, and 7¢ is the central bank’s inflation
target. Similarly, for the foreign economy, we have that

R = RV 70%, (14.2)

where we have now used the foreign central bank’s inflation target to derive the expression for the
nominal neutral rate. The real interest rate trend is allowed to depend on technology growth, p + ;.
It is also allowed to depend on the risk premium shock, x,, in order to capture the effects of shifts in
the demand for safe assets on policy rates, which could be viewed as an attempt to endogenize part of
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the variation in the real neutral rate, which would otherwise be attributed to exogenous factors. The
resulting specification of the real interest rate trend is then given by

R! Mot ¢ X zf
log (=L ) =logR 1 22 ) —r log [ 22 ) +1og [ 2L 14.
og(R> ogR+r, , og<uz+) rxog<x + log paR (14.3)
R

where z;* is a shock to the real interest rate trend, intended to capture non-modelled factors, such
as the effects of demographic changes on the real interest rate. For the foreign economy, we similarly

have "
Rt,* JTR— X* P ¥

1 t_ | =log R* 1 ) el At 1 t 14.4

Og(R*) OB T Tt Og<uz+,* P08\ e ) T8 LR ) (14.4)

Note that, in steady state, the neutral rates are equal to the actual rates, so that Rt = R and R** = R*.
The shocks to the real interest rate trends are assumed to evolve according to the following

processes:
log 2 = (1 — p,r)log 2T + prlog 2% | + O, RELR 1, (14.5)

log 2% = (1 — p_r.«) log 25 + p_r.. log ztR_’{ + O R E R 4 (14.6)

An innovation to the real interest rate trend affects the policy rate but no other variables in the model,
since it does not affect the policy rate gap. This specification of the real neutral rate is similar to its
modelling in semi-structural models aimed to provide estimates of the neutral interest rate, as in e.g.
Laubach and Williams (2015), and Holston, Laubach, and Williams (2016).

In case we want to include a time-varying neutral rate in the model, we need to log-linearize
equations (14.1)-(14.6) above. This gives the following expressions: for the domestic nominal neutral
rate

~t,*

R =R, +7, (14.7)
for the foreign nominal neutral rate
~ ~t,* ~
R* =R, +7,", (14.8)
for the domestic real neutral rate trend
~1
Ry =y ot g — TxXe + &, (14.9)
for the foreign real neutral rate trend
~t,% . . .
Ry =1y flotey — Ty Xi + zf’*, (14.10)
and for the exogenous processes
2 = porify +o.re.ny, (14.11)
25%7* == pZR,*étR_’#{ + O-ZR’*EZR’*,t' (1412)

We finally note that, in estimation, the measurement equations of the interest rates need to be
changed accordingly. We think of the observed interest rate level as composed by two gaps: the
deviation of the time-varying neutral rate from steady state, and the deviation from the actual interest
rate from the time-varying neutral one. In the model, however, it is only the latter gap that is relevant,
so the observed interest rate deviations need to map the difference between the actual interest rate
and the time-varying neutral one.

15 The EHL model of the labour market

In this section, we describe how the model changes when the labour market is modelled as in Erceg,
Henderson, and Levin (2000) (EHL), instead of as in Gali, Smets, and Wouters (2012) (GSW) as
assumed above. The changes primarily concern the household optimization and wage setting, leaving
the modelling of the firms largely unaffected.
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15.1 Households

The EHL model assumes continuum of households in the economy, indexed by j € (0,1). They attain
utility from consumption and leisure, as in Christiano, Trabandt, and Walentin (2011) and Adolfson
et al. (2013). Compared to the specification in Section 4, the preferences with respect to consumption
are unchanged. Household j has the following preferences:

140,

E§ DB |Clog (Cia = bCia-1) = FALTE | (15.1)
t=0

where Cj; and h;; denote level of aggregate consumption and work effort, respectively, of household
j at time t. The parameter oy, is the inverse of the Frisch elasticity of labour supply, measuring the
substitution effect of a change in the wage rate on labour supply, holding constant the marginal utility
of wealth.? Finally, Ay, is a labour disutility constant.

