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Abstract

Holston, Laubach and Williams’ (2017) estimates of the natural rate of interest are
driven by the downward trending behaviour of ‘other factor” z;. 1 show that their im-
plementation of Stock and Watson’s (1998) Median Unbiased Estimation (MUE) to de-
termine the size of the signal-to-noise parameter A, which controls the severity of the
downward trend in z; is unsound. It cannot recover the ratio of interest A, = a,0;,/ oy
from MUE because of a misspecification in Holston et al.’s (2017) Stage 2 model. More-
over, their implementation of MUE on this misspecified Stage 2 model spuriously ampli-
fies the point estimate of A,. Using a simulation experiment, I show that their procedure
leads to excessively large estimates of A, when applied to data generated from a model
where the true A, is zero. Correcting the misspecification in their Stage 2 model and
the implementation of MUE results in a substantially smaller (and highly insignificant)
A; point estimate, and thereby a more subdued downward trend in ‘other factor” z; and
the natural rate. The paper also outlines various other issues with Holston et al.’s (2017)
model of the natural rate that make it unsuitable for policy analysis.
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1. Introduction

Since the global financial crisis, nominal interest rates have declined substantially to levels
last witnessed following the Great Depression. The academic as well as policy literature has
attributed this decline in nominal interest rates to a decline in the natural rate of interest;
namely, the rate of interest consistent with employment at full capacity and inflation at its
target. In this literature, Holston, Laubach and Williams’ (2017) estimates of the natural rate
have become particularly influential and are widely regarded as a benchmark. The Federal
Reserve Bank of New York (FRBNY) maintains an entire webpage dedicated to providing
updates to Holston et al.’s (2017) estimates of the natural rate, not only for the United States
(U.S.), but also for the Euro Area, Canada and the United Kingdom (U.K.) (see https://
www.newyorkfed.org/research/policy /rstar).

In Holston et al.’s (2017) model, the natural rate of interest is defined as the sum of trend
growth of output g; and “other factor’ z;. This ‘other factor’ z; is meant to capture various un-
derlying structural factors such as savings/investment imbalances, demographic changes,
and fiscal imbalances that influence the natural rate, but which are not captured by trend
growth g;. In Figure 1 below, I show filtered (as well as smoothed) estimates of Holston et
al.’s (2017) ‘other factor’ z;.!
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Figure 1: Filtered and smoothed estimates of Holston et al.’s (2017) ‘other factor’ z;.

The dashed lines in Figure 1 show estimates obtained with data ending in 2017:Q1, while
the solid lines are estimates based on data extended to 2019:Q2. The strong and persis-
tent downward trending behaviour of ‘other factor’ z; is striking from Figure 1, particularly
from 2012:Q1 onwards. The two (black) dashed vertical lines mark the periods 2012:Q1 and
2015:Q4. In 2015:Q4, the Federal Reserve started the tightening cycle and raised nominal
interest rates by 25 basis points. In 2012:Q1, real rates began to rise due to a (mild) dete-
rioration in inflation expectations.” Both led to an increase in the real rate. Yet, Holston

Holston et al. (2017) do not show a plot of ‘other factor’ z; on the FRBNY website (as of 22" of June, 2020).

2See panel (a) of Figure 2, which shows plots of the federal funds rate, the real interest rate, as well as inflation
and inflation expectations. This may be model specific, as inflation expectations here are simply modelled as
an equally weighted MA(4) of current and past inflation.
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et al.’s (2017) estimates of ‘other factor’ z; declined by about 50 basis points from 2012:Q1
to 2015:Q4, and then another 50 basis points from 2015:Q4 to 2019:Q2, reaching a value of
—1.58 in 2019:Q2. Because z; evolves as a driftless random walk in the model, the only pa-
rameter that affects the ‘trending behaviour’ of z; is the “signal-to-noise ratio’ parameter A,. The

size of A, thereby has a direct impact on the natural rate estimate.

In this paper, I show that Holston et al.’s (2017) implementation of Stock and Watson’s
(1998) Median Unbiased Estimation (MUE) of the ‘signal-to-noise ratio’ parameter is unsound.
It cannot recover the ratios of interest A, = oy / oy and A; = a,0; / oy in Stages 1 and 2 of
their three stage procedure. Their implementation of MUE of A, in Stage 2 is particularly
problematic, as Holston et al.’s (2017) procedure is based on a misspecified Stage 2 model.
This misspecified Stage 2 model not only fails to identify the ratio of interest A, = a,0;/0y,
but further, due to the way Holston et al. (2017) implement the structural break tests in Stage
2 MUE, leads to spuriously large estimates of A,. Since the magnitude of A, determines the
severity of the trend in “other factor’ z;, this misspecification is consequential. Correcting the
Stage 2 model specification and the structural break test implementation in MUE leads to
a substantial quantitative reduction in the point estimate of A,. The resulting filtered (and
smoothed) estimates of ‘other factor’ z; are markedly lower, very close to zero, and highly
statistically insignificant. The p—values corresponding to the structural break statistics from
which A; is estimated are around 0.5. The strong and persistent downward trend in Holston
et al.’s (2017) natural rate estimate driven by ‘other factor’ z; is thus spurious.

In Section 4.2, I outline in detail the Stage 2 model and the MUE procedure that Hol-
ston et al. (2017) implement to estimate A,. I show that their Stage 2 model is misspecified
and that their MUE of A, cannot identify the ratio of interest a,0/ oy. Instead, it recovers
Az = a,07/(0y + 0.5a40%) if (ag + 4a,) = 0. If (ag + 4a,) # 0, then additional parameters
enter the denominator of A;, making it more intricate to back out o, from A,, as it will be
necessary to make additional assumptions about the time series properties of the nominal
interest rate which is not explicitly modelled. The terms 4, and 4, are the parameters on
the lagged real interest rate and lagged trend growth in the Stage 2 model of the output
gap equation (see Section 4.2 for more details). In the full model, these are restricted so that
ag = —4a,. In their specification of the Stage 2 model, Holston et al. (2017) do not impose this
restriction. Moreover, they include only one lag of trend growth g; in the output gap equa-
tion, and further add an intercept term not present in the full structural model (see equation
(36¢)). Since Stock and Watson’s (1998) MUE relies upon Chow (1960) type structural break
tests to estimate A, these differences in the output gap specification lead to substantially
larger F statistics on the break dummy (see Figure 5 for a visual presentation) and therefore
estimates of A,. To demonstrate that their misspecified Stage 2 model — when combined
with their MUE procedure — leads to spuriously large estimates of A, when the true value
is zero, I implement a simulation experiment in Section 4.2. This simulation experiment
shows that the mean estimate of A, can be as high as 0.028842, with a 45.7% probability (rel-
ative frequency) of observing a value larger than estimated from the empirical data, when
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computed from artificial data which were simulated from a model where the true A, = 0.
These simulation results are concerning, as they suggest that it is Holston et al.’s (2017) MUE
procedure that generates the excessively large estimates of A,.

Although Section 4.2 describes the core problem with Holston et al.’s (2017) estimation
procedure, there are other issues with the model and how it is estimated. Some of these are
outlined in Section 5. For instance, Holston ef al.’s (2017) estimates of the natural rate, trend
growth, ‘other factor’ z; and the output gap are extremely sensitive to the starting date of the
sample used to estimate the model. Estimating the model with data beginning in 1972:Q1
(or 1967:Q1) leads to negative estimates of the natural rate towards the end of the sample
period. These negative estimates are again driven purely by the exaggerated and spurious
downward trend in ‘other factor’ z;.> The fact that it is possible to generate such negative
estimates also for the U.S. by simply adjusting the start of the estimation period highlights
the extreme sensitivity of Holston et al.’s (2017) MUE procedure with this model.

In Section 5 I also raise the broader issue of ‘circularity’ between the natural rate estimate
as defined in their model and the exogenously determined policy interest rate. Because
Kalman Filtered estimates of the natural rate are moving averages of all observed variables
that enter the state-space model, any central bank induced change in the policy rate is me-
chanically transferred to the natural rate via the Kalman Filter recursions of the state vector.
This makes it impossible to address ‘causal” questions regarding the relationship between
natural rates and policy rates. Moreover, since ‘other factor’ z; automatically adjusts to en-
sure a zero mean output gap equation, Holston et al.’s (2017) natural rate estimate is by
default constructed so as to match the movements in the observed policy rate. That is, any
persistent deviations will be “filled” with the ‘plug-variable’ z; to ensure a zero mean in the
real rate gap in the output gap equation. In this model, all that needs to be done for a higher
natural rate to be realized is to raise the exogenously determined policy rate.

In Holston et al. (2017), ‘other factor’ z; is defined as a driftless random walk. One rea-
son why the estimate of A, shrinks towards zero (computed either from MLE or from MUE
based on the correct Stage 2 model) could be due to incompatibility of such a specification
with the observed data. To understand this, I show in Section 5 that the difference between
GDP growth and the real interest rate under Holston et al.’s (2017) model specification is
equal to the sum of a stationary ARMA process and ‘other factor’ z;, which is an I(1) pro-
cess in the model. The ‘integratedness’ of this GDP growth minus real interest rate series
is thus dominated by ‘other factor’ z; and should as such show up as a unit-root in the data.
However, the empirical GDP growth minus real interest rate series is only weakly correlated
(autocorrelation coefficient < 0.6 and quickly decays towards zero). Formal statistical tests

strongly reject the null hypothesis of a unit-root in the series. Shrinking the estimate of o,

3The 1972:Q1 sample was chosen to match the starting date used for the Euro Area. Out of the four estimates
reported in Holston et al. (2017), only the Euro Area ones turn negative in 2013. Data for the Euro Area are
available only from 1972:Q1. Estimates for the U.K., Canada and the U.S. are based on samples starting in
1961:Q1.



towards zero may thus be the only way to make the I(1) specification of z; in Holston ef al.’s
(2017) model compatible with the time series properties of the empirical data.

Median Unbiased Estimation is neither well known nor widely used at policy institu-
tions. To give some background on the methodology, and to help understand why Holston
et al.’s (2017) implementation of MUE in Stage 2 is unsound, I provide a concise review of
the methodology in Section 3. This section will be beneficial to readers unfamiliar with the
estimator. It reviews and summarises the conditions when it is likely to encounter ‘pile-up” at
zero problems with Maximum Likelihood Estimation (MLE) of such models. Namely, MLE
is likely to generate higher ‘pile-up” at zero frequencies than MUE when the initial conditions
of the state vector are unknown and need to be estimated, and when the true “signal-to-noise
ratio” is very small (close to zero). Since Holston et al. (2017) do not estimate the initial con-
ditions of the state vector, but instead use tightly specified prior values, and because their
MUEs of the “signal-to-noise ratio” are anything but ‘very small” in the context of MUE, it seems
highly unlikely that MLE should generate higher ‘pile-up” at zero probabilities than MUE.

For reasons of completeness, I provide a comprehensive description of Holston et al.’s
(2017) Stage 1 model and their first stage MUE implementation in Section 4.1. As in the
Stage 2 model, I show algebraically that their MUE procedure cannot recover the ratio oy /0y
from A, because the error term in the first difference of the constructed trend variable y; in
the first stage model depends on the real interest rate, as well as ‘other factor’ z; and trend
growth g;. This means that when the long-run standard deviation from the MUE procedure
is constructed, it will not only equal oy as required, but also depend on o3, 0y, as well as
the long-run standard deviation of the real rate. Rewriting a simpler version of the Stage
1 model in local level model form also fails to identify the ratio of interest 0y /0« from the
MUE of A,. This section further illustrates that it is empirically entirely unnecessary to use
MUE to estimate oy in the first stage model as its MLE does not ‘pile-up” at zero; not in the
local level model, nor in the local linear trend (or unobserved component) model. Estimating
o directly by MLE in the second and third stages confirms this result, yielding in fact larger
point estimates than implied by the first stage MUE of A, obtained from Holston et al.’s
(2017) procedure (ie., from oy = JA\QAUE%*). Readers not interested in the computational
intricacies and nuances of the Stage 1 model may skip this section entirely, and only refer

back to it as needed for clarification of later results.

MUE of A, based on the correctly specified Stage 2 model suggests that there is no role
for “other factor’ z; in this model, given the data.* This brings the focus to the estimates of
trend growth in this model. Holston et al.’s (2017) estimates give the impression that trend
growth has markedly slowed since the global financial crisis, particularly in the immedi-
ate aftermath of the crisis. In panels (b) and (c) of Figure 2, I show plots of Holston et al.’s

4This result is inline with the MLE based estimates of 0. Furthermore, these results also carry over to the Euro
Area, Canadian and U.K. estimates of z; which are not reported here to conserve space, but are documented
in detail in Buncic (2020) and are also made available on the author’s webpage at: http://www.danielbuncic.
com/data/correct. HLW.factors.zip.
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(2017) estimates of g; together with a few simple and intuitive alternative ones (annual-
ized GDP growth is superimposed in panel (b)). Trend growth is severely underestimated
from 2009:Q3 onwards. Robust (median) estimates of average GDP growth over the vari-
ous business cycle expansion periods shown in Table 1 indicate that trend growth was only
approximately 25 basis points lower at 2.25% in the expansion from 2009:Q3 until 2017:Q1
(or 2019:Q2) than over the pre financial crisis expansion from 2002:Q1 to 2007:Q4.° Survey
based 10 year-ahead expectations of annualized real GDP growth plotted in Figure A.8 and
Figure A.9 also suggest that trend growth remained stable (these plots are discussed further
in Section 5). The key point to take away from this discussion is that Holston et al.’s (2017)
(one sided) Kalman Filter based estimate of g; is excessively ‘pulled down’ by the large de-
cline in GDP during the financial crisis, and this strongly effects the estimate of trend growth

for many periods after the crisis.

The rest of the paper is organised as follows. In Section 2, Holston et al.’s (2017) structural
model of the natural rate of interest is described. Section 3 gives a concise background to
Stock and Watson’s (1998) Median Unbiased Estimation. In Section 4, I provide a detailed
description of the Stage 1 and Stage 2 models, and report the results of the full Stage 3 model
estimates. Some additional issues with the model are discussed in Section 5. Section 6
concludes the study. The Appendix provides supplementary information with regards to
Holston et al.’s (2017) model, the matrix expansions and derivations of the models in all

three stages, and a few selected estimation results from an extended sample period.

2. Holston, Laubach and Williams’ (2017) Model

Holston, Laubach and Williams (2017) use the following ‘structural’ model to estimate the

natural rate of interest:®

Output:  y: = y; + 7t (1a)
Inflation:  m =brm—1 + (1 — br) 04 + byJe_1 + €f (1b)
Output gap: 5 = ay1e1 + ayafi—a + %[ (re-1 —ri1) + (2 —1i5) +¢/ (10
Output trend: v, =y; 1+ g1+ 6ty* (1d)
Trend growth: ¢ =gy 1 +¢&F (le)
Other factor:  zp =z, 1 + €5, (1f)

where y; is 100 times the (natural) log of real GDP, y; is the permanent or trend component

SGDP growth is close to being serially uncorrelated over the last two expansion periods. Also, the volatility
of output growth has declined, with the period following 2015:Q4 exhibiting particulary low volatility.

®In what follows, I use the same notation as in Holston et al. (2017) (see equations 3 to 9 on pages S61 to S63)
to facilitate a direct comparison. Also note that this model builds on an earlier specification of Laubach and
Williams (2003), where trend growth g; is scaled by another parameter ¢, and where also a stationary AR(2)
process for ‘other factor’ z; was considered in addition to the I(1) specification in (1f). The estimation procedure
with the I(1) specification of z; in Laubach and Williams (2003) is identical to the one I describe here.



of GDP, #j; is its cyclical component, 71; is annualized quarter-on-quarter PCE inflation, and
m—p4 = (m—3 + m—_3 + m—_4) /3. The real interest rate r; is computed as:

re =iy — 7, 2)
where expected inflation is constructed as:
i = (M + mo1+ Mmoo+ m-3)/4 3)

and i; is the exogenously determined nominal interest rate, the federal funds rate.

The natural rate of interest r} is computed as the sum of trend growth g; and “other factor’
zt, both of which are I(1) processes. The real interest rate gap is defined as 7 = (r; —r}).
The error terms ¢!, V¢ = {7, 7, y% g, z} are assumed to be i.i.d normal distributed, mutually
uncorrelated, and with time-invariant variances denoted by O‘l%. Notice from (1b) that infla-
tion is restricted to follow an integrated AR(4) process. From the description of the data,
we can see that the nominal interest rate i; as well as inflation 7i; are defined in annual or
annualized terms, while output, and hence the output gap, trend and trend growth in out-
put are defined at a quarterly rate. Due to this measurement mismatch, Holston et al. (2017)
adjust the calculation of the natural rate in their code so that trend growth g; is scaled by 4
whenever it enters equations that relate it to annualized variables. The natural rate is thus
factually computed as r; = 4g; + z¢.” In the descriptions that follow, I will use the annual-
ized 4g; trend growth rate whenever it is important to highlight a result or in some of the
algebraic derivations, and will leave the equations in (1) as in Holston et al. (2017) otherwise

for ease of comparability.

Holston et al. (2017) argue that due to ‘pile-up” at zero problems with Maximum Likeli-
hood (ML) estimation of the variances of the innovation terms e‘f and 7 in (1), estimates of
og and o7 are “likely to be biased towards zero” (page S64). To avoid such ‘pile-up’ at zero prob-
lems, they employ Median Unbiased Estimation (MUE) of Stock and Watson (1998) in two
preliminary steps — Stage 1 and Stage 2 — to get estimates of what they refer to as ‘signal-to-
noise ratios’ defined as Ay = oy / 0, and A, = a,0;/ oy. In Stage 3, the remaining parameters
of the full model in (1) are estimated, conditional on the median unbiased estimates A, and

A. obtained in Stages 1 and 2, respectively.

Before the three stage procedure of Holston et al. (2017) is described, I outline in detail
how Stock and Watson’s (1998) median unbiased estimator is implemented, what normal-
ization assumptions it imposes, and how look-up tables for the construction of the estimator
are computed. I also include a replication of Stock and Watson’s (1998) empirical estimation
of trend growth of U.S. real GDP per capita. Although the section that follows below may

seem excessively detailed, long, and perhaps unnecessary, the intention here is to provide

"This generates some confusion when working with the model, as it is not clear whether the estimated z;
factor is to be interpreted at an annual or quarterly rate.



the reader with an overview of how median unbiased estimation is implemented, what it is
intended for, and when one can expect to encounter ‘pile-up” at zero problems to materialize.

3. Stock and Watson’s (1998) Median Unbiased Estimation

Stock and Watson (1998) proposed Median Unbiased Estimation (MUE) in the general set-
ting of Time Varying Parameter (TVP) models. TVP models are commonly specified in a way
that allows their parameters to change gradually or smoothly over time. This is achieved
by defining the parameters to evolve as driftless random walks (RWs), with the variances
of the innovation terms in the RW equations assumed to be small. One issue with Kalman
Filter based ML estimation of such models is that estimates of these variances can frequently

‘pile-up’ at zero when the true error variances are ‘very’ small, but nevertheless, non-zero.®

Stock and Watson (1998) show simulation evidence of ‘pile-up” at zero problems with
Kalman Filter based ML estimation in Table 1 on page 353 of their paper. In their simulation
set-up, they consider the following data generating process for the series GY;:’

GY: = Pt + & (4a)
Bt = Bi—1+ (A/T)m, (4b)

where ¢; and 7n; are drawn from i.i.d. standard normal distributions, S is initialized at 0,
and the sample size is held fixed at T = 500 observations, using 5000 replications. The
A values that determine the size of the variance of Af; are generated over a grid from 0
to 30, with unit increments.!’ Four median unbiased estimators relying on four different
structural break test statistics are compared to two ML estimators. The first ML estimator,
referred to as the maximum profile likelihood estimator (MPLE), treats the initial state vector
as an unknown parameter to be estimated. The second estimator, the maximum marginal
likelihood estimator (MMLE), treats the initial state vector as a Gaussian random variable
with a given mean and variance. When the variance of the integrated part of the initial state
vector goes to infinity, MMLE produces a likelihood with a diffuse prior.

How one treats the initial condition in the Kalman Filter recursions matters substantially
for the ‘pile-up” at zero problem with MLE. This fact has been known, at least, since the work
of Shephard and Harvey (1990).!! The simulation results reported in Table 1 on page 353 in

8See the discussion in Section 1 of Stock and Watson (1998) for additional motivation and explanations. As
the title of Stock and Watson'’s (1998) paper suggests, MUE was introduced for “coefficient variance estimation in
TVP models” when this variance is expected to be small.

9See their GAUSS files TESTCDF . GSS and ESTLAM.GSS for details on the data generating process, which are
available from Mark Watson’s homepage at http:/ /www.princeton.edu/~mwatson/ddisk/tvpci.zip.
19To be precise, in their GAUSS code, Stock and Watson (1998) use a range from 0 to 80 for A, with finer step
sizes for lower A values (see, for instance, the file TESTCDF . GSS). That is, A is a sequence between 0 to 30 with
increments of 0.25, then 0.5 unit increments from 30 to 60, and unit increments from 60 to 80. In Tables 1 to 3
of their paper, results are reported for A values from 0 up to 30 only, with unit increments.
10n page 340, Shephard and Harvey (1990) write to this: “...we show that the results for the fixed and known
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Stock and Watson (1998) show that ‘pile-up” at zero frequencies are considerably lower when
MMLE with a diffuse prior is used than for MPLE, which estimates the initial state vector.
For instance, for the smallest considered non-zero population value of A = 1, which implies
a standard deviation of AB; (0ap henceforth) of A/T = 1/500 = 0.002, MMLE produces an
at most 14 percentage points higher ‘pile-up” at zero frequency than MUE (ie., 0.60 or 60% for
MMLE versus 0.46 or 46% for MUE based on the Quandt (1960) Likelihood Ratio, henceforth
QLR, structural break test statistic).'> For MPLE, this frequency is 45 percentage points
higher at 0.91 (91%). At A = 5 (0pg = 0.01) and A = 10 (o0ap = 0.02), these differences in the
‘pile-up” at zero frequencies reduce to 11 and 4 percentage points, respectively, for MMLE,
but remain still sizeable for MPLE. At A = 20 (o0ap = 0.04), the ‘pile-up” at zero problem
disappears nearly entirely for MMLE and MUE, with ‘pile-up” frequencies dropping to 2 and
1 percentage points, respectively, for these two estimators, staying somewhat higher at 7
percentage points for MPLE.

Using MUE instead of MLE to mitigate ‘pile-up” at zero problems comes, nevertheless, at
a cost; that is, a loss in estimator efficiency whenever A (or o) is not very small. From Table
2 on page 353 in Stock and Watson (1998), which shows the asymptotic relative efficiency
of MUE (and MPLE) relative to MMLE, it is evident that for true A values of 10 or greater
(oap > 0.02), the 4 different MUEs yield asymptotic relative efficiencies (AREs) as low as
0.65 (see the results under the L and MW columns in Table 2). This means that MMLE only
needs 65% of MUE'’s sample size to achieve the same probability of falling into a given null
set. Only for very small values of A < 4 (O‘AB < 0.008) are the AREs of MUE and MMLE of
a similar magnitude, ie., close to 1, suggesting that both estimators achieve approximately
the same precision.

Three important points are to be taken away from this review of the simulation results
reported in Stock and Watson (1998). First, with MLE, ‘pile-up” at zero frequencies are sub-
stantially smaller when the initial state vector is treated as a known fixed quantity or when a
diffuse prior is used. Second, ‘pile-up” at zero frequencies of MMLE are at most 4 percentage
points higher than those of MUE once A > 10 (oag = 0.02). Third, MUE can be consid-
erably less efficient than MMLE, in particular for ‘larger” values of A > 10 (o0ap = 0.02).
This suggests that MLE with a diffuse prior should be preferred whenever MUE based esti-
mates of A (or opg) are ‘large” enough to indicate that ‘pile-up” at zero problems are unlikely
to materialize.

To provide the reader with an illustration of how MUE is implemented, and how its es-
timates compare to the two maximum likelihood based procedures (MPLE and MMLE), I
replicate the empirical example in Section 4 of Stock and Watson (1998) which provides esti-

start-up and the diffuse prior are not too different. However, in Section 4 we demonstrate that the sampling distribution
of the ML estimator will change dramatically when we specify a fixed but unknown start-up procedure.” Their Tables II
and III quantify how much worse the ML estimator that attempts to estimate the initial condition in the local
level model performs compared to MLE with a diffuse prior.

12The four different MUEs based on the different structural break tests appear to perform equally well.



mates of trend growth of U.S. real GDP per capita over the period from 1947:Q2 to 1995:Q4.
Note that trend growth in GDP is one of the two components that make up the real natural
rate r; in Holston et al. (2017). It is thus beneficial to illustrate the implementation of MUE
in this specific context, rather than in the more general setting of time varying parameter
models.

3.1. Median unbiased estimation of U.S. trend growth

Stock and Watson (1998) use the following specification to model the evolution of annual-
ized trend growth in real per capita GDP for the U.S., denoted by GY; below:!?

GY,{ = ﬁt + U (5a)
ABr = (A/T)n: (5b)
a(L)uy = &, (5¢)

where a(L) is a (stationary) lag polynomial with all roots outside the unit circle, A is the
parameter of interest, T is the sample size, and 1; and ¢; are two uncorrelated disturbance
terms, with variances cr% and o2, respectively. The growth rate of per capita GDP is thus
composed of a stationary component u; and a random walk component j3; for trend growth.
Stock and Watson (1998) set a(L) to a 4" order lag-polynomial, so that u; follows an AR(4)
process. The model in (5) can be recognized as the local level model of Muth (1960), albeit
with the generalisation that u; follows an AR(4) process, rather than white noise. Being in the
class of local level models means that the estimate of trend growth will be an exponentially

weighted moving average (EWMA) of GY;.1*

It is important to highlight here that Stock and Watson’s (1998) discussion of the theoret-
ical results of the estimator in Sections 2.2 — 2.3 of their paper emphasizes that MUE of A in
the model in (5) is only possible with the “normalisation D = 1”. They write at the top of
page 351 (right column): “Henceforth, when k = 1, we thus set D = 1. When X; = 1, under
this normalization, A is T times the ratio of the long-run standard deviation of Af; to the long run
standard deviation of u;.”'® Denoting the long-run standard deviation of a stochastic process
by &(+), this means that

(A o

T _( Bt) _ 786
o(u)  oe/a(l)
3That is, GY; = 400A In(real per capita GDP,), where A is the first difference operator (see Section 4 on page
354 in Stock and Watson (1998)). I again follow their notation as closely as possible for comparability reasons.
14Gtock and Watson (1998) offer a discussion of the rationale behind the random walk specification of trend
growth in GY; in the second paragraph on the left of page 355. Without wanting to get into a technical discus-
sion, one might want to view the random walk specification of trend growth f3; as a purely statistical tool to
allow for a slowly changing mean, rather than interpreting trend growth as an I(1) process.

15The parameter k here refers to the column dimension of regressor vector X;. When k = 1, then only a model
with an intercept is fitted, ie., X; contains only a unit constant and no other regressors.

A=

(6)




or alternatively, expressed in signal-to-noise ratio form as used by Holston et al. (2017):

A 0 AB ) _0aAB
T~ otm) _ oja(d)’ @

where 6 (u;) = o0./a(1) since u; follows a stationary AR(4) process, a(1) = (1 — Z?:l a;),
and 6(ApBt) = oap due to n; being i.i.d., yielding further the relation oag = (A/T)0y. As a
result of the identifying “normalization D = 1” of MUE, (7) implies that 0,, = o0;/a(1). That
is, the long-run standard deviation of the stationary component u; is equal to the standard
deviation of the trend growth innovations n;.

Stock and Watson (1998) write on page 354: “Table 3 is a lookup table that permits computing
median unbiased estimates, given a value of the test statistic. The normalization used in Table 3 is
that D = 1, and users of this lookup table must be sure to impose this normalization when using
the resulting estimator of A.” Moreover, the numerical results that are reported in Section 3,
which is appropriately labelled “Numerical Results for the univariate Local-Level Model”, are
obtained from simulations that employ the local level model of (4) as the data generating
process (see Stock and Watson’s (1998) GAUSS programs ESTLAM.GSS, TESTCDF.GSS, and
LOOKUP.GSS in the tvpci.zip file that accompanies their paper). These numerical results
do not only include the simulations regarding ‘pile-up” at zero frequencies reported in Table
1, asymptotic power functions plotted in Figure 1, or the AREs provided in Table 2 of Stock
and Watson (1998), but also the look-up tables for the construction of the median unbiased
estimator of A in Table 3. It must therefore be kept in mind that these look-up table values
are valid only for the univariate local level model, or for models that can be (re-)written in
“local level form”.

Table 2 below reports the replication results of Tables 4 and 5 in Stock and Watson
(1998).1° Columns one and two in the top half of Table 2 show test statistics and p—values
of the four structural break tests that are considered: i) Nyblom'’s (1989) L test, ii) Andrews
and Ploberger’s (1994) mean Wald (MW) test, iii) Andrews and Ploberger’s (1994) expo-
nential Wald (EW) test, and iv) Quandt’s (1960) Likelihood ratio (QLR) test, together with
corresponding p—values.

16All computations are implemented in Matlab, using their GDP growth data provided in the
file DYPC.ASC. Note that I also obtained look-up table values based on a finer grid of A values
from their original GAUSS file LOOKUP.GSS (commenting out the lines if (lamdat[i,1] .<= 30) .and
(lamdat [i,1]-floor(lamdat[i,1]) .== 0); in LOOKUP.GSS to list look-up values for the entire grid of A’s
considered), rather than those listed in Table 3 on page 354 of their paper, where the grid is based on unit
increments in A from 0 to 30. I further changed the settings in the tolerance on the gradient in their maximum
likelihood (maxlik) library routine to -max_GradTol = 1e-08 and used the printing option format /rd 14,14
for a more precise printing of all results up to 14 decimal points. Lastly, there is a small error in the construction
of the lag matrix in the estimation of the AR(4) model in file TST_GDP1.GSS (see lines 40 to 47). The first column
in the w matrix is the first lag of the demeaned per capita trend growth series, while columns 2 to 4 are the
second to fourth lags of the raw, that is, not demeaned per capita trend growth series. Correcting this leads to
mildly higher, yet still insignificant, point estimates of all o5g. For instance, the point estimate of opg based
on Nyblom’s (1989) L statistic yields 0.1501, rather than 0.1303, but remains still statistically insignificant, with
the lower value of the confidence interval being 0. To exactly replicate the results in Stock and Watson's (1998),
I compute the lag matrix as they do.
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As a reminder, the MW, EW and QLR tests are Chow (1960) type structural break tests,
which test for a structural break in the unconditional mean of a series at a given or known
point in time. Chow (1960) break tests require a partitioning of the data into two sub-periods.
When the break date is unknown, these tests are implemented by rolling through the sam-
ple. To be more concrete, denote by )} the series to be tested for a structural break in the
unconditional mean. Let the dummy variable D;(7) = 1if t > 7, and 0 otherwise, where
T={1,70+1,7+2,...,17} is an index (or sequence) of grid points between endpoints 1,
and 77. As is common in this literature, Stock and Watson (1998) set these endpoints at the
15t and 85" percentiles of the sample size T, thatis, 79 = 0.15T and 71 = 0.85T.!7 For each

T € [19, T1), the following regression of ) on a constant and dummy D;(7) is estimated:
Vi = Qo+ 1D () + €, (8)

and the F statistic (the square of the t—statistic) on the point estimate ¢; is constructed. The
T

sequence {F(7)} L, of F statistics is then used to compute the MW, EW and QLR structural
break test statistics needed in the implementation of MUE. These are calculated as:

3

1
MW = - T;‘ F(1) (9a)
EW = In 1 i ex 1F(T) (9b)
Ne & P12
QLR = rr[1ax ]{F(T) ety (9¢c)
TE|TY,T1

where N denotes the number of grid points in 7. Nyblom’s (1989) L test statistic is com-
puted without sequentially partitioning the data via the sum of squared cumulative sums
of );. More specifically, let iy denote the sample mean of ), 6%, the sample variance of )},
and YV = Vi — fiy the demeaned ); process. Nyblom’s (1989) L statistic is then constructed
as:

T
L=T" Za% /63, (10)
t=1

where 9; is the scaled cumulative sum of Y;, ie., 9 = T~1/2 2221 Vs.

Median unbiased estimates of A based on Stock and Watson’s (1998) look-up tables are

7To be precise, 1y is computed as £1loor(0.15 % T) and 7; as T — 1p. Also, it is standard practice in the struc-
tural break literature to trim out some upper/lower percentiles of the search variable to avoid having too few
observations at the beginning or at the end of the sample in the 0 and 1 dummy regimes created by D;(7). In
fact, the large sample approximation of the distribution of the QLR test statistic depends on 79 and 7. Stock
and Watson (2011) write to this on page 558: “For the large-sample approximation to the distribution of the QLR
statistic to be a good one, the sub-sample endpoints, To and Ty, cannot be too close to the beginning or the end of the
sample.” Employing endpoints other than the 15" upper/lower percentile values used by Stock and Watson
(1998) in the simulation of the look-up table for A is thus likely to affect the values provided in Table 3 of Stock
and Watson (1998), due to the endpoints’ influence on the distribution of the structural break test statistics.
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reported in column 3 of Table 2, followed by respective 90% confidence intervals (Cls) in
square brackets. The last two columns show estimates of oap computed as 645 = A/T X
6:/4(1), with 90% CIs also in square brackets. In the bottom half of Table 2, MLE and MUE
based parameter estimates of the model in (5) are reported. The columns under the MPLE
and MMLE headings show, respectively, MLE based results when the initial state vector
is estimated and when a diffuse prior is used. The diffuse prior for the I(1) element of
the state vector is centered at 0 with a variance of 10°. The next two columns under the
headings MUE(0.13) and MUE(0.62) report parameter estimates of the model in (5) with oag
held fixed at its MUE point estimate of 0.13 and upper 90% CI value of 0.62, respectively.
The last column under the heading SW.GAUSS lists the corresponding MUE(0.13) estimates

obtained from running Stock and Watson'’s (1998) GAUSS code as reference values.'®

As can be seen from the results in Table 2, consistent with the ‘pile-up” at zero problem
documented in the simulations in Stock and Watson (1998) (and also Shephard and Harvey
(1990)), the MPLE estimate of oag goes numerically to zero (up to 11 decimal points), while
MMLE produces a ‘sizeable” point estimate of oag of 0.044. Although Stock and Watson
(1998) (and also I) do not report a standard error for 6,44 in the tables containing the estima-
tion results, the estimate of stderr(6ag) is 0.1520, suggesting that 64 is very imprecisely
estimated.!” From the MUE results reported in the first column of the top half of Table 2
it is evident that all 4 structural break tests yield confidence intervals for A and hence also
oap that include zero. Thus, even when using MUE as the “preferred” estimator, one would
conclude that A and 644 are not statistically different from zero.

An evident practical problem with the use of Stock and Watson’s (1998) MUE is that
the 4 different structural break tests can produce vastly different point estimates of A. This is
clearly visible from Table 2, where the 4 tests yield A estimates with an implied 64 range be-
tween 0.0250 (for QLR) and 0.1303 (for L). From the simulation results in Stock and Watson
(1998) we know that all 4 tests seem to behave equally well in the ‘pile-up” at zero frequency
simulations (see Table 1 in Stock and Watson (1998)). However, the QLR test performed ‘best’
in the efficiency results, producing the largest (closes to 1) asymptotic relative efficiencies in
Table 2 of Stock and Watson (1998). Analysing these results in the context of the empirical
estimation of trend growth, the most accurate MUE estimator based on the QLR structural
break test produces an estimate of oap that is 5 times smaller than the largest one based on
the L structural break test, with the MMLE estimate of 0sg being approximately double the
size of the QLR estimate.

18See the results reported in Table 5 on page 354 in Stock and Watson (1998), where nevertheless only two
decimal points are reported. MPLE and MMLE are also replicated accurately to 6 decimal points.

19Stock and Watson (1998) compute standard errors for the remaining MMLE parameters (see column three in
the upper part of Table 5 on page 354 in their paper. They write in the notes to Table 5: “Because of the nonnormal
distribution of the MLE of A, the standard error for oap is not reported.” Evidently, ‘testing” the null hypothesis of
oap = 0 using a standard t—ratio does not make any sense statistically. Nevertheless, 644 is very imprecisely
estimated, and highly likely to be “very” close to zero. The MMLE log-likelihood function with the restriction
opap = 0is —547.5781, while the (unrestricted) MMLE is —547.4805, with the difference between the two being
very small of about 0.10.
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To provide a visual feel of how different the MLE and MUE based estimates of U.S. trend
growth are, I show plots of the smoothed estimates in Figure 3 (these correspond to Figures
4 and 3 in Stock and Watson (1998)). The top panel displays the MPLE, MMLE, MUE(0.13),
and MUE(0.62) estimates together with a 90% CI of the MMLE estimate (shaded area), as
well as a dashed yellow line that shows Stock and Watson’s (1998) GAUSS code based
MUE(0.13) estimate for reference. The plot in the bottom panel of Figure 3 superimposes
the actual GY; series to portray the variability in the trend growth estimates relative to the
variation in the data from which these were extracted.”’ The y—axis range is set as in Fig-
ures 4 and 3 in Stock and Watson (1998). As can be seen from Figure 3, there is only little
variability in the MLE based trend growth estimates, with somewhat more variation from
MUE(0.13). Nonetheless, all three trend growth point estimates stay within the 90% error
bands of MMLE. Moreover, the plots in Figure 3 confirm the lack of precision of MUE. Trend
growth could be anywhere between a constant value of about 1.8% ( Boo from MPLE), which
is a flat line graphically when o is held fixed at its lower 90% CI value of 0, and a rather
volatile series which produces a range between nearly 4.5% in 1950 and less than 0.5% in
1980 when o4 is set at its upper 90% CI value of 0.62.

Given the previous results and discussion, one could argue that the statistical evidence
in support of any important changes to trend growth in real U.S. GDP per capita is rather
weak in this data set. As a robustness check and in the context of a broader replication of
the time varying trend growth estimates of Stock and Watson (1998), I re-estimate the model
using a more recent vintage of real GDP per capita data from the Federal Reserve Economic
Data (FRED2) database. These results are reported in Table 3 , which is arranged in the same
way as Table 2 (only the last column with heading SW.GAUSS is removed). The sample
period is again from 1947:Q2 to 1995:Q4, using an AR(4) model to approximate u; in (5a).?!
From Table 3 it is clear that not only do the two MLE based estimates of oap yield point
estimates that are numerically equal to zero, but so do all 4 MUEs. Hence, trend growth
may well be constant. More importantly, it demonstrates that MUE can also lead to (exactly)
zero estimates of 0.7

Before I proceed to describe how the three stage procedure of Holston et al. (2017) is
implemented, a brief procedural description of Stock and Watson’s (1998) MUE that lists the
main steps needed to replicate the results reported in Table 2 and Figure 3 is given below.

(i) Fitan AR(4) model to GY;, construct @(L) from the estimated AR(4) coefficients {ﬁ j }?:1,

2ONotice from the top panel of Table 2 that there are four different estimates of A, and thus four 6. Rather
then showing smoothed trend estimates for all four of these, I follow Stock and Watson (1998) and only show
estimates based on Nyblom’s (1989) L statistic, which has the largest A estimate, and hence also oap.

2I'The results using an ARMA(2, 2) model for u; instead are qualitatively the same.

22 show later that the Stage 2 MUE procedure of Holston et al. (2017) is incorrectly implemented and based
on a misspecified Stage 2 model. Once this is corrected, the Stage 2 A, that one obtains is very close to zero,
resulting in the full model MLE and MUE estimates of the natural rate being very similar. Although I do not
show this here to avoid a repetition of the results, the similarity between the MLE and correct Stage 2 MUE
based estimates holds also for the remaining three data sets analysed by Holston et al. (2017); namely, for the
Euro Area, the U.K. and Canada. These results are documented in Buncic (2020).
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and filter the series to remove the AR(4) serial dependence. Let GY; = a(L)GY; denote
the AR(4) filtered series.”> Use the residuals &; from the fitted AR(4) model for GY;
to compute an estimate of the standard deviation of ¢; and denote it by ;. Also, let
a(1) = (1-3"14)).

(i1) Test for a structural break in the unconditional mean of the AR(4) filtered series GY ¢
using the four structural break tests described above. That is, replace ); in (8) with GY t

run the dummy variable regression in (8), and compute the structural break statistics as
defined in (9) and (10).

(iii) Given these structural break test statistics, use the look-up values provided in Table 3 on
page 354 in Stock and Watson (1998) to find the corresponding A value by interpolation.
Once an estimate of A is available, compute 645 = T~ !A6./4(1), where 6; and 4(1) are
obtained from Step (7).

(iv) With oap held fixed at its median unbiased estimate obtained in Step (iii), estimate the
remaining parameters of the model in (5) using the Kalman Filter and MLE, namely,

MPLE, where the initial value is estimated as well.2*

Finally, using the estimates of the full set of parameters of the model in (5), apply the
Kalman Smoother to extract an estimate of annualized trend growth of U.S. real per
capita GDP.

4. Three stage estimation procedure of Holston et al. (2017)

Holston et al. (2017) employ MUE in two preliminary stages that are based on restricted ver-
sions of the full model in (1) to obtain estimates of the ‘signal-to-noise ratios’ A; = 0/ o,. and
A, = a,0;/ oy. These ratios are then held fixed in Stage 3 of their procedure, which produces
estimates of the remaining parameters of the model in (1). In order to conserve space in the
main text, I provide all algebraic details needed for the replication of the three individual
stages in the Appendix, which includes also some additional discussion as well as R-Code
extracts to show the exact computations. In the results that are reported in this section, I
have used their R-Code from the file HLW Code.zip made available on Willams” website at

the New York Fed to (numerically) accurately reproduce their results.”> The sample period

23This is the generalized least squares (GLS) step in the original TVP model description on page 350 in Stock
and Watson (1998).

24Note here that Stock and Watson (1998) fix the value of oz at T~1A6, /4(1), where the hats denote that these
are estimates from Steps (i) to (iii), and do not re-estimate o, or the AR(4) {a j}?:l parameters in the final
estimation of the full model in (5). That is, in the GAUSS files LNAIRC.PRC and LNAIR1.PRC, the SERW variable
in the g matrix is kept at the OLS based estimates, ie., not making the SERW variable a function of o, and {a ]-}‘}:1

(see line 19, with corresponding code: q[1,1]=serw"2). In Holston ef al. (2017), only A/T is held fixed in the
full Stage 3 model, with the other parameters that make up the long-run standard deviation re-estimated. One
could also implement this in Stock and Watson’s (1998) model, however, the goal here is purely to illustrate
the computations in an empirical application, as opposed to providing new or different estimates.

25Williams’ website at the Federal Reserve Bank of New York is at: https:/ /www.newyorkfed.org/research/
economists/williams/pub. Their code is available from the website: https://www.newyorkfed.org/media-
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https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
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https://www.newyorkfed.org/research/economists/williams/pub
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip

that I cover ends in 2017:Q1. The beginning of the sample is the same as in Holston et al.
(2017). That is, it starts in 1960:Q1, where the first 4 quarters are used for initialisation of the
state vector, while the estimation period starts in 1961:Q1.

Holston et al. (2017) adopt the general state-space model (SSM) notation of Hamilton

) , (11)

where I define €; = Sg;, so that Var(e;) = Var(Se;) = SWS' = Q to make it consistent with
the notation used in Holston ef al. (2017). The (observed) measurement vector is denoted

(1994) in their three stage procedure. The SSM is formulated as follows:?°

0

~ MNorm ( R0
0

0 W

y: = Ax + HE 4+ v
& =F&_ 1+ S¢;

Vi

7

, where [

&t

by y: in (11), x; is a vector of exogenous variables, A, H and F are conformable system
matrices, &; is the latent state vector, S is a selection matrix, and the notation MNorm (u, X)
denotes a multivariate normal random variable with mean vector u and covariance matrix
X. The disturbance terms v; and ¢; are serially uncorrelated, and the (individual) covariance
matrices R and W are assumed to be diagonal matrices, implying zero correlation between
the elements of the measurement and state vector disturbance terms. The measurement
vector y; in (11) is the same for all three stages and is defined as y; = [y:, 7]’, where y;
and 71; are the log of real GDP and annualized PCE inflation, respectively, as defined in
Section 2. The exact form of the remaining components of the SSM in (11) changes with the
estimation stage that is considered, and is described in detail either in the text below or in
the Appendix.

As I have emphasized in the description of MUE in Section 3, the simulation results
of Stock and Watson (1998) show that “pile-up” at zero frequencies for MLE are not only a
function of the size of the variance of AB; = (A/T)n; (or alternatively A), but also depend
critically on whether the initial condition of the state vector is estimated or not. Now Holston
et al. (2017) do not estimate the initial condition of the state vector in any of the three stages
that are implemented. Instead, they apply the HP filter to log GDP data with the smoothing
parameter set to 36000 to get a preliminary estimate of y; and trend growth g; (computed as
the first difference of the HP filter estimate of y;) using data from 1960:Q1 onwards. ‘Other

0.27

factor’ z; is initialized at This means that &y has known and fixed quantities in all three

library /media/research/economists /williams/data/HLW _Code.zip. The weblink to the file with their real
time estimates is: https:/ /www.newyorkfed.org/medialibrary /media/research/economists/williams/data/
Holston_Laubach_Williams real_time_estimates.xIsx. Note here that all my results exactly match their esti-
mates provided in the Holston_Laubach Williams_real_time_estimates.x1sx file in Sheet 2017Q1.

26The state-space form that they use is described on pages 9 to 11 of their online appendix that is included
with the R-Code HLW_Code.zip file from Williams” website at the New York Fed. Note that I use exactly the
same state-space notation to facilitate the comparison to Holston et al. (2017), with the only exception being
that I include one extra selection matrix term S in front of €; in (11) as is common in the literature to match the
dimension of the state vector to e; when there are identities due to lagged values. I also prefer not to transpose
the system matrices A and H in (11), as it is not necessary and does not improve the readability.