The budget constraint (4.10) is slightly modified due to the assumption of a continuum of house-
holds, rathert han a large representative one as in GSW. Here, household j optimizes its utility subject
to the following budget constraint:

P{Cjy+ P} (Ij,t + a(ujz) Kf}) + Pu tAji + Bjy1 + SiBly
= Wjihj:+ Rij7tK§t +Ri_1xy 1B + R;fk—lq)t—IXt—l‘S’tht + I + TRy, (15.2)

Just as in Section 4, the left-hand side contains the expenditure terms and the right-hand side the
income terms. Note that W;; denotes the wage set by household j. Note further that the wage is now
defined as the wage per hour rather than the wage per worker, as reflected by the product of wages
and hours worked replacing the integral over the household members’ wages.

We finally note that hours enter the firm problem identically to household employment in the GSW
model. Hence, the firm side of the economy need not be modified, with the exception that N;; has to
be replaced by Hj;. As in (3.5), firm ¢ is assumed to have the technology

Yip = (2Hig)' ™" @ K3y — 2o, (15.3)

where H;; is demand for hours worked of firm 7. Firms buy H;; from labour contractors as in the
GSW version of the model.%"

15.2 Wage setting

Just as in the GSW version of the model, we assume that household members are monopoly suppliers
of differentiated labour services hired by the firm. Thus, households can determine their wages. We
assume that the differentiated labour h;; is sold by households to labour contractors who combine it
into a homogeneous input good H; using the following technology:

1 PR
H, = [/ (hje) e dj} , 1< A < oo, (15.4)
0
where A\ is a time-varying wage markup given by the following process (just as in equation 4.41):

log )\w = (1 — p)\w) 10g )\w —+ Prw log )\;U_l + O'/\w€)\w’t. (155)

In general, wage changes also have wealth effects on labor supply. The Frisch elasticity, hence, does not capture the
total effect on hours from wage shocks but only the component that is due to intertemporal substitution effects.

80Note that, for estimation purposes, the observed variables and the observation equations of the model need to
be changed accordingly. The two observation equations for employment and unemployment are now replaced by one
observation equation for hours. Moreover, even though the observation equation for wages itself doesn’t change, the
appropriate wage measure does.
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These labour contractors take the price of the j* differentiated labour input Wi, and the price of
the homogeneous labour service W, as given. Profit maximization writes

1
max Wth — / Wj,thj,tdj
0

7.t
and leads to the following first-order condition:

AP
W\ =37

hiy = | =2 H 15.6

.]7t ( ITrt > t? ( )

which is a demand curve for the individual households’ labour services. Integrating (4.42) and using
the definition of H;, we obtain the expression for the aggregate wage rate

1 1 1_)‘%“
we= | [ mora] (15.7)
0

As in the GSW version of our model, we assume that households are subject to Calvo wage setting
frictions as in Erceg, Henderson, and Levin (2000). If the j** household is not able to reoptimize in
period t, the wage it will charge in period ¢ + 1 will be set according to the following indexation rule:

{ Wiger =T Wi (15.8)

T = ()™ (7)) ()
Let us denote by VNVN the reoptimized nominal wage of household j set in period ¢, and consider that
this household has not been able to reoptimize during s periods ahead. The wage in ¢+ s will be given
by 3

Witts = Tiys - Tipa Wi

In period ¢, when setting its wage ﬁ/j,t, the j*" households will maximize its future discounted utility
(i.e. individual utility, as opposed to the utility of all household members in the large representative
household) subject to the budget constraint as in Section 4.4, taking into account that there is a
probability &, in each period that it cannot reoptimize. Using (15.1) and ignoring the irrelevant terms
(of the utility function) for the wage setting problem, the problem becomes