YSee the listing in R-Code 1 in the A.6 R-Code Snippets section of the Appendix, which shows
the first 122 lines of their R-file rstar.stage3.R. Line 30 shows the construction of the initial state
vector as & = (Y5, ¥ 1, Y 5 8-1,8-2,2-1,2-2) where subscripts [0,—1,—2] refer to the time pe-

15


https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLW_Code.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/Holston_Laubach_Williams_real_time_estimates.xlsx
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/Holston_Laubach_Williams_real_time_estimates.xlsx
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/Holston_Laubach_Williams_real_time_estimates.xlsx

stages. Given the simulation evidence provided in Table 1 on page 353 in Stock and Watson
(1998), one may thus expect a priori ‘pile-up” at zero frequencies of MLE (without estimation
of the initial conditions) to be only marginally higher than those of MUE, especially for
‘larger” values of A.

Also, Holston et al. (2017) determined the covariance matrix of the initial state vector in
an unorthodox way. Even though every element of the state vector &; in all three estima-
tion stages is an I(1) variable, they do not use a diffuse prior on the state vector. Instead,
the covariance matrix is determined with a call to the function calculate.covariance.R
(see the code snippet in R-Code 2 for details on this function, and also lines 66, 84, and 88,
respectively, in their R-files rstar.stagel.R, rstar.stage2.R, and rstar.stage3.R, with
line 88 in rstar.stage3.R also shown on the second page of the code snippet in R-Code 1).
To summarize what this function does, consider the Stage 1 model, which is estimated with
a call to rstar.stagel.R. The function calculate.covariance.R first sets the initial co-
variance matrix to 0.2 times a three dimensional identity matrix I3. Their procedure then
continues by using data from 1961:Q1 to the end of the sample to get an estimate of 05* from
the Stage 1 model. Lastly, the initial covariance matrix Py to be used in the ‘final” estimation
of the Stage 1 model is then computed as:

Poo = Fdiag([0.2, 0.2, 0.2))F +Q (12a)
10 0]fJo2 0o o] [too] [s2 00

=1 00/|0 02 0|1 00/ +]|]0 00 (12b)
01 0/[0 0 02]|010 0 00

[0.4711 0.2 0.0
=1 02 02 00|, (12¢)
00 0.0 02

with Q a (3 x 3) dimensional zero matrix with element (1,1) set to 5‘5* = 0.27113455739
from the initial run of the Stage 1 model. What this procedure effectively does is to set Py
to the first time period’s predicted state covariance matrix, given an initial state covariance
matrix of 0.2 x I3 and the estimate 65*, where 65* was obtained by MLE and the Kalman
Filter using 0.2 x I3 as the initial state covariance. This way of initialising Py is rather

circular, as it fundamentally presets Pgg at 0.2 x I;.28

When the state vector contains I(1) variables, it is not only standard practice to use a

riods 1960:Q4, 1960:Q3, and 1960:Q2, respectively. In terms of their R-Code, we have: xi.00 <-
c(100*g.pot [3:1],100*g.pot.diff[2:1],0,0), where g.pot is the HP filtered trend and g.pot.diff is its
first difference, ie., trend growth, with the two zeros at the end being the initialisation of z;. This yields the
following numerical values: [806.45, 805.29, 804.12, 1.1604, 1.1603, 0, 0]. The same strategy is also used in the
first two stages (see their R-files rstar.stagel.R and rstar.stage2.R).

281n footnote 6 on page S64 in Holston et al. (2017) (and also in the description of the calculate. covariance.R
file), they write: “We compute the covariance matrix of these states from the gradients of the likelihood function.” Given
the contents of the R-Code, it is unclear how and if this was implemented.
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diffuse prior, but it is highly recommended. For instance, Harvey (1989) writes to this on
the bottom of page 121: “When the transition equation is non-stationary, the unconditional dis-
tribution of the state vector is not defined. Unless genuine prior information is available, therefore,
the initial distribution of oy must be specified in terms of a diffuse or non-informative prior.” (em-
phasis added, «; is the state-vector in Harvey’s notation). It is not clear why Holston et al.
(2017) do not use a diffuse prior.”” However, one may conjecture that it could be due to their
preference for reporting Kalman Filtered (one-sided) rather than the more efficient Kalman
Smoothed (two-sided) estimates of the latent state vector & which includes trend growth g;

and ‘other factor’ z; needed to construct r}.>

As a final point in relation to the probability of ‘pile-up” at zero problems arising due to
small variances of the state innovations, and hence the rationale for employing MUE rather
than MLE in the first place, one can observe from the size of the oy and o estimates for the
U.S. reported in Table 1 on page S60 in Holston et al. (2017) that these are rather ‘large” at
0.122 and 0.150, respectively. The simulation results in Table 1 in Stock and Watson (1998)
show that ‘pile-up” at zero frequencies drop to 0.01 for both, MMLE and MUE, when the true
population value of A is 30 (cag = 0.06). Given the fact that Holston et al. (2017) do not
estimate the initial value of the state vector, and that their median unbiased estimates are
about two times larger than 0.06, it seems highly implausible that ‘pile-up” at zero problems
should materialize with a higher frequency for MLE than for MUE.

4.1. Stage 1 model

Holston et al.’s (2017) first stage model takes the following restricted form of the full model

presented in equation (1):3!
Y=Y TG (13a)
= bam_1 4+ (1 —bx) M4+ by¥r_1 + & (13b)

2In an earlier paper using a similar model for the NAIRU, Laubach (2001) discusses the use of diffuse priors.
Laubach (2001) writes on page 222: “The most commonly used approach in the presence of a nonstationary state is
to integrate the initial value out of the likelihood by specifying an (approximately) diffuse prior.” He then proceeds
to describe an alternative procedure that can be implemented by using: “a few initial observations to estimate
the initial state by GLS, and use the covariance matrix of the estimator as initial value for the conditional covariance
matrix of the state.” The discussion is then closed with the statement: “This is the first approach considered here.
Because this estimate of the initial state and its covariance matrix are functions of the model parameters, under certain
parameter choices the covariance matrix may be ill conditioned. The routines then choose the diffuse prior described above
as default.” Thus even here, the diffuse prior is the “safe” default option. Note that their current procedure does
not use: “a few initial observations to estimate the initial state”, but the same sample of data that are used in the
final model, ie., with data beginning in 1961:Q1.

30Note that Filtered estimates of g, z; and thus also r; are very volatile at the beginning of the sample period
(until about 1970) when Py is initialized with a diffuse prior.

31See Section A.1 in the Appendix for the exact matrix expressions and expansions of the first stage SSM. Note
that one key difference of Holston et al.’s (2017) SSM specification described in equations (A.3) and (A.4) in
the Appendix is that the expansion of the system matrices for the Stage 1 model does not include the drift
term g in the trend specification in (13d), so that y; follows a random walk without drift. Evidently, such a
specification cannot match the upward trend in the GDP data. To resolve this mismatch, Holston ef al. (2017)
‘detrend” output y; in the estimation (see Section A.1 in the Appendix which describes how this is done and
also shows snippets of their R-Code).
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Jt = ay i1+ ay2Je—o + & (13¢)

vi=g+yia+é, (13d)
where the vector of Stage 1 parameters to be estimated is:
61 - [ay,ll ay,ZI b?‘(/ by/ g/ 0—37/ O, O—y*]l' (14)

To be able to distinguish the disturbance terms of the full model in (1) from the ones in the
restricted Stage 1 model in (13) above, I have placed a ring (°) symbol on the error terms in
(13c) and (13d). These two disturbance terms from the restricted model are defined as:

& =g1—g+ef (15)

and
ar

& = Flre1 =481 —zi-1) + (112 — 482 —z1-2)] + e (16)

From (15) and (16) it is clear that, due to the restrictions in the Stage 1 model, the error terms
s"f and 5"?* in (13) will not be uncorrelated anymore, since Cov(éf ety*) = —%405 given
the assumptions of the full model in (1). The separation of trend and cycle shocks in this
formulation of the Stage 1 model is thus more intricate, as both shocks will respond to one

common factor; the missing g;—1.

In the implementation of the Stage 1 model, Holston et al. (2017) make two important
modelling choices that have a substantial impact on the 6; parameter estimates, and thus
also the estimate of the ‘signal-to-noise ratio’” A, used in the later stages. The first is the tight
specification of the prior variance of the initial state vector Py discussed in the introduction
of this section. The second is a lower bound restriction on b, in the inflation equation in
(13b) (by > 0.025 in the estimation). The effect of these two choices on the estimates of the
Stage 1 model parameters are shown in Table 4 below. The left block of the estimates in
Table 4 (under the heading “HLW Prior’) reports four sets of results where the state vector
was initialized using their values for £yg and Pgg. The first column of this block (HLW.R-File)
reports estimates from running Holston et al.’s (2017) R-Code for the first stage model. These
are reported as reference values. The second column (b, > 0.025) shows my replication of
Holston et al.’s (2017) results using the same initial values for parameter vector 61 in the
optimisation routine and also the same lower bound constraint on b,. The third column
(Alt.Init.Vals) displays the results I obtain when a different initial value for b, is used, with
the lower bound restriction b, > 0.025 still in place. The fourth column (b, Free) reports
results when the lower bound constraint on by is removed.’> The right block in Table 4

32 To find the initial values for 81, Holston et al. (2017) apply the HP filter to GDP to obtain an initial estimate
of the cycle and trend components of GDP. These estimates are then used to find initial values for (some of)
the components of parameter vector 81 by running OLS regressions of the HP cycle estimate on two of its own
lags (an AR(2) essentially), and by running regressions of inflation on its own lags and one lag of the HP cycle.
Interestingly, although readily available, rather than taking the coefficient on the lagged value of the HP cycle
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shows parameter estimates when a diffuse prior for &; is used, where Py is set to 10° times
a three dimensional identity matrix, with the left and right columns showing, respectively,
the estimates with and without the lower bound restriction on b, imposed.

Notice initially from the first two columns in the left block of Table 4 that their numerical
results are accurately replicated up to 6 decimal points. From these results we also see
that the lower bound restriction on b, is binding. Holston et al. (2017) set the initial value
for by at 0.025, and there is no movement away from this value in the numerical routine.
Specifying an alternative initial value for b,, which is determined in the same way as for
the remaining parameters in 61, leads to markedly different estimates, while removing the
lower bound restriction on by, all together results in the ML estimate of b, to converge to
zero. Evidently, these three scenarios yield also noticeably different values for 6, that is,
values between 0.4190 and 0.6177. The diffuse prior based results (with and without the
lower bound restriction) in the right block of Table 4 show somewhat less variability in &+,
but affect the persistence of the cycle variable #; in the model, with the smallest AR(2) lag
polynomial root being 1.1190 when b, > 0.025 is imposed, while it is only 1.0251 and thus
closer to the unit circle when by, is left unrestricted.

There is only little variation in the likelihoods of the different estimates that are reported
in the respective left and right blocks of Table 4. For instance, the largest difference in log-
likelihoods is obtained from the diffuse prior results shown in the right block of Table 4. If
we treat the lower bound as a restriction, a Likelihood Ratio (LR) test of the null hypothesis
of the difference in these likelihoods being zero yields —2(—536.9803 — (—535.9596)) =
2.0414, which, with one degree of freedom has a p—value of 0.1531 and cannot be rejected
at conventional significance levels. Hence, there is only limited information in the data to
compute a precise estimate of b,. This empirical fact is known in the literature as a ‘flat

Phillips curve’.3®

Given the Stage 1 estimate 8;, Holston et al. (2017) use the following steps to implement
median unbiased estimation of their ‘signal-to-noise ratio’ Aq = 0g /0.

(a) Use the Stage 1 model to extract an estimate of y; from the Kalman Smoother and con-
struct annualised trend growth as Ayfw = 400(9;*” — ]2;‘_1|T), where yf‘T here denotes

the Kalman Smoothed estimate of y}.3

(b) Apply the three structural break tests described in (9) to the A}?;‘]T series. Specifically,
replace Y; in (8) with the constructed A]}fw series, run the dummy variable regression

in the initialization of by, which yields a value of 0.0921, Holston et al. (2017) use the lower bound value of
0.025 for by as the initial value. In the optimisation, this has the effect that the estimate for by is effectively
stuck at 0.025, although it is not the global optimum in the restricted model, which is at b, = 0.097185 (see
also the values of the log-likelihood function reported in the last row of Table 4).

33That the output gap is nearly uninformative for inflation (forecasting) once structural break information is
conditioned upon — regardless of what measure of the output gap is used or whether it is combined as an
ensemble from multiple measures — is shown in Buncic and Miiller (2017) for the U.S. and for Switzerland.

3 Note that, although the series is annualised (scaled by 400), this does not have an impact on the magnitude
of the structural break tests. The numerical values that one obtains for A; are identical if scaled by 100 instead.
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in (8), and compute the structural break statistics as defined in (9) and (10). Note that
Holston et al. (2017) specify the endpoint values of the search-grid over 7 at 19 = 4 and
7 =T-4%

(c) Given the structural break test statistics computed in Step (b), find the corresponding A
values in the look-up table of Stock and Watson (1998). Return the ratio A/T = o, /0y
which Holston et al. (2017) denoted by A, where their preferred estimate of A is based
on the EW statistic of Andrews and Ploberger (1994).

Table 5 shows the range of A, estimates computed from the five sets of 61 values reported
in Table 4, using all four structural break tests of Stock and Watson (1998). Table 5 is arranged
in the same format as Table 4, again showing Holston et al.’s (2017) estimates of A¢ obtained
from running their R-Code in the first column of the left block for reference. As can be seen
from Table 5, the range of A, values one obtains from Holston et al.’s (2017) MUE procedure
is between 0 to 0.08945 (if only the three structural break tests implemented by Holston
et al. (2017) are considered, and up to 0.09419 if the L statistic is computed as well. Note
that this range is not due to statistical uncertainty, but simply due to the choice of structural
break test, which prior for Pyg is used, and whether the lower bound constraint on by, is
imposed. Since these estimates determine the relative variation in trend growth through
the magnitude of o+, they have a direct impact not only on the variation in the permanent
component of GDP, but also on the natural rate of interest through the ratio A, = o, /0y
utilized in the later stages of the three step procedure of Holston et al. (2017).

4.1.1. Holston et al.’s (2017) rational for MUE in Stage 1

Comparing the MUE procedure that Holston ef al. (2017) implement to the one by Stock and
Watson (1998), it is evident that they are fundamentally different. Instead of rewriting the
true model of interest in local level form to make it compatible with Stock and Watson’s
(1998) look-up tables, Holston et al. (2017) instead formulate a restricted Stage 1 model that
not only sets a, in the output gap equation to zero, but also makes the awkward assumption
that trend growth is constant when computing the ‘preliminary’ estimate of y;.

The rationale behind Holston et al.’s (2017) implementation of MUE is as follows. Sup-
pose we observe trend ;. Then, a local level model for Ay} can be formulated as:

Ayi =g+ (17a)
Agt = €5, (17b)

where Ay}, g+ and e-;./ ' are the analogues to GY;, 3 and u;, respectively, in Stock and Wat-

%This effectively tests for a structural break in nearly every time period in the sample. Interestingly, adjusting
the 7 grid to cover the 15" upper/lower percentiles of T as in Stock and Watson (1998) leads to no important
differences in the structural break test statistics, or the size of the A estimates that one obtains in Stage 1.
Nevertheless, it should be kept in mind that it is not clear what critical values the structural break test statistics
should be compared to and also what A values for MUE are the appropriate ones to use with such endpoint
values. Also, Holston et al. (2017) do not compute Nyblom’'s (1989) L statistic.
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son’s (1998) MUE in (5), with ef* in (17a), nonetheless, assumed to be i.i.d. rather than an
autocorrelated AR(4) process as u; in (5a). Under Stock and Watson's (1998) assumptions,
MUE of the local level model in (17) yields A, = A/T defined as:

where & (-) denotes again the long-run standard deviation, and the last equality in (18) fol-
lows due to ¢/ and &} assumed to be uncorrelated white noise processes.

Since Ay; is not observed, Holston et al. (2017) replace it with the Kalman Smoother based
estimate Ayf;le obtained from the restricted Stage 1 model in (13). To illustrate what impact
this has on their MUE procedure, let a,(L) = (1 —a,1L —a,,L?) and a,(L) = % (L + L?)

denote two lag polynomials that capture the dynamics in the output gap #; and the real rate

cycle # = (ry —rf) = (ry — 48+ — z¢), respectively. Also, define (L) = a,(L) 'a,(L) and

Y(1) =a,/(1 —ay,1 —ayp). The output gap equation of the true (full) model in (1) can then
be written compactly as:

ay(L)Gr = a, (L)% + ¢, (19)
or in differenced form and solved for Af; as:
A = a,(L)"! [a,(L)A?t + Agf] . (20)
Observed output, and trend and cycle are related by the identity

Yyt =y +
C Ay = Ay + Ay (21)

This relation, together with (17a) and (20), can be written as:

Ay — Ay = Ay;

Ay — ay(L)™! [ar(L)Aft n Aeﬂ —gtel . 22)
N — L, N——
Ayt Ay;k

Because the data Ay; are fixed, any restriction imposed on the Ajj; process translates
directly into a misspecification of the right hand side of (22); the Ay} term. In the Stage 1

model, a, is restricted to zero. For the relation in (22) to balance, Ay} effectively becomes:°

Ay; =g+ V" (23a)

%Note that we need to formulate a local level model for trend growth as in (17) to be able to apply the MUE
framework of Stock and Watson (1998). To arrive at (23a), add [a, (L) ~1a,(L)AF] to both sides of (22). The ring

(°) symbol on ¥/" highlights again that it is obtained from the restricted model.
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Agr =€, (23b)

where
V" =¢] +P(L)AF. (24)

Holston et al.’s (2017) implementation of MUE relies on the (constructed) local level model
relations from the restricted Stage 1 model in (23) and requires us to evaluate the ratio of the
long-run standard deviations of ¢f and ¥} :

(25)

Evidently, ef in (23b) has not changed, so the numerator of the ‘signal-to-noise ratio” in (25)
is still 5(&f) = og , due to ¢ being an i.i.d. process. However, the term v/" in (23a) is not
uncorrelated white noise anymore. Moreover, the long-run standard deviation 5 (V") in the
denominator of (25) now also depends on the (long-run) standard deviation of (L) A7, and
will be equal to o+ if and only if a4, = 0 in the empirical data.>’

To see what the long-run standard deviation of V" looks like, assume for simplicity that
S]t/ and Af; are uncorrelated, so that the long-run standard deviation calculation of w?ty * can
be broken up into a part involving ¢/ and another part involving (L) A7;, where the latter
decomposes as:

Y(L)AF = P(L)[Ary — 4AQ: — Azy]
= P(L)[Ar — 4§ — €.

Assuming that the shocks {¢5, e} are uncorrelated with the (change in the) real rate Ar;, the
long-run standard deviation of 1(L)A7; can be evaluated as:

o (P(L)AR) = & (W(L)Ary) + 0 (W(L)4ef) + 0 ((L)eF)
o (Y(L)Ars) + (1) [4og + 0z, (26)

since €; and &7 are uncorrelated in the model. Because the nominal rate i; is exogenous, it
will not be possible to say more about the first term on the right hand side of (26) unless
we assume some time series process for Ar;. Suppose that r; follows a random walk, so that
Ary = ¢}, with Var(¢}) = o7. Then o (Y(L)AF) = ar/(1 — ay1 — ay) [0y + 40g + 03], and
we obtain 5 (V]") = oy +a,/(1 —ay1 —ayp) [0y + 40¢ + 0z]. The MUE ratio in (25) based

371f monetary policy is believed to be effective in cyclical aggregate demand management, then a, cannot be
0 and one would not have formulated the main model of interest assuming that a, is different from zero (viz,
negative). Also, this restriction cannot be enforced in the data.
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on the restricted Stage 1 model yields:

o(ef) _ Og g
(‘I(f/ty*) oy + ar/(1— ay1 — ay,z) [O‘r +4og + O‘Z} oy

(27)

Thus, Holston et al.’s (2017) implementation of MUE in Stage 1 cannot recover the signal-to-
noise ratio” of interest % from A,.
y

Note here that the autocorrelation patternin v/ is also reflected in the Aﬁj‘T series which

is used as the observable counterpart to Ay; in (23a). That s, Aﬁ:“T has a significant and size-
able AR(1) coefficient of —0.2320 (standard error ~ 0.0649). Inline with Step (i) of Stock and
Watson’s (1998) implementation of MUE (the GLS step), one would thus need to AR(1) filter
the constructed Aﬁ;’]T series used in the local level model before implementing the structural
break tests. Accounting for this autocorrelation patter in Aj}f” leads to very different Ay
point estimates (see Table 6, which is arranged in the same way as the top half of Table 2,
with the last column showing A = A/T rather than o, to be able to compare these to column
one of Table 5).

4.1.2. Rewriting the Stage 1 model in local level model form

One nuisance with the Stage 1 model formulation of Holston et al. (2017) in (13) is that trend
growth is initially assumed to be constant to compute a first estimate of y;. This estimate is
then used to construct the empirical counterpart of Ay; to which MUE is applied.

A more coherent way to implement MUE in the context of the Stage 1 model is to rewrite
the local linear trend model in local level form. To see how this could be done, we can
simplify the Stage 1 model by excluding the inflation equation (13b) and replacing the con-
stant trend growth equation in (13d) with the original trend and trend growth equations in
(1d) and (1e). Since the specification of the full model in (1) assumes that the error terms
ef, V¢ = {m, j,y%g, z} are i.i.d. Normal and mutually uncorrelated, and Ey ~ 0 in the unre-
stricted Stage 1 model (see the results under the heading ‘b, Free” in Table 4), this simplifi-
cation is unlikely to induce any additional misspecification into the model.

The modified Stage 1 model we can work with thus takes the following form:

ye=yi + i (28a)
ay(L)j: = & (28b)
vi=yiitga+el (28¢)
gt =8i-1+¢, (28d)

where & = a,(L)# + 5? again due to the restriction of the output gap equation of the full

model in (1).3® The local linear trend model in (28) can now be rewritten in local level model

3B1f the disturbance term éty is i.i.d., then the model in (28) can be recognized as Clark’s (1987) Unobserved
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form by differencing (28a) and (28b), and bringing y;_; to the left side of (28¢) to yield:

Ay = Ay; + A (30a)

ay(L)AG = A& (30b)

Ayi=gi1+¢ (30c)
8t = gr-1+¢.

Substituting (30b) and (30c) into (30a) gives the local level model:

Ay = g1+ uy (31)
Agt = e‘f, (32)

where 1; is defined as:

ur = ety* - ay(L)_lAéf
ay(L)uy = ay(L)ety* +A§ty
—_—— =
AR(2) MA(2)
ay(L)us = b(L)e;, (33)

with b(L)e; = ay(L)st + Aet on the right hand side of (33) denoting a general MA process
The uy term in (33) thus follows a higher order ARMA model. If a, = 0, then &/ = et in (29)
and A&/ = Ast , which is an integrated MA(1) process, so that the right hand side would be
the sum of an MA(2) and an MA(1), yielding an overall MA(2) for b(L)e;. With a, (L) being
an AR(2) lag polynomial for the cycle component, we would then get an ARMA (2,2) for u;
in (33). If a, # 0, then Aé’ follows a higher order ARMA process. In the empirical imple-
mentation of MUE, I follow Stock and Watson (1998), and use an AR(4) as an approximating

model for 1;.%°

Component (UC) model. However, Ety is not i i d. and instead follows a general ARMA process with non-zero
autocovariances, which are functions of O'q 2 the autocovariances of inflation 71, as well as the exogenously
specified interest rate i;. To see this, recall from Section 2 that the real mterest rate gap 7 is defied as 7; =
iy — 8(L) 7 — 48+ — z¢], where expected inflation 7if = §(L)7 and 6(L) = § (1+ L + L% + L?), so that we can

re-express &/ as:

&) = a,(L) [is — 6(L) i — 4gs — z1] + €. (29)

The product of the two lag polynomials a,(L)5(L) in (29) yields a 5 order lag polynomial for inflation. If i
and m; were uncorrelated white noise processes (which they are clearly not), then we would obtain an MA(5)
process for & when a, is non-zero. Since 7 is modelled as an integrated AR(4), the implied process for &/
is a higher order ARMA process, the exact order of which depends on the assumptions one places on the
exogenously specified interest rate i;. To determine this process exactly is of no material interest here. However,
the important point to take away from this is that &/ is autocorrelated and follows a higher order ARMA

process. Moreover, if it, 71, gt and z; do not co-integrate, then Ety will be an I(1) process.

3 They also considered an ARMA(2, 3) model (see page 355 in their paper). It is well known that higher order
ARMA models can be difficult to estimate numerically due to potential root cancellations in the AR and MA
lag polynomials. Inspection of the autocorrelation and partial autocorrelation functions of Ay; indicate that
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The relations in (31) to (33) are now in local level model form to which MUE can be
applied to as outlined in equations (5) to (7) in Section 3.1.*° To examine if we can recover

the ‘signal-to-noise ratio” of interest o /0« from this MUE procedure, we need to evaluate

(34)

In the numerator of (34), the term &(¢$ ) = o, as before. Nevertheless, the denominator term
o(u) = 6(ef +ay(L)"1A&)) # oy With & = a,(L)% + ¢/, we have:

o(ur) = o(el +ay (L) A8
— (el +P(L)AF +ay(L) ' Ad)), (35)

where the middle part in (35) (ie., P(L)A7;) will again be as before in (26) and therefore
depend on Ar,, ef and ¢7. Notice here also that even if we knew a, = 0, so that the middle
partin (35) is 0, there is no mechanism to enforce a zero correlation between ety "and etg in the
data, because u; appears in reduced form in the local level model. We would thus need the
empirical correlation between ety* and ety to be zero for the long-run standard deviation & (u)
to equal oy even when the true a, = 0. Estimates from the existing business cycle literature
suggest that trend and cycle shocks are negatively correlated (see for instance Table 3 in
Morley et al. (2003), who estimate this correlation to be —0.9062, or Table 1 in the more
recent study by Grant and Chan (2017) whose estimate is —0.87). I obtain an estimate of
—0.9426 (see Table 8 below).

For completeness, parameter estimates of MUE applied to the local level transformed
Stage 1 model defined in (28) are reported in Table 7. This table is arranged in the same way
as Table 2, with all computations performed in exactly the same way as before. The MUE
results in the last two columns of the bottom part of the table are based on the exponential
Wald (EW) structural break test as used in Holston et al. (2017). Overall, these estimates are
very similar to Stock and Watson’s (1998) estimates, despite different time periods and GDP
data being used. The A (and also oy) estimates are not statistically different from 0, and the
MMLE 6, of 0.1062 is rather sizeable and quite close to the one implied by MUE.

4.1.3. Estimating the local linear trend version of the Stage 1 model

So far, ‘pile-up” at zero problems were examined in the local level model form which is com-
patible with MUE. As a last exercise, I estimate the modified Stage 1 model in (28) in local
linear trend model form. Two different specifications of the model are estimated. The first
assumes all error terms to be uncorrelated. This version is referred to as Clark’s (1987) UCO

an AR(4) model is more than adequate to capture the time series dynamics of Ay;. I have also estimated
an ARMA (2,2) model for Ay;, with the overall qualitative conclusions being the same and the quantitative
results very similar.

40T am grateful to Jim Stock for his email correspondence on this point.
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. 3
model. The second allows for a non-zero correlation between ei/ and §i/. This version is

labelled Clark’s (1987) UC model. The aim here is to not only examine empirically how
valid the zero correlation assumption is and to quantify its magnitude, but also to investi-
gate whether ‘pile-up” at zero problems materialize more generally in UC models. In Table 8,
the parameter estimates of the two UC models are reported, together with standard errors
of the parameter estimates (these are listed under the columns with the heading Std.error).

As can be seen from the estimates in Table 8, there exists no evidence of “pile-up” at zero
problems with MLE in either of these two UC models.*! The estimates of g, from the two
UC models are 0.0463 and 0.0322, respectively, and are based on quarterly data. Expressed
at an annualized rate, they amount to approximately 0.1852 and 0.1288, and hence are
similar in magnitude to the corresponding MUE based estimates obtained from the trans-
formed model in Table 7. Notice also that the correlation between Etg and ei/* (denoted by
Corr(éf, ei/*) in Table 8) is estimated to be —0.9426 (t—statistic is approximately —10). The
magnitude of the 6+ and 65 coefficients nearly doubles when an allowance for a non-zero
correlation between Etg and 5ty* is made.*?

Figure 4 shows plots of the various trend growth estimates from the modified Stage 1
models reported in Table 7 and Table 8. The plots are presented in the same way as in
Figure 3 earlier, with the (annualized) trend growth estimates from the two UC models
superimposed. Analogous to the results in Stock and Watson (1998), the variation in the
MUE based estimates is once again large. Trend growth can be a flat line when the lower 90%
CI of MUE is considered or rather variable when the upper CI bound is used. Interestingly,
the MMLE, Clark UC model (with non-zero Corr(étg L&l *)) and MUE(Agy) trend growth
estimates are very similar visually. More importantly, the effect of restricting Corr(étg el *) to
zero on the trend growth estimate can be directly seen in Figure 4. The UC0O model produces
a noticeably more variable trend growth estimate than the UC model.

Two conclusions can be drawn from this section. Firstly, Holston et al.’s (2017) imple-
mentation of MUE in Stage 1 and the resulting A, estimate cannot recover the ‘signal-to-noise
ratio” of interest 0y /07+. Secondly, there is no evidence of ‘pile-up” at zero problems mate-
rializing when estimating o, directly by MLE. Therefore, replacing o, in Q by ﬁgay* in the
Stage 2 and Stage 3 model’s log-likelihood functions (see (A.17) and (A.31)) where JA\g was
obtained from MUE applied to the Stage 1 model is not only unsound, but empirically en-
tirely unnecessary.

417 use a diffuse prior on the initial state vector in the estimation of both UC models, and do not estimate the
initial value. This is analogous to MMLE in Stock and Watson (1998). Input data are 100 x the log of real GDP.
42 As is common with UC models, the improvement in the log-likelihood due to the addition of the extra
correlation parameter is rather small. Although it is important to empirically capture the correlation between

&/ and ¢/ " as it affects the trend growth estimate (see Figure 4), the overall level of information contained in the
data appears to be limited and therefore makes it difficult to decisively distinguish one model over the other
statistically. Also, one other aspect of the empirical GDP data that both models fail to capture is the global
financial crisis. The level of GDP dropped substantially and in an unprecedented manner. Simply ‘smoothing’
the data to extract a trend as the UC models implicity do may thus not adequately capture this drop in the
level of the series.

26



4.2. Stage 2 Model

The second stage model of Holston et al. (2017) consists of the following system of equations,
which are again a restricted version of the full model in (1):

ye=y; + i (36a)

M = bam_1 4+ (1= br) m_p 4+ byfr_1 +€f (36b)
ay(L)§r = ap + F(re—1 +re—2) + agge—1 + é‘f (36¢)
Vi= it g+ & (36d)
Q-1=8-2+¢ . (36€)

Given the estimate of A, from Stage 1, the vector of Stage 2 parameters to be estimated by
MLE is:*

/
92 = [ay,ll ay,ZI Ay, A, (Zg, bﬂ/ by/ O—yl O, O—y*] . (37)

As in the first stage model in (13), I again use the ring symbol (°) on the disturbance terms
in (36c) and (36d) to distinguish them from the i.i.d. error terms of the full model in (1).

Examining the formulation of the Stage 2 model in (36) and comparing it to the full model
in (1), it is evident that Holston et al. (2017) make two ‘misspecification” choices that are im-
portant to highlight. First, they include g;_» instead of g;_; in the trend equation in (36d),
so that the &/ " error term is in fact:4
£§71 from (36e)
§ =l +81 -8

*

=& +e . (38)
As a result of this, é]t/* in (38) follows an MA(1) process, instead of white noise as ei/* in
(1d). Moreover, due to the eét’:l term in (38), the covariance between the two error terms
in (36d) and (36e) is no longer zero, but rather Ug. Thus, treating W in (11) as a diagonal

variance-covariance matrix in the estimation of the second stage model is incorrect.

Second, Holston et al. (2017) do not only add an intercept term ag to the output gap

equation in (36¢), but they also account for only one lag in trend growth g;, and further fail

to impose the a; = —4a, restriction in the estimation of a,. Due to this, the error term e‘ff in

#3Gee Section A.2 in the Appendix for the exact matrix expressions and expansions of the SSM of Stage 2. In
the Q matrix, oy is replaced by )A\gay*, where )A\g is the estimate from the first stage model (see (A.17)). The
state vector &; is initialized using the same procedure as outlined in (12a) and Footnote 27, with the numerical
values of &y and Py given in (A.22) and (A.23).

#“Holston et al. (2017) only report the Q matrix in their documentation, which is a diagonal matrix and takes
the form given in (A.17). In Section A.2 of the Appendix, I show how this matrix is obtained. In Section
A.2.1, the correct Stage 2 model state-space form is provided, applying the same ‘trick” as used in the Stage 3
state-space model specification. The two Q matrices are listed in (A.17) and (A.25).
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(36¢) can now be seen to consist of the following two components:

missing true model part added Stage 2 part
- - N e A
& = —ar(L)4gt — a(L)zt + ¢/ — (a0 + aggi—1)
= —a,(L)z; + €] — [ag + agge—1 + a,(L)4g:], (39)
desirehr terms unnecesgarry terms

where the ‘desired terms” on the right-hand side of (39) are needed for Holston et al.’s (2017)
implementation of MUE in the second stage, whose logic I will explain momentarily, while
the ‘unnecessary terms’ are purely due to the ad hoc addition of an intercept term, changing
lag structure on g; and failure to impose the a, = —4a, restriction.

To be consistent with the full model specification in (1), the relations in (36c) and (36d)
should have been formulated as:

ay(L)gt = a,(L)[rs — 4gi) + & (40a)
Vi =i g el (40D)

so that only the two missing lags of z; from (40a) appear in the error term éf, specifically:
53[7 = —ar(L)zt—{—etg. 41)

Such a specification could have been easily obtained from the full Stage 3 state-space model
form (see Section A.3 in the Appendix) by simply removing the last two row entries of the
state vector &; in (A.28), and adjusting the H, F, and S matrices in the state and measurement
equations to be conformable with this state vector. This is illustrated in Section A.2.1 in the
Appendix. The ‘“correctly specified” Stage 2 model should have been formulated as:

ye =Yyi + (42a)

= brm_1 4+ (1 —br) M4+ byli_1 + &ff (42b)

ay (L) = ar(L)[re — 4gi] + & (42¢)
V=Ygt gt (42d)

gt-1 =82+ Stg_1~ (42e)

To see why this matters, let us examine how one would implement MUE in the Stage 2
model, following again Holston et al.’s (2017) logic as applied in Stage 1. That is, one would
tirst need to define a local level model involving z; to be in the same format as in (5). If we
assume for the moment that the true state variables j; and g;, as well as parameters Ay, Ay
and a, are known, and we ignore the econometric issues that arise when these are replaced
by estimates, then the following local level model from the ‘correctly specified” Stage 2 model
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in (42c) can be formed:

analogue to GY; in (5a) analogue to 3; in (5a)
7 ~ 7\ ~\ f—/h g
ay(L)§r — ar(L)[ry — 48] = —a,(L)z; +¢f (43a)
—_——
&/ in (41)
—a,(L)Az; = —a,(L)e;, (43Db)
—_———— ——
analogue to analogue to

ABrin(5b)  (A/T)n: in (5b)

where ay (L)% — a,(L)[rt — 4g:] and —a,(L)z; in (43a) are the analogues to GY; and f3; in
(5a), etg corresponds to u; (but is i.i.d. from the full model assumptions in (1) rather than
an autocorrelated time series process as u; in (5a)), and —a,(L)Az; and —a,(L)¢; are the
counterparts to AB; and (A/T)n; in the state equation in (5b).

The equations in (43) are now in local level model form suitable for MUE. The Stage
2 MUE procedure implemented on this constructed GY; = a,(L)#; — a,(L)[r; — 48] series
produces the A, = A/T ratio corresponding to (7), that is:*°
A o(ABy)  o(—a(L)Azy)  a(l)o, a0,

2 LT = = . 44
T 5—( y) O‘g O‘g 0‘37 ( )

The last two steps in (44) follow due to a,(1) = % (1 + 1?) = 4, and (‘f(ef) = oy, with &(+)
denoting again the long-run standard deviation. The final term in (44) gives Holston et al.’s
(2017) ratio A; = a,0;/ 09.46 This is the logic behind Holston et al.’s (2017) implementation
of MUE in Stage 2.

However, because Holston et al. (2017) define the Stage 2 model in “misspecified” form in
(36), Ety is no longer simply equal to —a,(L)z; + etg as needed for the right-hand side of (43a),
but now also includes the ‘unnecessary terms’ [ag + aggi—1 + a,(L)4g:| (see the decomposi-
tion in (39)). What effect this has on the Stage 2 MUE procedure can be seen by first rewriting

AgQt 1 AS:

_

ag8t—1 = 7g(gt 1+8-1)
= 5 (gr—1+ Q- 2+£t 1)

(S
gt—1 from (36e)

= ag( )gt+ £t 1’ (45)

2

where ag(L) = % (L + L?). The additional ‘unnecessary terms’ on the right-hand side of (39)

45To make this clear, MUE returns an estimate of A by using the look-up table on page 354 in Stock and Watson
(1998) to find the closest matching value of one of the four structural break test statistics defined in (9) and (10)
which test for a structural break in the unconditional mean of the constructed GY; series by running a dummy
variable regression of the form defined in (8).

4In Laubach and Williams (2003), A; is curiously defined as the ratio a,0./(07v/2) (see page 1064, second

paragraph on the right). It is not clear where the extra v/2 term comes from.

29



become:
ag8t-1 from (45)

— a0+ aggi1 +ar(L)4gi] = —[ag +ag(L)gr + F¢f 4 | +ar(L)ag]
A0 (1 + ge—) + Feb ). (46)

= [g—|—

In Holston et al.’s (2017) Stage 2 model in (36), the constructed local level model takes
then the form:

misspecified analogue to GY; in (43a) analogue to f3;
le N % N —N— R g
ay(L)#t —ao —a,(L)rt —aggi—1 = —a,(L)z: +V; (47a)
—a;(L)Azy = —a,(L)éj, (47Db)
—_—
analogue analogue
to Af; to (A/T)n

where 1"/? in (47a) is the misspecified analogue to 5‘;7 in (43a) and is defined as:

(ang ar)

1"/;] = gtg — lag+ (94—1+8t-2) + I e‘f_l]. 48)
As can be seen, the error term 1"/%7 in (48) will not be white noise. Moreover, forming the MUE
A/T ratio from the model in (47) in the same way as in (44) leads to:

A o(—a(L)Az)  a,()oy  ayoy

A . = i\ _ 80z 49
TT el et o) »

and now requires the evaluation of the long-run standard deviation of 1"/? in the denomi-
nator. This quantity will not be equal to oy; as from the “correctly” specified Stage 2 model
defined in (42) Note here that even if (ag +4a,) = 0 in the data, the long-run standard
deviation of v} will also depend on % - 0g because of the extra 5 £ el .4 termin vty , so that:

A a,0y

Az - T - (Ug T ago_g/z). (50)

Thus, MUE applied to Holston et al.’s (2017) ‘misspecified” Stage 2 model defined in (36) can-
not recover the ratio of interest A, = 4,0,/ oy as claimed. For the reader’s convenience, the

correctly and misspecified Stage 2 model equations are listed side by side in (51) below:

Correctly specified HLW misspecified
Ye =Y + G Y=Y + G (51a)
br(L)m = byFr—1 +ef ba(L)m = byfi—1 + & (51b)
ay (L) = a (L) [ri — 4gi] + & ay(L)gs = ag+a, (L)1 + a8 1 +&,  (510)
vi= Vi +ga el Vi =yt gt (51d)
-1 =82+ Ef_l 8t—-1=8t-—2+ 5‘5_1- (51e)
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Parameter estimates corresponding to the various Stage 2 models are report in Table 9.
The first and second columns show replicated results which are based on Holston et al.’s
(2017) R-Code as well as my own implementation and serve as reference values. In the third
column under the heading ‘MLE(0y)’, 0¢ is estimated directly by MLE together with the
other parameters of the model without using )A\g from Stage 1.*” The last column under the
heading ‘MLE (o). M’ reports estimates obtained from the ‘correctly specified’ Stage 2 model
defined in (42), where 0y is once again estimated directly by MLE.

The results in Table 9 can be summarized as follows. First, there exists no evidence of
‘pile-up” problems when estimating o, directly by MLE; not in the ‘misspecified’ Stage 2 model,
nor in the ‘correctly specified” one. This finding is consistent with the earlier results from the
first stage. In fact, the Stage 2 MLE of oy is nearly 50% larger than the estimate implied by
)A\g from MUE in Stage 1. The Stage 1 model is redundant. Second, the point estimate of 4, is
about eight times the magnitude of —a,, so that (ag +4a,) ~ 0.3132 # 0. And third, despite
the different Stage 2 model specifications, the resulting parameter estimates as well as the
log-likelihood values across the three different models in columns two to four of Table 9
are rather similar. This suggests that, overall, the data are uninformative about the model

parameters.*®

Note here that, although the parameter estimates from the various Stage 2 models are
similar, it is the estimate of A, from Holston et al.’s (2017) implementation of MUE on the
‘misspecified” Stage 2 model that are spuriously large and very different to the ones obtained
from the “correctly specified” Stage 2 model. This is what is shown in the next section.

4.2.1. Holston et al.’s (2017) implementation of MUE in Stage 2

Conceptually, MUE in Stage 2 needs to be implemented following the same logic as in Stage
1 before. First, one needs to construct an observable counterpart to GY; as given in (43a) from
the Stage 2 model estimates. Then, the four structural break tests described in Section 3.1
are applied to test for a break in the unconditional mean of (the AR filtered) GY; series. This
corresponds to Step (ii) in Stock and Watson’s (1998) procedural description. Constructing
a local level model of the form described in (43) enables us to implement MUE to yield the
ratio A/T = 5‘(Aﬁt)/5'(£tg) as defined in (44).

Holston et al.’s (2017) implementation of MUE in Stage 2, nonetheless, departs from this
description in two important ways. First, instead of using the ‘correctly specified’ Stage 2
model defined in (42), they work with the ‘misspecified” model given in (36). Second, rather
than leaving the Ay, Ayp, Ay, dg and a parameters fixed at their Stage 2 estimates and con-
structing the observable counterpart to GY; in (47a) only once outside the dummy variable

47T use the same initial values for the parameter and the state vector (mean and variance) as in the exact
replication of Holston et al. (2017). Using a diffuse prior instead leads to only minor differences in the numerical
values. The implied Ay and o estimates are shown in brackets and were computed from the ‘signal-to-noise
ratio” relation Ay = og/0y+.

48This is also the case for Euro Area, the UK., and Canadian data (see Buncic, 2020).
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regression loop, Holston et al. (2017) essentially ‘re-estimate’ these parameters by including
the vector X'y defined in (53) below as a extra regressor in the structural break regression
in (54). This is not only entirely unnecessary, as the 4,1, 4,2, 4r, ag and ag parameters are
already known from the Stage 2 model estimates. Moreover, it deviates from the simulation
set-up used by Stock and Watson (1998) to generate the look-up values in Table 3 of their
paper. In the ‘misspecified” Stage 2 model, the additional regressors substantially increase the
size and variability of not only the dummy variable coefficients ¢; in (54), but also the corre-
sponding F statistics used in the computation of the MW, EW, and QLR structural break test
statistics. Recall that these break statistics are then ‘looked-up” in Table 3 of Stock and Watson
(1998) to obtain the MUE of A,.

It will be usefully here to list the main steps that Holston et al. (2017) follow in their
implementation of MUE in the second stage to arrive at an estimate of A,.

(I) Given the Stage 2 estimate 8, from the model in (36), use the Kalman Smoother to obtain
(smoothed) estimates of the latent state vector & = [y}, v/ 1, ¥;_,, §t—1]". Then form

estimates of the cycle variable and its lags as ﬁt—i\T = (ys—i — ]?f_i|T), Vi=0,1,2.
(II) Construct
yt = ﬁt|T (52)
and the (1 x 5) vector
Xt = [Jirs Yoo (o1 +70-2)/2, §ayrs 1, (53)

where r; is the real interest rate, §;_; 7 is the Kalman Smoothed estimate of g;_; and 1 is
a scalar to capture the constant ay (intercept term).

(IlI) For each T € [19, T1], run the following dummy variable regression analogous to (8):
Vi =X+ ODi(T) + €, (54)

where X, is as defined in (53) and ¢ is a (5 x 1) parameter vector. The structural break
dummy variable D;(7) takes the value 1 if + > 7 and 0 otherwise, and 7 = {19,..., 71}
is an index of grid points between 79 = 4 and 71 = T — 4. Use the sequence of F
statistics {F(7) }r2q, on the dummy variable coefficients to compute the MW, EW, and
QLR structural break test statistics needed for MUE.

(IV) Given the structural break statistics computed in Step (III), find the corresponding A
values in look-up Table 3 of Stock and Watson (1998) and return the ratio A/T = A,
where their preferred estimate of A is again based on the EW break statistic defined in
(9b) as in the Stage 1 MUE.