= s B n (hjers) oL
max  Fy Y (8€,)° Cius [—Ct+sAL e — T Ut+st,t+shj,t+s]
Wit 5=0 \w ) (15.9)

t
W; 1-AY
st hig = () T

Replacing both h;; and the expression for the wage, we get

. mw )‘%U-tus I+op AK{S(}}JUL)
n A TigsTep1 ) 1-A 1 Tt
0 —CihsTre W, " Hits W, ’
s -3 +or t+s J»

max EtZ(ﬁfw) Crps w

Jit s=0 _ it

1
W, e H ~w ~w W 127
+vrrs (Wits) T M5 \ Tpqg o - T Wit

Note that the objective is almost the same as in the GSW model. Instead of (}', ?j_t; multiplying

the first term in the summation, we instead have Cﬁrslf—gL and the term within the square brackets
is raised to 1+ o, instead of 1 4 ¢. The first-order condition are then also almost identical. Taking
derivatives w.r.t. Wj; gives

=4 1- ZLi\g+S > B - A%UJZJS 1w
- T—x ~ ~ —x
(Wj,t) e By Z (BEw)" CiysVtrs Wiys) s Hyps (W%U-s-s e W%U-H) s
s=0
AP 1+op,
— S seB o g\w Tits - Tit 17’\%”;
= L Z (BEw)” CrosChysALA W Hyys
s—0 t+s
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As each household faces the same optimization problem, we can drop the index j. Proceeding as in
Section 4.6, we get

0 =0
@, |ttt = - . . (15.10)
X s B Wimt o \ TAD,
E; Z()(ng) CopsVt+sWipsHiys (W)
sS=

N 1+O’L
o2 5 Wi, oo\ ToA
12 (o) )\%U+5ALEt Z (ng)s Ct—i—sC?Jrs ( Wits ) b Ht+s

t+s

Note that the expression is very similar to (4.46). Only A, and oy, are different.

15.3 Scaling

Proceeding as in Section 4.7.5, expression (15.10) becomes

0o )‘}SU-‘—S 1+O.L
_ ~w ~w 1-2\Y
\Y A+ E s B n Wy TptsTe41 tt+s H
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E s B 0 H Wy Tits T4l
' SZ::O (6§w) Ct+s¢z+7t+5 rstiids Wiy, Mz+,t+l"'/’Lz+,t+s7r§l+l"'7r?+s
(15.11)
15.4 Log-linearization
To log-linearize equation (15.11), we start by re-expressing it as follows:
1=, (1+o0p N
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Note that the right hand side is similar to the GSW model, with the exception that Ay, replaces ©; 4
and o, replaces . A first-order Taylor expansion of the left-hand side yields:
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A first-order Taylor expansion of the right-hand side yields:
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Using steady-state relationships, we equate both sides of the optimal-wage equation derived above
and, after simpliflying, we obtain
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Solving for steady state in equation (15.11) implies ¢+ wH = A* A ("H*°L. Using this and rear-
ranging the expressions above (proceeding as in Section 4.8.5) gives the loglinearized version of the
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wage Phillips curve (15.11):

Eubuili1 + (X°or = by (1+ BEL)) T + BEubu Bribesn — Eubu (71— 77)
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+(1 =A%) @zm —{f oLl — ) Ewbwltyt 1 + BEbwEtfiyt 141
= 0, (15.12)
AW (1+O’L)

where by, Note that the last row of this equation contains the shock to labour supply

— (1=, (- 5 )"
and the wage markup shock.®! Importantly, this is the only equation in the EHL where those two

shocks enter, meaning that they are observationally equivalent and cannot both be identified.%> We
leave in both shocks in the final equation, nevertheless, for consistency with the GSW model, noting
that one of them needs to be shut off for estimations of the EHL version of the model. The estimated
shock can then be interpreted as either a labour supply shock or a wage markup shock — for estimation
purposes this does not matter. However, it does matter for normative purposes, as it will affect the
model-implied measures of the efficient output gap.®> An alternative approach, explored in Sala,
Soderstrom, and Trigari (2010), could be to assume that the processes of the two shocks are different,
allowing us to potentially identify both shocks. Sala, Soderstrom, and Trigari (2010) find, however,
that the one-shock and two-shock models are virtually identical in their estimations.