In the top and bottom panels of Figure 5 I show plots of the sequences of F statistics
{F(7)}7Ls, computed from Holston et al.’s (2017) ‘misspecified’ Stage 2 model and the ‘cor-
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rectly specified” Stage 2 model defined in (42), respectively. Two sets of sequences are drawn
in each panel.* The first sequence, which I refer to as ‘time varying ¢p’ (drawn as a red line in
Figure 5) is constructed by following Holston et al.’s (2017) implementation outlined in Steps
(I) to (IIT) above. I call this the ‘time varying ¢’ sequence because the a,,1, a2, ar, 45 and ag
parameters needed to ‘construct’ the observable counterpart to GY; in (47a) are effectively
‘re-estimated’ for each T € [1, 71] in the dummy variable regression loop due to the inclusion
of the extra X'y term in (54). For the ‘correctly specified” Stage 2 model in (42), X' in (53) is
replaced by the (1 x 3) vector [;_1/7, Ji—ojr, (re-1+7e-2 —4H{G—1r + §i—27})/2]-

In the second sequence, labelled ‘constant ¢’ in Figure 5 and drawn as a blue line, the
observable counterpart to GY; is computed only once outside the structural break regression
loop, with the dummy variable regression performed without the extra X't ¢ term in (54), ie.,
it is computed in its ‘original’ form as given in (8).° More specifically, for the ‘misspecified’
and ‘correctly specified” Stage 2 models, the observable counterparts to the GY; series are
constructed as:

GYi = Yyr — A1y — By2li—or — &r(ri-1 +11-2) /2 — g8y )7 — B0, (55)

and

GYi = Yyr — dy1¥i1yr — By2Pr—or — &r(ri1 +1e2 — {Gr—1)7 + §—27}) /2 (56)

respectively. The 4,1, 4y, 4r,4¢, and 4y coefficients are the (full sample) estimates reported
in columns 2 and 4 of Table 9 under the headings ‘Replicated” and ‘MLE(oy).My’, with the
corresponding latent state estimates from the respective models.”!

As can be seen from Figure 5, the { F(1) } 7L, sequences from the ‘correctly specified’ Stage
2 models shown in the bottom panel are not only smaller overall, but they are nearly un-
affected by Holston et al.’s (2017) approach to ‘re-estimate’ the parameters in the structural
break loop. Both, the ‘constant ¢p’ and the ‘time varying ¢’ versions generate {F(7)} 7L+, se-
quences that are overall very similar, with their maximum values being around 4.5. For the
‘misspecified” Stage 2 model shown in the top panel, this is not the case. The variation as well
as the magnitude of {F(7)}7Ly, from the ‘time varying ¢’ and ‘constant ¢’ implementations
are vastly different, with the former having a much higher mean and maximum value.

These large differences in the {F(7) } t-, sequences from the ‘misspecified’ Stage 2 models
also lead to very different estimates of A,. This can be seen from Table 10, which shows the

“The same sequence computed from data updated to 2019:Q2 is shown in Figure A.4 in the Appendix.
*0Note that Stock and Watson’s (1998) MUE look-up table values for A were constructed by simulation with the
structural break test testing the unconditional mean of the GY; series for a break, without any other variables
being included in the regression. This form of the structural break regression is thus compatible with Stock
and Watson’s (1998) look-up table values.

51For instance, g—qrin (55) is the Kalman Smoothed estimate of trend growth from Holston et al.’s (2017)
‘misspecified” Stage 2 model, while trend growth ¢, ;7 in (56) is the corresponding estimate from the “correctly
specified’ Stage 2 model.

33



resulting A, estimates in the top part with the corresponding L, MW, EW, and QLR struc-
tural break test statistics in the bottom part. Table 10 is arranged further into a left and a right
column block, referring to the ‘time varying ¢" and the ‘constant ¢p” MUE implementations
for the three different models reported in (9). ‘Replicated’ refers to the baseline replicated
results, ‘MLE(0y)’ corresponds to the ‘misspecified” Stage 2 model but with o estimated by
MLE, and ‘MLE(0y). My’ is from the ‘correctly specified” Stage 2 model with o, again esti-
mated directly by MLE. The "HLW.R-File’ column lists the results from Holston et al.’s (2017)
R-Code. Note that Holston et al. (2017) do not report estimates based on Nyblom's (1989) L
statistic. The entries in the L rows in Table 10 under "HLW.R-File’ thus simply list ‘—". 90%
confidence intervals for A, and p—values for the structural break tests are reported in square
and round brackets, respectively.>?

Consistent with the visual findings from Figure 5, the structural break statistics from the
‘misspecified” Stage 2 model shown under the 'Replicated” heading for the ‘time varying ¢’
and ‘constant ¢’ settings are very different. The MW, EW, and QLR statistics are approx-
imately 4 to 5 times larger under the ‘time varying ¢’ setting than under the ‘constant ¢’
scenario. Because Nyblom’s (1989) L statistic is constructed as the scaled cumulative sum
of the demeaned ‘GY}’ series and thus does not require the partitioning of data, creation of
dummy variables, or looping over break dates 7, it is not affected by this choice, yielding
the same test statistic of about 0.05 under both settings.

Under the ‘time varying ¢’ setting, the MW, EW, and QLR statistics and Nyblom’s (1989)
L statistic generate vastly different A, estimates. Nyblom’s (1989) L statistic is highly in-
significant with a p—value of 0.87, resulting in a A, estimate of exactly 0 (Nyblom’s (1989)
L statistic is less than 0.118, the smallest value in Stock and Watson’s (1998) look-up Table
3 which corresponds to A = 0). The MW, EW, and QLR structural break statistics on the
other hand are either weakly significant or marginally insignificant, with p—values between
0.045 and 0.13. These borderline significant structural break statistics generate sizable A,
point estimates between 0.025 and 0.034. The resulting 90% confidence intervals for A, are,
nonetheless, rather wide with 0 as the lower bound, suggesting that these point estimates
are not significantly different from zero.”> Under the ‘constant ¢’ setting, the four structural
break statistics and the resulting A, estimates tell a consistent story (see the ‘Replicated’
heading in the right column block). All structural break statistics are highly insignificant,
with their respective A, point estimates being equal to zero.

For the ‘correctly specified” Stage 2 models shown under the headings ‘MLE(0y). My’ in
Table 10, the ‘time varying ¢’ and the ‘constant ¢’ estimates of A, reflect the visual similarity
of the {F(7) }7L,, sequences shown in the bottom panel of Figure 5. The A, point estimates

are of the same order of magnitude, very close to zero (they are exactly equal to zero for

52As in the replication of Stock and Watson’s (1998) results reported in (2), these were again obtained from
their GAUSS files.

BGiven the earlier discussion in Section 3.1 and the ARE results in Table 2 of Stock and Watson (1998), we
know that MUE can be a very inefficient estimator.
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Nyblom’s (1989) L statistic and MW under the ‘constant ¢’ setting), and most importantly,
substantially smaller than those constructed from Holston et al.’s (2017) ‘misspecified” Stage 2
model.>*

What is causing this large difference in the {F(7)}rL,, sequences between the ‘misspec-
ified” and ‘correctly specified” Stage 2 models in the ‘time varying ¢’ setting? There are two
components. First, the Kalman Smoothed estimates of the output gap (cycle) ﬁt‘T and of
(annualized) trend growth g1 can be quite different from these two models, despite the
parameter estimates and values of the log-likelihoods being very similar. This difference
is more pronounced for the cycle estimate ﬁtw, particulary towards the end of the sample
period than for the trend growth estimate §; r (see Figure A.2 in the Appendix which shows
a comparison of ﬁt‘T and g1 from the ‘misspecified” and “correctly specified’ Stage 2 models).

Second, the parameter restriction (ag + 44,) on the relationship between the real rate and
trend growth matters. More specifically, when conditioning on X'} in (54), it is the restriction
(-1 — 48;_1)7) in X that makes the largest difference to the {F(7)}rL+, sequence. To see
this, I show plots of the {F(7) } 7L, sequences from various X’; constructs corresponding to
the different Stage 2 model specifications in Figure A.3 in the Appendix. I use the “correctly
specified’ Stage 2 model’s {ﬁt—ilT}zzzl and §; |7 estimates to form three sets of X; vectors for
the dummy variable regressions in (54). These are:

Xt = [Jr1y1, Yoy (-1 +10-2)/2, §—1yr, 1] (57a)
Xt = [Jr-111 Yo7/ Tt-1, §e—1y1, 1] (57b)
Xt = [Jr1y1, Jeojrr (i1 — 4817, (57¢)

and are labelled accordingly in Figure A.3 (the preceding ‘MLE(0y ). My’ signifies that these
were constructed using the {ﬁt_i‘T}%:l and §;_; 7 estimates from the ‘correctly specified’ Stage
2 model). The corresponding ); dependent variable for these structural break regressions
also uses the ‘correctly specified” Stage 2 model’s output gap estimate yt|T The {F(7)}7q
sequences from Holston et al.’s (2017) ‘misspecified” and the ‘correctly specified” Stage 2 models
are superimposed as reference values and are denoted by ‘HLW” and ‘MLE (o). Mj".

The plot corresponding to (57a) (orange dashed line in Figure A.3) shows a rather small
difference relative to the "HLW’ benchmark (blue solid line). Thus, exchanging { ﬁt—i|T}12:1
and §;_y 7 from Holston et al.’s (2017) ‘misspecified’ Stage 2 model for those from the ‘correctly
specified’ one only has a small impact on the {F(7) }7L, sequence and is most visible over the
1994 to 2000 period. Dropping the second lag in 7; from X; in (57b) (see the cyan dotted line
in Figure A.3) also has only a small impact on the {F(7)}7L,, sequence. The biggest effect
on {F(7)}7Ly, has the restriction (r—1 — 48, 1/7) as imposed in (57c) (green dashed-dotted
line Figure A.3). This is evident from the near overlap with the red solid line corresponding

%4In Table A.2 in the Appendix, I present these Stage 2 MUE results for data that was updated to 2019:Q2. The
conclusion is the same.
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to the ‘correctly specified’ Stage 2 model’s { F(7) } 1L, sequence. Recall that the only difference
between these two is that an extra lag of (r;—1 —4g,_1|7) is added to X'+, and that these enter

as an average, viz, Xt = [;_1j1, Ji—oj1, (rt—1+ 702 — 4{G_qj7 +Gi—27}) /2]

4.2.2. What does Holston et al.’s (2017) Stage 2 MUE procedure recover?

Holston et al.’s (2017) Stage 2 MUE procedure implemented on the ‘misspecified” Stage 2
model leads to spuriously large estimates of A, when the true value is zero. To illustrate
this, I implement two simple simulation experiments.

In the first experiment, I simulate data from the full structural model in (1) using the
Stage 3 parameter estimates of Holston et al. (2017) reported in column one of Table 12 as
the true values that generate the data, but with ‘other factor” z; set to zero for all t. The
natural rate r} in the output gap equation in (1c) is thus solely determined by (annualized)
trend growth, that is, r; = 4g;, which implies that A, is zero in the simulated data.”® T then
implement Holston et al.’s (2017) Stage 2 MUE procedure on the simulated data following
steps (I) to (IV) outlined in Section 4.2.1 above to yield a sequence of S = 1000 estimates of
A (1AsH)-

I use two different scenarios for 8, in the Kalman Smoother recursions described in Step
(I) to extract the latent cycle as well as trend growth series needed for the construction
of V; and X'} in the dummy variable regression in (54). The first scenario simply takes
Holston et al.’s (2017) empirical Stage 2 estimate 8, as reported in column one of Table 9, and
keeps these values fixed for all 1000 generated data sequences when applying the Kalman
Smoother. In the second scenario, I re-estimate the Stage 2 parameters for each simulated
sequence to obtain new estimates 83,Vs = 1,..., S. I then apply the Kalman Smoother using
these estimates to generate the ); and X'y sequences for the regression in (54).

Finally, I repeat the above computations on data that were generated from the full model
in (1) with the natural rate of interest determined by both factors, namely, r; = 4g; + z,
where z; was simulated as a pure random walk, with its standard deviation set at the Stage
3 estimate of oy and 4, ie., at 0, = A0y /ar = 0.15 (see row o (implied) of column one in
Table 12). The goal here is to provide a comparison of the range of A, estimates that can
be obtained when implementing Holston ef al.’s (2017) Stage 2 MUE procedure on data that

%To implement the simulations from the full Stage 3 model, I need to define a process for the exogenously
determined interest rate in Holston et al.’s (2017) model. For simplicity, I estimate a parsimonious, but well
fitting, ARMA(2, 1) model for the real interest rate series, and then use the ARMA(2, 1) coefficients to generate
a sequence of 229 simulated observations for ;. Recall that Holston et al. (2017) use data from 1960:Q1, where
the first 4 quarters are used for initialisation of the state vector, so that in total 4 + 225 = T observations are
available. The remaining series are simulated from the Stage 3 model given in (1). To get a realistic simulation
path from the Stage 3 model, I initialize the first four data points for the simulated inflation series at their
observed empirical values. For the y; series, the HP-filter based trend estimates of GDP (also utilized in the
initialisation of the State vector in Stage 1) are used to set the first four observations. The cycle variable 7; is
initialized at zero, while trend growth g; is initialized at 0.75, which corresponds to an annualized rate of 3
percent. In the analysis that requires a simulated path of ‘other factor’ z;, ie., when the natural rate is generated
from rj = 4g; + z;, the first four entries in z; are initialized at zero. A total of S = 1000 sequences are simulated
with a total sample size of 229 observations, where the first four entries are discarded in later analysis.
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were generate with and without ‘other factor” z; in the data generating processes (DGPs) of
the natural rate.

In Table 11, summary statistics of A from the two different DGPs are reported. The left
column block shows results for the two different DGPs when the Stage 2 parameter vector
0, is held fixed at the estimates reported in column one of Table 9. The right column block
shows corresponding results when 0, is re-estimated for each simulated data series. The
summary statistics are the minimum, maximum, standard deviation, mean, and median of
A3, as well as the relative frequency of obtaining a value larger than the empirical point es-
timate of Holston et al. (2017). This point estimate and the corresponding relative frequency
are denoted by AH'W and Pr(A$ > AHIW), respectively. To complement the summary statis-
tics in Table 11, histograms of A{ are shown in Figure 6 to provide visual information about
its sampling distribution.

From the summary statistics in Table 11 as well as the histograms in Figure 6 it can be seen
how similar the 5\; coefficients from these two different DGPs are. For instance, when the
data were simulated without ‘other factor” z; (ie., A; = 0), the sample mean of AS is 0.028842.
When the data were generated from the full model with r} = 4¢; + z;, the sample mean of A3
is only 6.53% higher at 0.030726. Similarly, the relative frequencies Pr(A$ > AHIW) for these
two DGPs are 45.70% and 49%, respectively. The inclusion of ‘other factor” z; in the DGP of
the natural rate thus results in only a 3.3 percentage points higher Pr(A3 > AHIW) 5 The
histograms in Figure 6 paint the same overall picture. The Stage 2 MUE implementation has
difficulties to discriminate between these two DGPs.

In a second experiment I simulate DGPs from entirely unrelated univariate ARMA pro-
cesses of the individual components of the ); and X series needed for the regressions in
(54). To match the time series properties of the }; and X'; elements given in (52) and (53), 1
tit simple low-order ARMA models to ﬁt‘T, rt and gy 7, and then use these ARMA estimates
to simulate artificial data.”” Finally, I apply Holston et al.’s (2017) Stage 2 MUE procedure
to the simulated data as before, nevertheless starting from Step (II), and thereby skipping
the Kalman Smoother step. The full results from the second experiment are reported in Ta-
ble A.1 and Figure A.1 in the Appendix. These yield magnitudes of AS that are similar to
those from the first simulation experiment, with mean estimates being between 0.026117
and 0.031798, and relative frequencies corresponding to Pr(A{ > AHIW) being between
38.40% and 49.80%.

From these two experiments, it seems that it is Holston et al.’s (2017) procedure itself that

leads to the spuriously large estimates of A, regardless of the properties of the data.

*When the Stage 2 parameter vector 8, is re-estimated for each simulated sequence shown in the right column
block in Table 11, the sample means as well as the relative frequency Pr(A$ > AHIW) are somewhat lower at
0.025103 and 0.027462, and 33.90% and 39.30%, respectively.

5 use 4 different time series processes for 8y in these simulations. Complete details of the simulation design
are given in Section A.4 of the Appendix.
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4.3. Stage 3 Model

The analysis so far has demonstrated that the ratios of interest A, = o / . and A; = a,0;/ oy
required for the estimation of the full structural model in (1) cannot be recovered from Hol-
ston et al.’s (2017) MUE procedure implemented in Stages 1 and 2. Moreover, since their
procedure is based on the ‘misspecified” Stage 2 model in (36), it results in a substantially
larger estimate of A, than when implemented on the “correctly specified” Stage 2 model in (42).
This larger estimate of A, in turn leads to a strong downward trend in ‘other factor” z;. To
show the impact of this on Holston et al.’s (2017) estimate of the natural rate of interest, I
initially report parameter estimates of the full Stage 3 model in Table 12, followed by plots
of filtered estimates of the natural rate r}, trend growth g, ‘other factor’ z;, and the output

gap (cycle) variable §; in Figure 7.

Given estimates of the ratios A, = oy / o, and A, = a,0;/ oy from the previous two stages,
the vector of Stage 3 parameters to be computed by MLE is:

93 — [ay,ll ay,2/ ai’/ b7‘[/ b]// O-g/ O-7'[/ 0-]/*]/ (58)

In Table 12, estimates of 63 are presented following the same format as in Table 4 and Ta-
ble 9 previously. Since I also estimate o and o, directly together with the other parameters
by MLE without using the Stage 1 and Stage 2 estimates of A, and A;, additional rows are
inserted, with the values in brackets denoting implied estimates. The first two columns
in Table 12 show estimates of 63 obtained from running Holston et al.’s (2017) R-Code
and my replication. The third and fourth columns (under headings ’MLE(crg|)A\?LW)’ and
’MLE(UgMé\AO)’, respectively) report estimates when oy is estimated freely by MLE, while A,
is held fixed at either AH™ = 0.030217 obtained from Holston et al.’s (2017) ‘misspecified’
Stage 2 model under their ‘time varying ¢’ approach, or at AMo = 0.000754 computed from
the “correctly specified” Stage 2 model in (42) with ‘constant ¢’. The last column of Table 12
under heading ‘MLE(0y, 0;)" lists the estimates of 83 when o, and o, are computed directly
by MLE, with the implied values of A, and A, reported in brackets.

The Stage 3 results in Table 12 can be summarized as follows. The MLE of o, does not
‘pile-up” at zero and is again approximately 50% larger than the estimate implied by the
Stage 1 MUE of A,. That is, 65 ~ 0.045 in the last three columns of Table 12, and thus very
similar in size to the Stage 2 estimates of 0.044 and 0.045 shown in the last two columns
of Table 9. The MLE of o, shrinks numerically to zero, while the estimates of the other
parameters remain largely unchanged. Notice again that the log-likelihood values of the
last three models in Table 12 are very similar, ie., between —514.8307 and —514.2899. Yet,

the corresponding estimates of o are either very small at 0 or comparatively large at 0.1371

*Smoothed estimates are shown in Figure 8. In Section A.3 in the Appendix, the expansion of the system
matrices are reported as for the earlier Stage 1 and Stage 2 models. These are in line with the full model
reported in (1). As before, the state vector &; is initialized using the same procedure as outlined in (12a) and
Footnote 27, with the numerical values of &g and Py given in (A.35) and (A.36).
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s AHIW estimate. The 6, coefficient from

when implied from the ‘misspecified” Stage 2 model’
the “correctly specified” Stage 2 model is 0.0037 and thereby nearly 40 times smaller than from

the ‘misspecified” Stage 2 model.

The findings from Table 12 are mirrored in the filtered estimates of r}, g, z; and 7; plotted
in Figure 7. The ’MLE(Ug\/\é\AO)’ and ‘MLE(og, 0;)" estimates are visually indistinguishable.
Unsurprisingly, out of the four estimates, ‘other factor” z; is overall most strongly affected by
the two different A, values that are conditioned upon, showing either vary large variability
and a pronounced downward trend in z, or being close to zero with very little variation (see
panel (c) in Figure 7). The effect on the estimate of the natural rate is largest in the immediate
aftermath of the global financial crisis, namely, from 2010 onwards. Interestingly, the output
gap estimates shown in panel (d) of Figure 7 are quite similar, with the largest divergence
occurring after 2012. The three trend growth estimates in panel (b) of Figure 7 where oy
is estimated directly by MLE are visually indistinguishable. Trend growth estimated from
Holston et al.’s (2017) Stage 1 MUE of A, is larger from 2009 to 2014. In comparison to the
plots shown in panel (c) of Figure 2, the drop in all four trend growth estimates following
the financial crisis seems exaggerated. The pure backward looking nature of the Kalman
Filtered g; series exacerbates the effect of the decline in GDP during the financial crisis on

the trend growth estimates after the crisis.”

5. Other issues

There are other issues with Holston et al.’s (2017) structural model in (1) that make it unsuit-
able for policy analysis. For instance, the policy rate 7; is included as an exogenous variable.
With r} = 4g: + z;, and ‘other factor” z; the ‘free’ variable due to g; being driven by GDP, z;
effectively matches the ‘leffover’ movements in the interest rate to make it compatible with
trend growth in the model. Since the central bank has full control over the policy rate, it
can set i; to any desired level and the model will produce a natural rate through “other fac-
tor” z; that will match it. Also, there is nothing in the structural model of (1) that makes
the system stable. For the output gap relation in (Ic) to be stationary, the real rate cycle
ft = rp—r; = (i — 77) — (4g+ + z¢) must be I(0), yet there is no co-integrating relation

imposed anywhere in the system to ensure that this holds in the model.*’

A broader concern in the context of policy analysis is the fact that the filtered estimates
of the state vector & will be (weighted combinations of the) one-sided moving averages of
the three observed variables that enter the state-space model; namely, i;, y;, and .51 This

Estimation results using updated data up to 2019:Q2 together with corresponding plots of filtered (and
smoothed) estimates are reported in Table A.3, Figure A.5 and Figure A.6 in Section A.3 of the Appendix.
®0This insight is not new and has been discussed in, for instance, Pagan and Wickens (2019) (see pages 21 — 23).
When trying to simulate from such a model, with 71; being integrated of order 1, the simulated paths of the real
rate r; = iy — 717 can frequently diverge to very large values, even with samples of size T = 229 observations
(the empirical sample size).

61Smoothed estimates will be (weighted combinations of the) two-sided moving averages of the observables.
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can be seen by writing out the Kalman Filtered estimate of the state vector as:®?

ét\t = ét|t71 + Pt|t71H/(HP;|t71Hl +R) " (yr — Axi — Hét|t71)
N - _
= ét|t71 + Gyt — Ax; — H£t|t71)
(I—-GH)&y;_1 + Gi(y: — Axy)
(I-GH)FE; 1)1 + Gt (y: N Axt)

(OF Y:
= @& 1_1 + Gi¥,,

which is a (linear) recursion in &;; and can thus be rewritten as:

-1
= Wi+ > YiGi ¥,
i=0 o

Wi
t—1

= W&o + Z Wiy s (59)
i=0

where ¥; = H;;lo D, Vi =1,2,..., ¥y = 1, Iis the identity matrix, ét“_l = Fét—1|t—1
is the predicted state vector, &g is the prior mean, P;;_; = FP,_;;_1F + Q is the predicted
state variance, wy = ¥;G;_; is a time varying weight matrix, and y, is a (2 x 1) vector
containing the observed variables vy, 71;, and ;.63

This creates the following two issues. First, since the nominal interest rate i; is directly
controlled by the central bank and the natural rate r} is constructed as a moving average of i;
(and the other observed variables), a circular relationship can be seen to evolve. Any central
bank induced change in the policy rate i; is mechanically transferred to the natural rate 7} via
the Kalman Filtered estimate of the state vector ét“ in (59). This confounds the relationship
between r} and i;, making it impossible to address ‘causal’ policy questions of interest such
as: “Is the natural rate low because i; is low, or is iy low because the natural rate is low?”, as one

See also Durbin and Koopman (2012), who write to this on page 104: "It follows that these conditional means are
weighted sums of past (filtering), of past and present (contemporaneous filtering) and of all (smoothing) observations.
It is of interest to study these weights to gain a better understanding of the properties of the estimators as is argued in
Koopman and Harvey (2003). ... . In effect, the weights can be regarded as what are known as kernel functions in the field
of nonparametric regression; ... .”

62 again use the notation of Hamilton (1994), see pages 394-395, with the matrices A and H however not
transposed to be consistent with the earlier notation.

3To understand what is driving the downward trend in “other factor’ z; since the early 2000s in the model, one
could examine the weight matrix wy; in (59) more closely to see how it interacts with the observable vector
¥ =yt — Ax¢ = [a(L)y; — ar(L)re; ba(L)m — byys]’, where by (L) = 1 —brL — 3(1 — bs) (L2 + L% + L*) is the
lag polynomial capturing the dynamics of inflation. Alternatively, the steady-state P matrix could be computed
recursively as in equation 13.5.3 in Hamilton (1994) to replace Py;_; in the recursions for ét‘t. The relation in
(59) would then yield £, = ®'&,+ Y.i_) ®'Gy,_;, where ® = (I— GH)F and G = PH'(HP'H’ + R)"!
would be the steady-state analogue to @; and G, with Py, replaced by P from the steady-state P matrix.
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follows as a direct consequence from the other.

Second, because of the one-sided moving average nature of the Kalman Filtered estimates
of the state vector, any outliers, structural breaks or otherwise ‘extreme’ observations at the
beginning (or end) of the sample period can have a strong impact on these filtered estimates.
For the (two-sided) Hodrick and Prescott (1997) filter, such problems (and other ones) are
well known and have been discussed extensively in the literature before.** Kalman Filter
based (one-sided) estimates will also be affected. A simple way to appreciate this is by re-
estimating the model using four different starting dates, while keeping the end of the sample
period the same at 2019:Q2. In Figure 9 I show filtered estimates of 7}, g;, z; and #; for the
four starting dates 1967:Q1, 1972:Q1, 1952:Q2 and 1947:Q1 (smoothed estimates are shown
in Figure 10), together with Holston et al.’s (2017) estimates using 1961:Q1 as the starting
date.®®

Why did I choose these starting dates? The period following the April 1960 to February
1961 recession was marked by temporarily (and unusually) high GDP growth, yielding an
annualized mean of 6.07% (median 6.47%), with a low standard deviation of 2.67% from
1961:Q2 to 1966:Q1 (see panel (b) of Figure 2). Having such ‘excessive’ growth at the be-
ginning of the sample period has an unduly strong impact on the filtered (less so on the
smoothed) estimate of trend growth g; in the model. Since both g; and z; enter the natural
rate, this affects the estimate of r;. To illustrate the sensitivity of these estimates to this time
period, I estimate the model with data starting 6 years later in 1967:Q1. Also, Holston et al.’s
(2017) Euro Area estimates of r; are negative from around 2013 onwards (see the bottom
panel of Figure 3 on page S63 of their paper).®® To show that one can get the same negative
estimates of r} for the U.S,, I estimate the model with data starting in 1972:Q1 to match the
sample period of the Euro Area. Lastly, I extend Holston et al.’s (2017) data back to 1947:Q1
to have estimates from a very long sample, using total PCE inflation prior to 1959:Q2 in place
of Core PCE inflation and the Federal Reserve Bank of New York discount rate from 1965:Q1
back to 1947:Q1 as a proxy for the Federal Funds rate, as was done in Laubach and Williams
(2003).%” Since inflation was rather volatile from 1947 to 1952, I also estimate the model with

%4There exists a large literature on the HP filter and its problems (one of the more recent papers is by Hamilton
(2018)), and it is not the goal to review or list them here. The paper by Phillips and Jin (2015) is, nonetheless,
interesting to single out here, in particular the introduction section on pages 2 to 9, as it highlights the recent
public debates by James Bullard, Paul Krugman, Tim Duy and others on the use (and misuse) of the HP filter
in the construction of output gaps for policy analysis. Phillips and Jin (2015) show also that the HP filter fails
to recover the underlying trend asymptotically in models with breaks (see section 4 in their paper), and they
further propose alternative filtering/smoothing methods. In an earlier study, Schlicht (2008) describes how
to deal with structural breaks and missing data. In the policy literature, one rarely sees problems such as
structural breaks being addressed when using the HP filter.

%In all computations, I use Holston et al.’s (2017) R-Code and follow exactly their three stage procedure as
before to estimate the factors of interest.

®This negative estimate in 7} is driven by an excessively large and volatile estimate of ‘other factor’ z;. Some
commentators have attributed the larger decline in the natural rate to a stronger manifestation of ‘secular stag-
nation” in the Euro Area than in the U.S.

7Note that from the quarterly CORE PCE data it will be possible to construct annualized inflation only from
1947:Q2 onwards. To have an inflation data point for 1947:Q1, annual core PCE data (BEA Series ID: DPC-
CRG3A086NBEA) that extends back to 1929 was interpolated to a quarterly frequency and subsequently used
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data beginning in 1952:Q2 to exclude this volatile inflation period from the sample.

Panel (a) in Figure 9 shows how sensitive the natural rate estimates to the different start-
ing dates are, particularly at the beginning of Holston et al.’s (2017) sample, namely, from
1961 until about 1980, and at the end of the sample from 2009 onwards. Negative natural rate
estimates are now also obtained for the U.S. when the sample starts in 1972:Q1 (or 1967:Q1).
From panel (b) in Figure 9 it is evident that the filtered trend growth estimates are the pri-
mary driver of the excessive sensitivity in r; over the 1961 to 1980 period. For instance,
in 1961:Q1, these estimates can be as high as 6 percent, or as low as 3 percent, depending
on the starting date of the sample. Also, the differences in the estimates stay sizeable until
1972:Q1, before converging to more comparable magnitudes from approximately 1981 on-
wards. Apart from the estimate using the very long sample beginning in 1947:Q1 (see the
blue line in panel (b) of Figure 9), the other four series remain surprisingly similar, even
during and after the financial crisis period, that is, from mid 2007 to the end of the sample
in 2019:Q2. Thus, the ‘front-end” variability of the natural rate estimates are driven by the
‘front-end’ variability in the estimates of trend growth g;.

In panel (b) of Figure 9, I add MUE and MMLE (smoothed) estimates of trend growth
from Stock and Watson’s (1998) model in (4), and also estimates from the (correlated) UC
model in (28) to provide long-sample benchmarks of trend growth from simple univariate
models to Holston ef al.’s (2017) estimates. These are the same as plotted earlier in panels
(b) and (c) of Figure 2. To avoid cluttering the plot with additional lines, I do not plot the
mean and median estimates computed over the more recent expansion periods as was done
in Figure 2. Note, however, that the MUE estimate overlaps with the mean and median of
GDP growth from 2009:Q3 onwards and can thus be used as a representative for these model
free ‘average’ estimates of trend growth since the end of the financial crisis. Comparing
the Kalman Filter based estimates from the various starting dates to the (smoothed) MUE,
MMLE, and UC ones shows how different these are, particularly, from 2009:Q3 until the
end of the sample. In the immediate post-crisis period, the (one-sided) filter based estimates
are ‘pulled down’ excessively by the sharp decline in GDP and ‘converge” only slowly at the
very end of the sample period towards the three long-sample benchmarks. Trend growth is
severely underestimated from 2009:Q3 onwards, and this affects the estimate of r;.

In Figure A.7 in the Appendix, I show plots of (real) GDP growth and the recursively es-
timated mean of GDP growth over the post financial crisis period from 2009:Q3 to 2019:Q2.
Trend growth stays rather stable between 2% and 3% over nearly the entire period, settling
at around 2.25% in 2014:Q2 and remaining at that level. Moreover, it is never close to the
tiltered estimate of Holston et al. (2017) from 2009:Q3 to 2014:Q3. In Figure A.8, I plot the
mean as well as median 10 year ahead annual-average (real) GDP growth forecasts from
the Survey of Professional Forecasters (SPF) from 1992 to 2020 to have another benchmark

to compute (annualized) quarterly inflation data for 1947:Q1. Since Holston et al.’s (2017) R-Code requires 4
quarters of GDP data prior to 1947:Q1 as initial values, annual GDP (BEA Series ID: GDPCA) was interpolated
to quarterly data for the period 1946:Q1 1946:Q4.
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series.’® These forecasts also remain fairly stable between 2% and 3% from 2008 until 2017,
and drift only marginally lower towards the very end of the sample. Finally, in Figure A.9,
Vanguard investor survey based 3 year and 10 year ahead expectations of (real) GDP growth
from February 2017 to April 2020 are plotted. These are taken from Figure II on page 5 in
Giglio et al. (2020). The 10 year expected growth rate shown in the right panel of Figure A.9
fluctuates (mainly) between 2.8% and 3.2%. All three plots suggest that, following the fi-
nancial crisis, trend growth in GDP is unlikely to have dropped to the value reported in
Holston et al. (2017).

Looking at the estimates of ‘other factor” z; in panel (c) of Figure 9, we can see that it is
the end of the sample, namely, from 2009:Q1 to 2019:Q2, that is most strongly affected by
the different starting dates.”” In particular the two estimates that are based on the shorter
samples starting in 1967:Q1 and 1972:Q1, which exclude the ‘excessive” GDP growth period
at the beginning of Holston et al.’s (2017) sample, generate substantially more negative z;
estimates. For instance, in 2009:Q1, the 1972:Q1 based estimate is —2.87 while Holston et
al’s (2017) is —1.22. Also, the z; estimates from the shorter samples are well below —2 over
nearly the entire 2014:Q4 to 2019:Q2 period.”’ What is particularly surprising to observe
here is how stable (and very close to zero) the estimates of z; from the four earlier sample
starts are from 1947:Q1 until about 1971:Q3. Given the change in demographics and popula-
tion growth, as well as factors related to savings and investment following the end of World
War 1II, one would expect z; to reflect these changes. It is only from 1990:Q2 onwards that a
decisive downward trend in z; becomes visible.

Holston et al. (2017) initialize the state vector for the z; elements of &; at zero. This choice
leads to an anchoring effect and implies that the natural rate is driven solely by trend growth
at the beginning of the sample. In the data, it acts as a normalisation. Since z; is specified to
evolve as a driftless random walk, an initialisation at zero seems sensible from an economet-
ric perspective. Nevertheless, if one is to view ‘other factor’ z; as a factor which is meant to
capture underlying structural changes in demographics, saving and investment rates, and
the likes, in the economy, it needs to be aligned with such trends in the empirical data of
the economy that is modelled. That is, the normalization date needs to be justified from an
economic perspective. Due to its large impact on the downward trend in the estimates of
the natural rate, understanding how the zero initialisation affects the estimates and what
exactly z; captures is crucial from a policy perspective.

Why does the estimate of o, shrink towards zero, that is, from MLE and the ‘correctly

68The data were downloaded from: https:/ /www.philadelphiafed.org/research-and-data/real-time-center/
survey-of-professional-forecasters /data-files /rgdp10 (accessed on the 27! of July, 2020).

%There is also some variability beginning in the 70s until the 80s, but this variation seems to be largely due to
the noisier nature of the filtered estimates and is not visible from the more efficient smoothed estimates shown
in panel (c) of Figure 10. The differentiation here is not important. The point to take away from this discussion
is that the period following the financial crisis yields very different estimates from the two shorter samples,
irrespective of whether smoothed or filtered estimates are used in the construction of the natural rate.

7OThis is even more pronounced in the smoothed estimates of z; shown in panel (c) of Figure 10.
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specified” Stage 2 model MUE? My conjecture is that the empirical data reject the I(1) restric-
tion on ‘other factor’ z;. To test if the z; series indeed follows an I(1) process, we can examine
the time series properties of the difference between the observed GDP growth series Ay; and
the real rate ry, that is, the (Ay; — r¢) series. From Holston et al.’s (2017) structural model in
(1) we know that:

Ty = 7’? + 7y
=8tz + 7t
= g1 +E§ + zt + 74, (60)

where 7; is the real rate gap defined earlier, which must be an I(0) process for the output
gap equation to be stationary. From the relations in (21) and (1d) we then obtain

Ay = gi-1+¢ + AT, (61)
so that the difference between real GDP growth Ay; in (61) and the real rate in (60) is:

(g1 + & +zt+7)

(Ayi—71) = (1 + € +AGr) —
224 — Z, (62)

:\Agt—ﬁ—i—éy — &

stationary ARMA

where the variables in the first block on the right hand side of (62) will be the sum of two
stationary ARMA terms (the two gaps) and two uncorrelated error terms (ety and ef ), while
z¢ is I(1). In the model we thus have that (Ay; —r¢) is I(1).

In Figure 11 I show time series plots of Ay; with r; superimposed in Panel (a) in the
top of the figure. The GDP growth minus real rate series (Ay; — r¢) is plotted in Panel (b),
with the autocorrelation function (ACF) and partial autocorrelation function (PACF) plots
of (Ay; — r¢) in Panel (c) in the bottom. Both, the time series plot in Panel (b) as well as the
ACEF and PACEF plots in Panel (c) give the visual impression of a stationary (Ay; — r;) series,
with a fast decaying correlation structure. The first order autocorrelation coefficient is 0.576.
More formal unit-root tests confirm that the null hypothesis of a unit-root in (Ay; — r) is
strongly rejected.”! Either ‘other factor’ z; is stationary, or it does not appear in (Ay; — r) at
all, which is only possible if o0, is zero.”? This supports the MLE’s and the correct Stage 2
model’s MUE results. From Panel (a) in Figure 11 it is also visible that the real rate remained
well below real GDP growth for an extended period of time in the aftermath of the financial
crisis; arguably, the longest stretch in the sample, with only the period following the Dotcom
bubble showing some similarities.

A final comment on Holston et al.’s (2017) choice of reporting filtered (as opposed to

7 Augmented Dickey-Fuller and Elliott ef al. (1996) DF-GLS Pr and t—tests yield test statistics of —5.33, 0.58,
and —5.30, which are all substantially lower than their respective 1% critical values of —3.46, 1.92, and —2.58.
"2Note again that z; is initialized at 0, so that a 0, = 0 implies z; = 0 for all £.
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smoothed) estimates of the latent states is in order. It is well know that the mean squared
error (MSE) of the filtered states is in general larger than from the smoothed ones (see the
discussion on page 151 in Harvey (1989)). The larger variability in the filtered states is visible
from the estimates of r}, g; and z;, and less so from the output gap (cycle) estimates. More-
over, reporting filtered estimates precludes the use of a diffuse prior for the I(1) variables
in the state vector, since it creates extreme volatility in the filtered estimates of the states at
the beginning of the sample period. This is not the case with the smoothed estimates. While
it is sometimes stated that filtered states are ‘real time’ estimates, and are thus more relevant
for policy analysis, one can see that this argument is invalid in this model. Not only are the
parameter estimates of the model, ie., the 65 in (58), based on full sample information, the
GDP and PCE inflation data are not real time data, that is, data that were available to policy
makers at time t < T. Reporting filtered (one-sided) estimates of the states as in Holston et
al. (2017) (or on the FRBNY website) gives a misleading visual impression of the magnitude

of the natural rate and trend growth.

6. Conclusion

Holston et al.’s (2017) implementation of Stock and Watson’s (1998) Median Unbiased Esti-
mation (MUE) in Stages 1 and 2 of their procedure to estimate the natural rate of interest
from a larger structural model is unsound. I show algebraically that their procedure cannot
recover the ratios of interest A, = oy / oy and A, = a,0; / oy needed for the estimation of the
tull structural model of interest. Holston et al.’s (2017) implementation of MUE in Stage 2 of
their procedure is particularly problematic, because it is based on a misspecified model as
well as an incorrect MUE procedure that spuriously amplifies their estimate of the signal-to-
noise A,. This has a direct and consequential effect on the severity of the downward trending
behaviour of ‘other factor’ z; and thereby the magnitude of the estimate of the natural rate.

Correcting their Stage 2 model and the implementation of MUE leads to a substantially
smaller estimate of A, of close to zero, and a substantial reduction in the downward trend of
‘other factor’ z; and the natural rate. The correction thatis applied is quantitatively important.
It shows that the estimate of A, based on the correctly specified Stage 2 model is statistically
highly insignificant. The resulting filtered estimates of z; are very close to zero for the entire
sample period, highlighting the lack of evidence of ‘other factor’ z; being important for the
determination of the natural rate in this model. Obtaining an accurate estimate of trend
growth for the measurement of the natural rate is therefore imperative. Simple alternative
estimates of trend growth that I construct suggest that the ones in Holston et al.’s (2017) are
too low, particularly in the immediate aftermath of the global financial crisis.

I discuss various other issues with Holston et al.’s (2017) model of the natural rate that
make it unsuitable for policy analysis. For instance, Holston et al.’s (2017) estimates are
extremely sensitive to the starting date of the sample used to estimate the model. Using
data beginning in 1972:Q1 (or 1967:Q1) leads to negative estimates of the natural rate, just
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as with their Euro Area estimates. These negative estimates are again driven purely by
the exaggerated downward trending behaviour of ‘other factor’ z;. Moreover, due to the
Kalman Filtered (or Smoothed) estimates of the state vector being a function of all observable
variables that enter into the model, with the central bank controlled nominal interest rate
being one of these, a confounding effect between r; and i; will arise, because any central
bank induced change in the policy rate i; is mechanically transferred to the natural rate.
This makes it impossible to answer ‘causal” questions regarding the relationship between r;}
and i;, as one responds to changes in the other. The entire set-up of the model is such that
‘other factor’ z; acts as a ‘plug-variable’ to ensure a zero mean in the output gap equation. In
this model, policy makers simply need to raise the policy rate for a higher natural rate to be

realized.
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Figure 2: Inflation, interest rates, and GDP growth (annualized) from 1947:Q1 to 2019:Q2.



Table 1: Summary statistics of GDP growth over various sub-periods and expansion periods only

Time period Mean Median Stdev T Stderr  HAC-Stderr
1947:Q2 — 1981:Q3 3.5746 3.4501 4.6261 138 0.3938 0.4841
1983:Q1 — 2001:Q1 3.6419 3.6862 2.2956 73 0.2687 0.4016
1947:Q2 — 2001:Q1 3.4674 3.4809 4.0406 216 0.2749 0.3530
1947:Q2 — 1948:Q4 2.7952 2.2850 3.4072 7 1.2878 1.2530
1950:Q1 — 1953:Q2 7.3471 7.1194 4.9276 14 1.3169 1.7060
1954:Q3 — 1957:Q3 3.9390 3.9005 3.6537 13 1.0134 1.2985
1958:Q3 — 1960:Q2 5.3858 8.2510 4.7796 8 1.6898 1.7682
1961:Q2 — 1969:Q4 4.7809 4.3428 2.9850 35 0.5046 0.6104
1971:Q1 — 1973:Q4 4.9622 4.0550 3.8234 12 1.1037 0.9041
1975:Q2 — 1980:Q1 4.1795 2.9423 3.6637 20 0.8192 0.7484
1980:Q4 — 1981:Q3 4.2348 6.0763 4.9889 4 2.4944 1.9604
1983:Q1 — 1990:Q3 41711 3.8099 2.2194 31 0.3986 0.6300
1991:Q2 — 2001:Q1 3.5522 3.6291 1.8873 40 0.2984 0.3073
2002:Q1 — 2007:Q4 2.8546 2.4710 1.4995 24 0.3061 0.3324
2009:Q3 — 2019:Q2 2.2864 2.2528 1.4740 40 0.2331 0.1946

Notes: This table reports estimates of trend growth computed as the ‘average’ of annualized GDP growth computed
over various sub-periods and expansion periods only. Columns 2 to 5 report means, medians, standard deviations (Stdev)
and sample sizes (T) for the different sub-periods that are listed in column 1. The last two columns provide simple
(Stderr) and HAC robust (HAC-Stderr) standard errors of the sample mean. The first three rows show time periods that
include recession as well as expansion periods over which GDP growth was larger on average and/or more volatile than
the last two rows (excluding the global financial crisis recession period). The ten rows in the middle provide summary
statistics from 1947:Q2 to 2001:Q1 for expansion periods only.



Table 2: Replicated results of Tables 4 and 5 in Stock and Watson (1998)

Test Statistic =~ p—value A 90% CI OAB 90% CI

L 0.2094 0.2500 4.0559  [0,19.36] 0.1303  [0,0.62]

MW 1.1588 0.2850 34335  [0,18.76] 0.1103  [0,0.60]

EW 0.6821 0.3250 3.0712  [0,17.01] 0.0987  [0,0.54]
QLR 3.3105 0.4800 0.7786  [0,13.26] 0.0250  [0,0.42]
Parameter MPLE MMLE MUE(0.13) MUE(0.62) SW.GAUSS
OAB 0 0.04440098 0.13 0.62 0.13

o 3.85199480 3.85859423 3.84661923 3.78210658 3.84661917
AR(1) 0.33708321 0.34025234 0.33501453 0.31544472 0.33501454
AR(2) 0.12890328 0.13074607 0.12742313 0.12015642 0.12742309
AR(3) -0.00917384 -0.00725108 -0.01017060 -0.01488988 -0.01017052
AR(4) -0.08564442 -0.08247862 —0.08680297 -0.09156066 -0.08680298
Boo 1.79589936 — 2.44099926 2.67150007 2.44099940
Log-likelihood -539.77274703 -547.48046450 —-540.69267706 —-544.90718114 -540.69267706

Notes: This table reports replication results that correspond to Tables 4 and 5 in Stock and Watson (1998) on page 354.
The top part of the table shows the 4 different structural break test statistics together with their p—values in the first
two columns, followed by the corresponding MUE estimates of A with 90% Cls in square brackets. The last two columns
show the implied o estimate computed from T~1A x 0 /a(1) and 90% Cls in square brackets. The first two columns of
the bottom part of the table report results from Maximum Likelihood based estimation, where MPLE estimates the initial
value of the state vector g, while MMLE uses a diffuse prior for the initial value of the state vector with mean zero and
the variance set to 10°. Columns under the heading MUE(0.13) and MUE(0.62) show Median Unbiased Estimates when
oap is held fixed at 0.13, respectively, 0.62, which correspond to the estimate of oag when A is computed using Nyblom's
(1989) L test (and its upper 90% Cl). The last column under the heading SW.GAUSS lists the corresponding MUE(0.13)
estimates obtained from running Stock and Watson's (1998) GAUSS code. The row Log-likelihood displays the value
of the log-likelihood at the reported parameter estimates. The Matlab file SW1998 MUE replication.m replicates these
results.
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Figure 3: Smoothed trend growth estimates of US real GDP per capita.