15.5 Foreign economy

For the foreign economy, we modify the household’s problem and the wage setting in an analogous
way to the domestic economy. Household preferences in the foreign economy are now given by

*
(h"f ) 1407,
Nk A% Jit

E] ) e 10%( - b*Cﬂ':t—l) - L ”
tzzg t J t 1407}

The foreign wage setting problem results in the following equation, corresponding to equation (15.10)
for the domestic economy:
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(15.13)

15.6 Exogenous processes

In the EHL version of the model, the labour supply shock is assumed to evolve according to the
following AR process:

~h ~h

Ct — pc—th,l + O’Chegh,lﬂ (1514)
with Peh MO longer being calibrated to a very high value as in the GSW model, but estimated.

1Tt contains also the discount rate shock, but this shock enters also in the consumption Euler equation from the
household’s problem.

%2That the wage markup shock is isomorphic to the preference shock to disutility from labor in the log-linearized
version is a standard problem in this class of models.

63 As discussed in Sala, Soderstrom, and Trigari (2010), the the labor supply shock is efficient while the wage markup
shock is not, as markups are zero in the effcient (flex-price) allocation. The latter shock thus affects the efficient output
gap, while the former does not, with different implications for monetary policy.
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15.7 Summary of the model with the EHL labour market

Comparing to the GSW model above, the inclusion of the EHL labour market removes the following
variables from the model: the labour force, L, employment, N, and T, the unemployment rate,
Uy, the natural rate of unemployment, U , the endogenous preference shifter, ©;, the smooth trend
consumption, zt , the marginal utility of consumption, @iv , the marginal rate of substitution, mrs;, and
the average wage markup, fi,, ;. We thus remove the following equations: the expressions determining
the labour participation rate in equation (4.100), the unemployment rate in equation (4.99), the
natural rate of unemployment in equation (4.110), the endogenous preference shifter in equation
(4.80), the trend consumption in equation (4.81), the marginal utility of consumption in equation
(4.90), the marginal rate of substitution in equation (4.83), and the wage markup in equation (4.101).
We instead add hours, H; and hy.

We replace the wage setting in equation (13.61) by the wage setting expression in equation (15.12)
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(1 - ﬁfw) (1 - §w) ‘

Note that hours in EHL replace the employment rate in the GSW model. Hence, the equations
including employment in the GSW version are now replaced with corresponding expressions including
hours. Going from the GSW to the EHL model, we replace the marginal and products of labour and
capital, in equations (13.3) and (13.6), respectively, by

mply = (1 — a) (’“)a

Nz+,tN\I/,th
— B .
mpl; = o T t + & (15.16)
and
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and the capital-to-labour ratio in equation (13.4) by
<’C) ke
H), Mzﬂt,UJ\I/,th
&

(H>t == By (s g+ ) - (15.18)

We also replace the resource constraint in equation (13.66) by
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and aggregate household labour in terms of aggregate homogeneous labour in equation (13.62) by the
expression for aggregate household hours in terms of aggregate homogeneous hours worked

AW
ht = Ht (’lj)t) 1-ay
hy = H, + b (15.20)

Finally, as unemployment is dropped from the model, the Taylor rule is respecified accordingly.
We now assume that monetary policy is conducted according to the following rule:
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instead of the one specified in equation (13.64).
For the foreign economy, we add and replace the same equations as for the domestic. We thus
have the wage setting equation
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Finally, we now assume that the foreign monetary policy is conducted according to the following rule:
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