Table 3: Broader replication results of Tables 4 and 5 in Stock and Watson (1998) using per capita real GDP data
from the Federal Reserve Economic Data database (FRED2)

Test Statistic =~ p—value A 90% CI OAB 90% CI
L 0.0467 0.8950 0.0000  [0,4.099] 0.0000  [0,0.1092]
MW 0.2514 0.8900 0.0000  [0,4.296] 0.0000  [0,0.1145]
EW 0.1321 0.9000 0.0000  [0,3.910] 0.0000  [0,0.1042]
QLR 0.8834 0.9800 0.0000  [0,0.000] 0.0000  [0,0.0000]
Parameter MPLE MMLE MUE(0sz)  MUE(CI - 0%p)
OAg 0 0 0 0.10926099
0% 3.86603366 3.87619022 3.86603367 3.87574722
AR(1) 0.31646541 0.32120674 0.31646541 0.32138794
AR(2) 0.14652905 0.14903845 0.14652905 0.14924197
AR(3) —0.11122061 —0.10873408 —0.11122061 —0.10846721
AR(4) —0.09512645 -0.09050024 —0.09512645 —0.08983094
Boo 2.12011198 — 2.12011200 2.07784473
Log-likelihood -540.49919714  -548.38308851  —-540.49919714  —541.89394940

Notes: This table reports replication results that correspond to Tables 4 and 5 in Stock and Watson (1998) on page
354, but now using real GDP per capita data (2012 chained dollars) obtained from the Federal Reserve Economic Data
database (FRED2) with series ID: A939RX0QO048SBEA. The top part of the table shows the 4 different structural break
test statistics together with their p—values in the first two columns, followed by the corresponding MUE estimates of A
with 90% Cls in square brackets. The last two columns show the implied opp estimate computed from T~1A x o¢/a(1)
and 90% Cls in square brackets. The first two columns of the bottom part of the table report results from Maximum
Likelihood based estimation, where MPLE estimates the initial value of the state vector gy, while MMLE uses a diffuse
prior for the initial value of the state vector with mean zero and the variance set to 10°. Columns under the heading
MUE(O‘kﬁ) and MUE(CI — O'kﬁ) show Median Unbiased Estimates when oag is held fixed again at Nyblom's (1989) L
test statistic based structural break estimate, respectively, when the upper 90% Cl value is used. The row Log-likelihood
displays the value of the log-likelihood at the reported parameter estimates. The sample period is the same as in Stock and
Watson (1998), that is, from 1947:Q2 to 1995:Q4. The Matlab file estimate_percapita trend _growth_v1.m replicates
these results.



Table 4: Stage 1 parameter estimates

o, HLW Prior Diffuse Prior
HLWR-File b, > 0.025 Alt.Init.Vals by Free by, > 0.025 by Free

ay,1 1.517069 1.517069 1.557667 1.459697 1.646444 1.567830
Ay -0.528804  —0.528804 —-0.622443 —-0.463828 -0.672732  —-0.577830
by 0.712494 0.712494 0.669957 0.729089 0.717871 0.733063
by 0.025000 0.025000 0.097185 0.005741 0.025000  —0.000947
g 0.776397 0.776396 0.743775 0.779472 0.709483 0.604655
oy 0.534943 0.534943 0.405380 0.617190 0.406360 0.474077
fo 0.807736 0.807736 0.790683 0.811801 0.809171 0.813024
oy 0.511911 0.511910 0.617689 0.418977 0.574747 0.530756

Log-likelihood -531.874714 -531.874714 -531.451446 -531.051066 -536.980336 —535.959612

Notes: This table reports replication results for the Stage 1 model parameter vector 61 of Holston et al. (2017). The table
is split in two blocks. The left block (under the heading HLW Prior) reports estimation results of the Stage 1 model using
the initialisation of Holston et al. (2017) for the state vector &;, where &y = [806.45,805.29,804.12] and Py as defined
in (12c). The right block (under the heading Diffuse Prior) uses a diffuse prior for & with Pgg = 10° x I3, where I3 is
a 3 dimensional identity matrix. In the left block, 4 sets of results are reported. The first column (HLW.R-File) reports
estimates obtained by running Holston et al.’s (2017) R-Code for the Stage 1 model. The second column (b, > 0.025)
shows estimation results using Holston et al.’s (2017) initial values for parameter vector 01 in the optimisation routine,
together with the lower bound restriction by > 0.025. Footnote 32 describes how these initial values were found. The
third column (Alt.Init.Vals) shows estimates when alternative initial values for 61 are used, with the b, > 0.025 restriction
still in place. The fourth column (b, Free) reports estimates when the restriction on by is removed. The right column
block displays estimates of 81 with and without the restriction on by, being imposed, but with a diffuse prior on the state
vector. The last row (Log-likelihood) reports the value of the log-likelihood function at these parameter estimates. The
Matlab file Stagel_replication.m computes these results.



Table 5: Stage 1 MUE results of A, for various 01 and structural break tests

Py HLW Prior Diffuse Prior
g
HLWR-File by, >0.025  Alt.Init.Vals by Free by, > 0.025 by free
L — 0.0732880 0.0941991 0.0328624 0.0475203 0
MW 0.0651806 0.0651807 0.0894533 0.0314654 0.0418274 0
EW 0.0538690 0.0538691 0.0806758 0.0253835 0.0423790 0
QLR 0.0493818 0.0493818 0.0792015 0.0194289 0.0411877 0

Notes: This table reports Stage 1 estimates of the ratio Ay = (Tg/(ry* which is equal to Stock and Watson's (1998) MUE
A/T for the various estimates of 01 reported in Table 4 and the four different structural break tests. The table is split into
left and right column blocks as in Table 4. Under the heading HLW.R-File, estimates of A¢ obtained from running Holston
et al.'s (2017) R-Code are reported for reference. These are computed for the MW, EW and QLR structural break tests
only. The remaining columns report the replicated Ay from the various 67 estimates from Table 4.



Table 6: Stage 1 MUE results of Ag after AR(1) filtering Aﬁfw as in Stock and Watson (1998)

Test Statistic =~ p—value A 90% CI Ag = %
L 2.2815 0.0050 20.3833  [4.36, 80.00] 0.0906
MW 15.3544 0.0050 20.5840  [4.47, 80.00] 0.0915
EW 8.4581 0.0050 159903  [3.53, 52.81] 0.0711
QLR 20.7596 0.0050 14.8164  [3.14, 48.48] 0.0659

Notes: This table reports Stock and Watson's (1998) MUE estimation results after the constructed
Aﬁ\T variable was AR(1) filtered to remove the serial correlation. The first two columns report the
4 different structural break test statistics together with the corresponding p—values, followed by the
implied MUE estimates of A with 90% Cls in square brackets. The last column lists Holston et al.’s
(2017) Ay = % to facilitate the comparison to the results listed under column one in Table 5.



Table 7: MUE estimates of the transformed Stage 1 model using an AR(4) model for u;

Test Statistic =~ p—value A 90% CI og 90% CI
L 0.3162 0.1200 5.914619 [0,23.95] 0.154213 [0,0.62]
MW 1.7875 0.1450 5.650431 [0,23.88] 0.147325 [0,0.62]
EW 1.0663 0.1800 4.883719  [0,20.97] 0.127335 [0, 0.54]
QLR 4.6029 0.2850 3.511961 [0,17.65] 0.091568 [0, 0.46]
Parameter MPLE MMLE MUE (Agw) MUE (/\g‘l/)\, )
O 0 0.10621861 0.12733451 0.54678211
o 2.99782490 2.98030099 2.97346405 2.90800215
AR(1) 0.28603147 0.27433173 0.26988229 0.24291126
AR(2) 0.16828174 0.16079307 0.15789805 0.14866124
AR(3) -0.02046076 -0.02734562 -0.02996691 -0.03106235
AR(4) 0.06570210 0.05750551 0.05423838 0.06119692
800 3.02198581 — 4.09740642 5.17204700
Log-likelihood -566.39181043 -573.64230971 -566.57435245 -570.81021839

Notes: This table reports MUE estimation results of the transformed (expressed in local level model form) Stage 1 model,
using an AR(4) process for u;. The top part of the table shows the 4 different structural break test statistics together
with their p—values in the first two columns, followed by the corresponding MUE estimates of A with 90% Cls in square
brackets. The last two columns show the implied o, estimate computed from T~!A x o, /a(1) and 90% Cls in square
brackets. The first two columns of the bottom part of the table report results from Maximum Likelihood based estimation,
where MPLE estimates the initial value of the state vector ggg, while MMLE uses a diffuse prior for the initial value of the
state vector with mean zero and the variance set to 10°. Columns under the heading MUE(Agw) and MUE()\E&’V) show
Median Unbiased Estimates when o is held fixed at its MUE point estimate and upper 90% Cl, respectively, from the EW
structural break test. The row Log-likelihood displays the value of the log-likelihood at the reported parameter estimates.
The Matlab file Stagel_local_level model_SW98_MUE_Clark UC.m replicates these results.



Table 8: Parameter estimates of Clark’s (1987) UC model

Parameter Clark’s UCO Std.error Clark’s UC Std.error
ay1 1.66886173 0.10948741 1.29544818 0.23535955
ay2 —-0.72428051 0.11242749 -0.56748691 0.21688350
0oy 0.58984175 0.05842091 1.15753826 0.22509014
O 0.04632149 0.02276935 0.03219018 0.02221788
oy 0.34626037 0.09727028 0.80950722 0.36461143
Corr(&/,¢] ) 0 — ~0.94263135 0.09714541
Log-likelihood —-270.00071839 — -269.87504061 —

Notes: This table reports parameter estimates of Clark’s (1987) UC model. Two sets of results are reported. In the left part
of Table 8, parameter estimates and standard errors (Std.errors) from Clark's UCO model which assumes Corr(e"ty, sty*) =0
are reported*. In the right part, parameter estimates and standard errors for Clark’s correlated UC model are shown, where
Corr(ﬁf,ety ) is explicitly estimated. Standard errors are computed from the inverse of the Hessian matrix of the log-
likelihood. | use a diffuse prior for the I(1) part of the state vector, with the variance set to 10°. The stationary part of the
state vector is initialized at its unconditional mean and variance. | do not estimate the initial value of the state vector. This
is analogous to MMLE in Stock and Watson (1998). The Matlab file Stagel_local_level model SW98_MUE Clark UC.m
replicates these results.
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Figure 4: Smoothed trend growth estimates from the modified Stage 1 model.



Table 9: Stage 2 parameter estimates

0, HLW.R-File Replicated MLE(oy) MLE(og). M
Ay 1.5139909 1.5139909 1.4735945 1.4947611
ay —-0.5709339 —0.5709339 —0.5321668 —0.5531451
ar —0.0736647 —-0.0736647 —0.0831539 —-0.0755563
agp -0.2630694 —-0.2630694 —0.2548597 —
dg 0.6078666 0.6078666 0.6277124 —
by 0.6627428 0.6627428 0.6655286 0.6692919
by 0.0844720 0.0844720 0.0819058 0.0802934
oy 0.3582701 0.3582702 0.3636498 0.3742316
fo g 0.7872280 0.7872280 0.7881906 0.7895137
oy 0.5665698 0.5665698 0.5534537 0.5526273
0g (implied) (0.0305205) (0.0305205) 0.0437061 0.0448689
A¢ (implied) 0.0538690 0.0538690 (0.0789697) (0.0811920)

Log-likelihood -513.5709576 -513.5709576 -513.2849625 -514.1458026

Notes: This table reports replication results for the Stage 2 model parameter vector 6, of Holston et al. (2017).
The first column (HLW.R-File) reports estimates obtained by running Holston et al.'s (2017) R-Code for the Stage
2 model. The second column (Replicated) shows the replicated results using the same set-up as in Holston ef al.'s
(2017). The third column (MLE(0g)) reports estimates when oy is freely estimated by MLE together with the
other parameters of the Stage 2 model, rather than imposing the ratio Ay = og/oy = 0.0538690378 obtained
from Stage 1. The last column (MLE(0y).Mj) provides estimates of the "correctly specified” Stage 2 model in
(42), with og again estimated directly by MLE. Values in round brackets give the implied oy or Ag values when
either A¢ is fixed or when oy is estimated. The last row (Log-likelihood) reports the value of the log-likelihood
function at these parameter estimates. The Matlab file Stage2 replication.m replicates these results.
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Figure 5: Sequence of {F(T)}7Ln, statistics on the dummy variable coefficients {{; ()} 7L+, used in the construction

of the structural break test statistics.
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Table 11: Summary statistics of the A, estimates obtained from applying Holston et al.’'s (2017) Stage 2 MUE
procedure to simulated data

. DGPs when 6, held fixed at 6, DGPs when 0, is re-estimated
Summary Statistics
ry = 4g: vy =49t +z¢ ry = 4g; r; =48t + z;
Minimum 0 0 0 0
Maximum 0.101220 0.096427 0.116886 0.116445
Standard deviation 0.016245 0.016582 0.018512 0.019647
Mean 0.028842 0.030726 0.025103 0.027462
Median 0.028394 0.029609 0.022215 0.025115
Pr()\i > 0.030217) 0.457000 0.490000 0.339000 0.393000

Notes: This table reports summary statistics of the A, estimates that one obtains from implementing Holston et al.'s (2017)
Stage 2 MUE procedure on artificial data that was simulated from two different data generating processes (DGPs). The
first DGP simulates data from the full structural model in (1) under the parameter estimates of Holston et al. (2017), but
where the natural rate is determined solely by trend growth. That is, in the output gap equation in (1c), f = 4g;. The
second DGP simulates data from the full model of Holston et al. (2017) where r; = 4g; + z;. The summary statistics
that are reported are the minimum, maximum, standard deviation, mean, median, as well as the empirical frequency of
observing a value larger than the estimate of 0.030217 obtained by Holston ef al. (2017), denoted by Pr(A$ > 0.030217).
The table shows four different estimates, grouped in 2 block pairs. The left block under the heading ‘DGPs when 0,
is held fixed' shows the simulation results for the two DGPs when the Stage 2 parameter vector 6, is held fixed at the
Stage 2 estimates and is not re-estimated on the simulated data. The right block under the heading ‘DGPs when 6, is
re-estimated’ shows the simulation results when 6, is re-estimated for each simulated series. Simulations are performed on
a sample size equivalent to the empirical data, with 1000 repetitions.
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Figure 6: Histograms of the estimated {j\i}sszl sequence corresponding to the summary statistics shown in Table 11.
On the left and right columns, histograms for the two different DGPs are shown. To top two histograms show the
results when 6, is held fixed in the simulations and is not re-estimated, while the bottom plots show the results when
0, is re-estimated on each simulated series that is generated.



Table 12: Stage 3 parameter estimates

03 HLW.R-File Replicated ~ MLE(0g[AHIW)  MLE(0g|A2"0)  MLE(0y, 03)
a1 1.52957249 1.52957247 1.49442462 1.49566712 1.49566147
ay -0.58756415  -0.58756414  -0.55370268  -0.55448942  -0.55448212
ar -0.07119569  -0.07119569  -0.07941598  -0.07525496  —0.07525240
br 0.66820705 0.66820705 0.67128197 0.66919468 0.66919993
by 0.07895778 0.07895778 0.07593604 0.08054901 0.08054716
oy 0.35346845 0.35346847 0.36043114 0.37381376 0.37382935
O 0.78919487 0.78919487 0.79029982 0.78948921 0.78949094
oy 0.57241925 0.57241924 0.55915743 0.55293818 0.55293018
og (implied) (0.03083567)  (0.03083567) 0.04583852 0.04497450 0.04497414
0, (implied) (0.15002080)  (0.15002080)  (0.13714150)  (0.00374682) 0.00000001
Ag (implied) 0.05386904 0.05386904 (0.08197784)  (0.08133730)  (0.08133782)
A (implied) 0.03021722 0.03021722 0.03021722 0.00075430 (0.00000000)

Log-likelihood — -515.14470528 -515.14470599 -514.83070544 —514.28987426 —514.28958969

Notes: This table reports replication results for the Stage 3 model parameter vector 83 of Holston et al. (2017). The first
column (HLW.R-File) reports estimates obtained by running Holston et al.'s (2017) R-Code for the Stage 3 model. The
second column (Replicated) shows the replicated results using the same set-up as in Holston et al.’s (2017). The third
column (MLE(Ug|A§ILW)) reports estimates when oy is directly estimated by MLE together with the other parameters
of the Stage 3 model, while A, is held fixed at AHMW = 0.030217 obtained from Holston et al.'s (2017) "misspecified”
Stage 2 procedure. In the forth column (MLE(UgMéMO)), 0 is again estimated directly by MLE together with the other

parameters of the Stage 3 model, but with A; now fixed at )\?AO = 0.000754 obtained from the "correctly specified” Stage
2 model in (42). The last column (MLE(0y, 0y)) shows estimates when all parameters are computed by MLE. Values in
round brackets give the implied {0y, 0} or {Ag, A, } values when either is fixed or estimated. The last row (Log-likelihood)
reports the value of the log-likelihood function at these parameter estimates. The Matlab file Stage3_replication.m
replicates these results.
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Figure 7: Filtered estimates of the natural rate r}, annualized trend growth g;, ‘other factor’ z;, and the output gap
(cycle) variable ;.
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Figure 9: Filtered estimates of annualized trend growth g;, ‘other factor’ z; and the natural rate 7 based on different
starting dates
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Appendix

This appendix provides additional information on the Holston ef al. (2017) model, their estimation
procedure as well as snippets of R-Code. Matrix details regarding the three stages of their procedure
are taken from the file HLW_Code _Guide.pdf which is contained in the HLW_Code . zip file available from
John Williams” website at the Federal Reserve Bank of New York: https://www.newyorkfed.org/

medialibrary/media/research/economists/williams/data/HLWCode.zip.

The state-space model notation is:

y: = Axt + H‘it + Vi h v VN 0 R 0 (A 1)
— , where ~ orm , , .
Et - F‘St—l +§it/ & 0 0 W
€t

where Se; = €4, so that Var(Se;) = Var(e;) = SWS' = Q, with €; and Q being the notation used in
the online appendix of Holston et al. (2017) for the state vector’s disturbance term and its variance-

covariance matrix.

A.1. Stage 1 Model

The first Stage model is defined by the following system matrices:

yi = [y 7Tt]/ (A.2a)
Xt = Vi1, Yi—2, -1, T—24] (A.2b)
& = [yi, yiiv yiool' (A.2c)
1 00 1
- laby'l " o s >]’H: E o _gﬂ]’F: S K
Y T Y 010 0
From this, the measurement relations are:
y: = Ax; + HE 4 v,
Y1 *
Yt ay1  Ayp 0 0 Yi—2 1 —dy1  —dayp Zt etg
— + Yiq =+ . (A3)
Yi2
72,4
with the corresponding state equations being:
& = F& 1+ S¢g
vi Lo Of a1
yia| =|1 0 0| |yi,|+ o] [¢] (A4)

Yia 0 1 0] [¥is 0


https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLWCode.zip
https://www.newyorkfed.org/medialibrary/media/research/economists/williams/data/HLWCode.zip

Expanding (A.3) and (A.4) yields:

e =i+ a1 (o1 — yig) +Faya(yiea — yi_o) +ef
= by(Yi—1 —Yi 1) T bam1+ (1 —br) m o4 +€f

and

ko ok y*
Yi = Yi1 T &
* *
Yi-1 = Y1
* *
Yi—2 = Y2/

respectively, for the measurement and state equations. Defining output y; as trend plus cycle, and

ignoring the identities, yields then the following relations for the Stage 1 model:

vi=yi + i (A.6a)
= bam 1+ (1 —bn) M4 +byfr 1+ €f (A.6b)
¥t = ay i1+ a0 2+ e/ (A.60)
vi=yii+el . (A.6d)

If we disregard the inflation equation (A.6b) for now, the decomposition of output into trend and
cycle can be recognized as the standard Unobserved Component (UC) model of Harvey (1985), Clark
(1987), Kuttner (1994), Morley et al. (2003) and others. Holston et al. (2017) write on page S64: ”...we
follow Kuttner (1994) and apply the Kalman filter to estimate the natural rate of output, omitting the real rate
gap term from Eq. (4) [our Equation (A.6¢)] and assuming that the trend growth rate, g, is constant.”

One key difference is, nevertheless, that no drift term is included in the trend specification in
(A.6d), so that y; follows a random walk without drift. Evidently, this cannot match the upward
sloping pattern in the GDP series. The way that Holston et al. (2017) deal with this mismatch is by
‘detrending’ output y; in the estimation. This is implemented by re-placing {y;_ j}?:o in y; and x; in
(A.2) by (y: — gt), where g is a parameter (and not a trend growth state variable) to be estimated,
and t is a linear time trend defined as t = [1,..., T|". This is hidden away from the reader and is not
described in the documentation in either text or equation form. Only from the listing of the vector of
parameters to be estimated by MLE, referred to as 6; in the middle of page 10 in the documentation,
does it become evident that an additional parameter — confusingly labelled as ¢ —is included in the

estimation. That is, the vector of Stage 1 parameters to be estimated is defined as:
61 = [ay,l/ ay,z; bﬂ'/ by/ g, O-g/ (o O—y*]/' (A7)

Note that the parameter ¢ in 6; is not found in any of the system matrices that describe the Stage
1 model on page 10 of the documentation. This gives the impression that it is a typographical error in
the documentation, rather than a parameter that is added to the model in the estimation. However,
from their R-Code file unpack.parameters.stagel.R, which is reproduced in R-Code 3, one can see

that part of the unpacking routine, which is later called by the log-likelihood estimation function,



‘detrends’ the data (see the highlighted lines 29 to 31 in R-Code 3, where * parameter [5] refers to pa-
rameter ¢ in 81). Due to the linear time trend removal in the estimation stage, it has to be added back
to the Kalman Filter and Smoother extracted trends y;, which is is done in kalman. states.wrapper.R
(see the highlighted lines 29 to 30 in R-Code 4, where the if statement: if (stage == 1) { on line
28 of this file ensures that this is only done for the Stage 1 model). The actual equation for the trend

term yj; is thus:

yi =g+yi1+el (A.8)
t "
=yo+gt+ Y &, (A.9)
s=1

where g is an intercept term that captures constant trend growth, and yj is the initial condition of the
state vector set to 806.45 from the HP filter output as discussed in Footnote 27. Why Holston ef al.
(2017) prefer to use this way of dealing with the drift term rather than simply adding an intercept

term to the state equation in (A.4) is not clear, and not discussed anywhere.

In the estimation of the Stage 1 model, the state vector &; is initialized using the same procedure

as outlined in (12a) and Footnote 27 with the numerical value of &y and P set at:

&oo = [806.4455, 805.2851, 804.1248] (A.10)
0.4711 0.2 0.0

Poo=| 02 02 0.0]. (A.11)
0.0 0.0 02

A.2. Stage 2 Model

The second Stage model of Holston et al. (2017) is defined by the following model matrices:

ye = [yi, ]’ (A.12)
Xt = [Yi-1, Yi—2, "-1, Tt—2, -1, M—24, 1] (A.13)
& =i, Yi1 via S1-1) (A.14)
_ |y 4y 5 30 0 Al |V~ a2 4
by 0 0 0 by (1—-bs) 0] o -b, 0 0]

O O ==
o = O O
o O © O
o oo o =
_ o O O

The measurement and state relations are given by:

y: = AXt —|—H£t -+ Vi
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e
Y2 «
- Yi )
Ye| _ 9y1 y2 5 5 0 0 a0 o | + T —ay1 —ayo ag| |yi i &
m by 0 0 0 by (1—-bg) O 7Tt71 0 —by 0 0| |y, el
24 gi-1
- 1 -
(A.15)
and
& =F&_1+ S¢;
y; 100 1] [y,] [1o0
Yia| _ |1 0 0 0] lyi,| |0 0O [ety]. (A16)
Yio 01 0 0 |yis 00 effl
g1 0 0 01 g2 01

Note that O‘g in Var(g) = W = diag([aﬁ*, ng]) is replaced by (A40,+)% where Ag is the estimate from

the first Stage, so that we obtain:

Var(Se;) = SWS'

~ !/

10 10
ool fez 0 00
10 o[ [0 (Agoy)?] |0 O
0 1 01
02 0 0 0
0 00 0
_ ) A17
=10 00 o0 (A17)
[0 0 0 (Agoy)?

which is then used in the Kalman Filter routine and ML to estimate the Stage 2 model parameters.

Expanding the relations in (A.15) and (A.16) leads to the measurement:

i = yi +ay1 (et — yiy) + ay2 (Y2 — Yi_a) + S(rie1 +1im2) + a0+ aggi1 + e (A.18a)
= by(Yi-1 = Y1) +bam1 + (1 —br) m_o4 +f (A.18b)

and corresponding state relations

Vi =it giatel (A.19a)
Yio1 = Vi (A.19b)
Vi2a=VYi (A.19¢)
Qi1 =8r2+¢ . (A.19d)

A-4



Defining output y; as before as trend plus cycle, dropping identities, simplifying and rewriting gives

the following Stage 2 system relations:

v =vi + 7 (2202
= bam 1+ (1 —br) m24 +byfr1+€f (A.20b)
ay(L)§r = ao+ F(ri—1 +11-2) +ag8r—1+ e (A.20c)
Vi= Yt g tel (A.20d)

Qi1 =gt2+E 4, (A.20e)

where the corresponding vector of parameters to be estimated by MLE is:
02 = lay1, ayp, ar, o, g, bx, by, 05, O, 0]’ (A.21)

The state vector &; in the estimation of the Stage 2 model is initialized using the procedure outlined

in (12a) and Footnote 27, with the numerical value of &y and Py set at:

&oo = [806.4455, 805.2851, 804.1248, 1.1604] (A.22)

0.7185 0.2 0.0 0.2
Py — 02 02 00 00 ‘ (A23)
02 02 00 0.0

02 00 0.2 0.2009

Notice from the trend specification in (A.20d) that g;_» instead of ;1 is included in the equation.
This is not a typographical error, but rather a ‘feature’ of the Stage 2 model specification of Holston et
al. (2017), and is not obvious until the Stage 2 model relations are written out as above in equations
(A.15) to (A.20). I use the selection matrix S to derive what the variance-covariance matrix of Sg¢;,
that is, Var(Se;) = Var(e;) = SWS’ = Q, should look like. Holston et al. (2017) only report the Q
matrix in their online appendix included in the R-Code zip file (see page 10, lower half of the page in
Section 7.4).

In the Stage 3 model, Holston et al. (2017) use a ‘trick’ to arrive at the correct trend specification for
y; by including both, the &/ | as well as the ¢]" error terms in the equation for y; (see (A.32) below).
This can also be seen from the Q matrix on page 11 in Section 7.5 of their online appendix or (A.31)

below, which now includes off-diagonal terms in the Stage 3 model.

A.2.1. Getting the correct Stage 2 Model from the Stage 3 Model

We can apply this same “trick’ for the Stage 2 model, by taking the Stage 3 model state-space form and
deleting the row, respectively, column entries of the F, H, and S matrices to make them conformable
with the required Stage 2 model. The state and measurement equations of the correct Stage 2 model
then look as follows:

y: = Ax; + HE 4 v,
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Y1 m
Y
Yi—2 y* i
ye| _ |1 g2 3 5 0 0 M=) 1 o—ayn —ayp % %] X &
m by 0 0 0 by (1—by)| | 12 0 -b, 0 0o o ||’ €7
-1
71 ?
t-2
| 7Tt—2,4 | -
(A.24)
Et == Fét—l + S&t
i ] [ 00 1 0] [y, [ro1]
viq 1.0 0 0 0| |yj, 0 0 Y
€
y i, =10 10 0 0| |y 4] +|0 0 [;],
£
g1 0001 0f|go 0 11!
=] 0 0 01 0] [g-3] [0 O]
which, upon expanding and dropping of identities, yields:
Yr =Y + §i
T = b7T7Tt_1 + (1 — b7‘[) 24 —+ bygt—l + 5?
ay(L)ge = % (r1—g-1) + F (2 — g1-2) + ¢/
St—1 )
Vi = Vit 8ate g te
8t-1=8t—2+ 6‘5,1-
These last relations correspond to (42), with Etg being the counterpart to éty = —a,(L)z; + ety if we take

the full Stage 3 model as the true model.

Using the Stage 3 state-space form and simply adjusting it as shown above yields the correct Stage
2 equations for trend y; and the output gap ;. With this form of the state-space model, it is also clear

that the variance-covariance matrix Q = Var(Se¢;) will be:

Q = SWS'
1 1] 1 1]
00|, 0 0
0% 0
=10 0 lg . )]0 0
Oq*
0 1 &y 0 1
0 0] 0 0]
_0‘5* + (A0y)2 0 0 (Agoy)? 0]
0 00 0 0
= 0 00 0 0|, (A.25)
(Agoye) 0 0 (Agoy)* 0
i 0 00 0 0

A-6



where (j\g(ry* )2 again replaces ogz, as before. Since the Q matrix in Holston et al. (2017) takes the form
of (A.17) and not (A.25), we can see that this ‘trick” of rewriting the trend growth equation as in the
Stage 3 model specification was not applied to the Stage 2 model. Given that the correct Stage 2
model is easily obtained from the full Stage 3 model specification, it is not clear why the Stage 2

model is defined incorrectly as in (36).

A.3. Stage 3 Model

The third and final Stage model is defined as follows:

yi = [ye, m) (A.26)
Xt = (Y1, Yi—2, Te-1, Te—2, 1, 24 (A.27)
& =vi, ¥io1, Yio, §t—1, §t—2, Zt-1, Zt-2]' (A.28)
A= w2 %5 00 0 ]’H::F —aa e % —% —% %]
by, 0 0 0 bx (1-bp) 0 -b, 0 0O 0 0 0
1 0 01 0 0 O] [1 1 0]
1000000 000
0100000 000
F=10001000/,S=[010
0001000 000
0000010 00 1
0000010 0 0 0]

The measurement and state relations are:

yi = Axy + HE + v

Yi-1 Zt
Vi Yi—1
] _fan a2 % 0 0 Jfna | 1 o-an —ee % % -% %] [V [d
ml by 0 0 0 by (1-bo)||ma| 0 b, 0 0 0 0 o][5 " |
-1 8i-2
Zi_—
T—2,4 -
B - [ Zt—2 ]
and (A.29)

‘it = Fét—l + Sﬁt



yi 1001000y, [t 10

vi l 100000 0f|y, [oo0o0

vi,l o1 0000 0|y, |00 0

g1] =10 00100 0]|ga|+]0 1 0f]|, (A.30)
g2 (000100 0f|gs| |00 o0&,

zZa| (00000 1 0|z, [001

z2] 000001 0]|zs |00 0

In the Stage 3 model, Holston ef al. (2017) replace O‘§ and o2 in Var(g) = W = diag([oﬁ*, 082, 02])

with (Ag0,+)% and (A;03/a,)?, respectively, from the two previous estimation steps, so that:

Var(Se;) = SWS'

- - ~ -/

110 110
000 000
0 0 0] |05 0 0 000
=10 1 0] |0 (Aoy)? 0 010
0 0 0|0 0 (Azo9/a,)%| [0 0 0
001 00 1
0 0 0] 0 0 0]
07 + (Agoy-)* 0 0 (Agoy-)* 0 0 0]
0 00 0 0 0 0
0 00 0 0 0 0
Q= | (Aoys)2 0 0 (Aoy)? O 0 0f, (A.31)
0 00 0 0 0 0
0 00 0 0 (A0y/a,)* 0
i 0 00 0 0 0 0]

which enters the Kalman Filter routine and ML estimation of the final Stage 3 parameters.

Expanding the relations in (A.29) and (A.30) leads to the following measurement:

e =yi +ag1(Yie1 — Vi) F ayo (Yo — Yia) + S (re1 — gim1 — zim1) + S (rea — Qim0 — zi2) + €]
= by(Y—1 — Yi1) + a1+ (1 —br) M4+ €

and corresponding state relations

/ N N *
Vi=yia+82te +e (A32)
Yie1 = Yia
Yia=VYia
g1=g2+&
8t—2 = &§t-2

z
Zy_1 =242+ &1

Zt—2 = Zt-2.
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Defining output y; once again as trend plus cycle, dropping identities and simplifying gives the

following system of Stage 3 relations:

vi=yi + i (A.33a)

= bam 1+ (1 —br) M 24 +byfr 1+ eff (A.33b)
ay(L)§r = % (-1 — §1-1 — 2i-1) + % (11— — g1—2 — 21-2) + €] (A.33c)
Vi=yiatgatel (A.33d)
Qi-1=gi-2+E 4 (A.33e)
Zy1 =22 + €1, (A.33f)

with the corresponding vector of Stage 3 model parameters to be estimated by MLE being;:
93 — I:ayll, ay’2, ar, b7TI by, Uy, Op, Uy*]/. (A.34)

For the Stage 3 model, the variance of the state vector &; is initialized once more as outlined in (12a)

and Footnote 27, with the numerical value of &y and Py being;:

&oo = [806.4455, 805.2851, 804.1248, 1.1604, 1.1603, 0, 0] (A.35)
[0.7272 02 0 0.2009 0.2 0 0 ]
02 02 0 0 0 0 0
0 0 02 0 0 0 0

Poo = (02009 0 0 0.2009 0.2 0 0 (A.36)
02 0 0 02 02 0 0
0 0 0 0 0 0.2227 0.2
|0 0 0 0 0 02 0.2]

A.4. Additional simulation results

As an additional experiment, I simulate entirely unrelated univariate time series processes as inputs
into the ); and X'; vector series needed for the structural break regressions in (54). As before, the
simulated inputs that are required are the cycle variable 7, trend growth g; as well as the real rate r;.
To avoid having to use the observed exogenous interest rate series that makes up the real rate via the
relation r; = iy — 717 (71} is expected inflation as defined in (3)) as it will be function of 7} and hence
gt and z, I fit a low order ARMA process to r;. I then use the coefficients from this estimated ARMA
model to generate a simulated sequence of T observations from the real interest rate. I follow the
same strategy to generate a simulated series for §j;. Note that I do not simply use the AR(2) model
structure for the cycle series §; as is implied by the left hand side of (36c) together with the 4,; and
ay,» estimates from the Stage 2 model in the simulation. The reason for this is that the empirical ﬁt‘T
series that Holston et al. (2017) use in their procedure is the Kalman Smoother based estimate of i
which portrays a more complicated autocorrelation pattern than an AR(2) process. In order to match
the autocorrelation pattern of the ﬁtw series as closely as possible, I fitted the best (low order) ARMA

process to ﬁtm and used those coefficients to generate the simulated cycle series.
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For the g; series, I use three different simulation scenarios. First, I replace the trend growth esti-
mate in X'¢ by the Kalman Smoother estimate of ¢; denoted by §; 11 above. This is the same series
that Holston et al. (2017). Second, I simulate g;—; from a pure random walk (RW) process with the
standard deviation of the error term set equal to 6, = 0.0305205, the implied estimate reported in
column 1 of (9). Third, I simulate a simple (Gaussian) white noise (WN) for g;_1. And last, I fit a low
order ARMA process to the first difference of §;_qr. The “empirical” g, ;1 series is very persistent
and its dynamics are not sufficiently captured by a pure RW. I therefore use the coefficients from a
fitted ARMA model to Ag; ;| to simulate the first difference process Ag:—1, and then construct the
gt—1 as the cumulative sum of Ag; ;7 in X;. All simulation scenarios are based on 1000 repetitions
of sample size T and the EW structural break test.

In Table A.1, summary statistics of the A, estimates obtained from implementing Holston et al.’s
(2017) MUE procedure in Stage 2 are shown. The summary statistics are means and medians, as well
as empirical probabilities of observing an A, estimate computed from the simulated data being larger
than the Stage 2 estimate of 0.030217 from Holston et al. (2017). In Figure A.1, I show histogram
plots corresponding to the summary statistics of the A, estimates computed from the simulated data.
These are shown as supplementary information to complement the summary statistics in Table A.1

and to avoid concerns related to unusual simulation patterns.

Table A.1: Summary statistics of A, estimates of the Stage 2 MUE procedure applied to data simulated
from unrelated univariate ARMA processes

Summary Statistic Q-1 = gt71|T -1 ~ RW gi—1 ~ WN Agi—1 ~ ARMA
Minimum 0 0 0 0

Maximum 0.097019 0.095914 0.096789 0.093340
Standard deviation 0.015240 0.015858 0.016803 0.016335
Mean 0.031798 0.029708 0.026117 0.030449
Median 0.030165 0.028647 0.024254 0.029435
Pr(A; > 0.030217) 0.498000 0.456000 0.384000 0.482000

Notes: This table reports summary statistics of the Stage 2 estimates of A; that one obtains when applying Holston
etal.'s (2017) MUE procedure to simulated data without the z; process. The summary statistics that are reported are
the minimum, maximum, standard deviation, mean, median, as well as the empirical frequency of observing a value
larger than the estimate of 0.030217 obtained by Holston et al. (2017), denoted by Pr(A$ > 0.030217). The columns
show the estimates for the four different data generating processes for trend growth g;. The first column reports
results when the Kalman Smoothed estimate §; 1|7 is used for g;_1. The second and third columns show estimates
when g;_1 is generated as pure random walk (RW) or (Gaussian) white noise (WN) process. The last column reports
results when g;_1 is computed as the cumulative sum of Ag;_1, which is simulated from the coefficients obtained
from a low order ARMA process fitted to Ag; _1|7.The cycle and real rate series are also constructed by first finding
the best fitting low order ARMA processes to the individual series and then simulating from fitted coefficients.

Looking over the results in Table A.1 and histograms in Figure A.1, it is clear that there are many
instances where the estimates of A, from the simulated data are not only non-zero, but rather sizeable,
being larger than the estimate of A, = 0.030217 that Holston et al. (2017) compute from the empirical
data. Note that there is no z; process simulated, yet with Holston et al. (2017) Stage 2 MUE procedure
one can recover an estimate that is at least as large as the empirical one around 40 to 50 percent of
the time, depending on how g; is simulated. This simulation exercise thus highlights how spurious
Holston et al.’s (2017) MUE procedure to estimate A, is. As the downward trend in the z; process
drives the movement in the natural rate, where the severity of the downward trend is related to the
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Figure A.1: Histograms of the estimated {5\;}5,5:1 sequence corresponding to the summary statistics shown
in Table A.1

magnitude of o, which is through A;, Holston et al.’s (2017) estimates of the natural rate are likely to
be downward biased.

A.5. Additional figures and tables

This section presents additional figures and tables to complement the results reported in the main

text. Some of these results are based on an expanded sample period using data that ends in 2019:Q2.
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(a) Trend growth ¢; (annualized)
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Figure A.2: Kalman smoothed estimates of (annualized) trend growth g; and output gap (cycle) 7; from
Holston et al.'s (2017) ‘misspecified’ Stage 2 model (HLW blue solid line) and the ‘correctly specified’
Stage 2 model (MLE(0g). Mg red dashed lined). These are used as inputs into the structural break
dummy variable regression in (54).
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Figure A.3: Sequences of {F(7)}7L, statistics from the structural break dummy variable regressions in
(54) for the different scenarios that are considered.
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Figure A.4: Sequence of {F(7)}7L,, statistics on the dummy variable coefficients {1 (T)}7ir, used in
the construction of the structural break test statistics.
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Table A.3: Stage 3 parameter estimates using data up to 2019:Q2

03 HLW.R-File Replicated ~ MLE(0g|AHIW)  MLE(0g|A2"0)  MLE(0g, 03)
ay1 1.53876458 1.53876459 1.51083223 1.51659115 1.51669620
ayn —0.59700264  —0.59700265  —0.57053684  —0.57637540  —0.57645931
ar —0.06854043  —0.06854043  —0.07561113  —0.07029671  —0.07000675
by 0.67331545 0.67331545 0.67638900 0.67463450 0.67483411
by 0.07755450 0.07755451 0.07454055 0.07888427 0.07885243
oy 0.33590693 0.33590692 0.33598381 0.34747670 0.34826106
on 0.78812554 0.78812554 0.78921814 0.78854952 0.78862036
oy 0.57577319 0.57577320 0.56789520 0.56359236 0.56327803
0g (implied) (0.03082331)  (0.03082331) 0.04517849 0.04386169 0.04378982
o, (implied) (0.17251762)  (0.17251762) 0.15642060 0.06065982 0.05250494
Ag (implied) 0.05353377 0.05353377 (0.07955428)  (0.07782519)  (0.07774103)
Az (implied) 0.03520151 0.03520151 (0.03520151)  (0.01227186)  (0.01055443)

Log-likelihood

—533.36984524

—533.36984550

—533.16547501

—532.82874860

—532.82637541

Notes: This table reports replication results for the Stage 3 model parameter vector 83 of Holston ef al. (2017). The first
column (HLW.R-File) reports estimates obtained by running Holston ef al.'s (2017) R-Code for the Stage 3 model. The
second column (Replicated) shows the replicated results using the same set-up as in Holston ef al.'s (2017). The third column
(MLE(08|A§ILW)) reports estimates when oy is directly estimated by MLE together with the other parameters of the Stage 3
model, while A, is held fixed at AHEW = 0.035202 obtained from Holston et al.’s (2017) ”misspecified” Stage 2 procedure.
In the forth column (MLE(crg|)\?/10)), 0, is again estimated directly by MLE together with the other parameters of the Stage

3 model, but with A; now fixed at )\QAO = 0.012272 obtained from the "correctly specified” Stage 2 model in (42). The
last column (MLE(0g, 0g)) shows estimates when all parameters are computed by MLE. Values in round brackets give the
implied {og, 02} or {Ag, A} values when either is fixed or estimated. The last row (Log-likelihood) reports the value of the
log-likelihood function at these parameter estimates. The Matlab file Stage3_replication.m replicates these results.
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Figure A.5: Filtered estimates of the natural rate 7}, annualized trend growth g;, ‘other factor’ z;, and

the output gap (cycle) variable 7; up to 2019:Q2.
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Figure A.6: Smoothed estimates of the natural rate 7}, annualized trend growth g;, ‘other factor’ z;, and

the output gap (cycle) variable ; up to 2019:Q2.
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Figure A.7: GDP growth and recursively estimated mean of GDP growth from 2009:Q3 to 2019:Q2.
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Figure A.8: Mean and Median 10 year (real) GDP growth forecasts from the Survey of Professional fore-
casters (SPF) obtained from https:/ /www.philadelphiafed.org/research-and-data/real-time-center/
survey-of-professional-forecasters/data-files /rgdp10. The blue shaded region marks the 25t to 75
percentile region of the cross-section of forecaster.
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Figure A.9: GMSU-Vanguard survey based expected 3 year and 10 year (real) GDP growth from February
2017 to April 2020, taken from Figure Il on page 5 in Giglio ef al. (2020) (see the appendix in Giglio et al.
(2020) for more details on the design of the client/investor survey).
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A.6. R-Code Snippets

This sections shows various parts of the R-Code that is provided by Holston et al. (2017) in the
zip file from https://www.newyorkfed.org/medialibrary /media/research/economists/williams/
data/HLWCode.zip. Below the code next to each of the headers, the name of the R-file is listed
from which the code is displayed.

oo #
# File rstar.stage3.R
#
# Description: This file runs the model in the third stage of the HLW estimation.
oo #
rstar.stage3 <- function(log.output,

inflation,

real.interest.rate,
nominal .interest.rate,
lambda.g,

lambda.z,
a3.constraint=NA,
b2.constraint=NA,
run.se = TRUE) {

stage <- 3

# Data must start 4 quarters before the estimation period
T <- length(log.output) - 4

# Original output gap estimate

x.0g <- cbind(rep(1,T+4), 1:(T+4))

y.og <- log.output

output.gap <- (y.og - x.og %*% solve(t(x.og) %*} x.og, t(x.og) %*}% y.og)) * 100

# Initialization of state vector for Kalman filter using HP trend of log output
log.output.hp.trend <- hpfilter(log.output,freq=36000,type="lambda",drift=FALSE)$trend
g.pot <- log.output.hp.trend[(g.pot.start.index) :length(log.output.hp.trend)]
g.pot.diff <- diff(g.pot)

xi.00 <- c(100*g.pot[3:1],100*g.pot.diff[2:1],0,0)

# IS curve

y.is <- output.gap[5:(T+4)]

x.1is <- cbind(output.gap[4:(T+3)], output.gap[3:(T+2)],
(real.interest.rate[4:(T+3)] + real.interest.rate[3:(T+2)])/2,
rep(1,T))

b.is <- solve(t(x.is) %*% x.is, t(x.is) %*% y.is)

.is <- as.vector(y.is - x.is %*}, b.is)

s.is <- sqrt(sum(r.is"2) / (length(r.is)-(dim(x.is)[2]1)))

2}

# Phillips curve

.ph <- inflation[5: (T+4)]

.ph <- cbind(inflation[4:(T+3)],
(inflation[3: (T+2)]+inflation[2: (T+1)]+inflation[1:T])/3,
output.gap[4: (T+3)])

b.ph <- solve(t(x.ph) %*% x.ph, t(x.ph) %*% y.ph)

.ph <- y.ph - x.ph %*% b.ph

s.ph <- sqrt(sum(r.ph~2) / (length(r.ph)-(dim(x.ph)[2])))

H <

Lo}

y.data <- cbind(100 * log.output[5:(T+4)],
inflation[5: (T+4)])
x.data <- cbind(100 * log.output[4:(T+3)],
100 * log.output[3:(T+2)],
real.interest.rate[4:(T+3)],
real.interest.rate[3:(T+2)],
inflation[4: (T+3)],
(inflation[3: (T+2)]+inflation[2: (T+1)]+inflation[1:T])/3)

# Starting values for the parameter vector
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initial.parameters <- c(b.is[1:3], b.ph[1], b.ph[3], s.is, s.ph, 0.7)

# Set an upper and lower bound on the parameter vectors:

# The vector is unbounded unless values are otherwise specified
theta.lb <- c(rep(-Inf,length(initial.parameters)))

theta.ub <- c(rep(Inf,length(initial.parameters)))

# Set a lower bound for the Phillips curve slope (b_2) of b2.constraint, if not NA
# In HLW, b2.constraint = 0.025
if (!is.na(b2.constraint)) {
print(paste0("Setting a lower bound on b_2 of ",as.character(b2.constraint)))
if (initial.parameters[5] < b2.constraint) {
initial.parameters[5] <- b2.constraint
}
theta.lb[5] <- b2.constraint
}

# Set an upper bound for the IS curve slope (a_3) of a3.constraint, if not NA
# In HLW, a3.constraint = -0.0025
if (!is.na(a3.constraint)) {
print(paste0("Setting an upper bound on a_3 of ",as.character(a3.constraint)))
if (initial.parameters[3] > a3.constraint) {
initial.parameters[3] <- a3.constraint
}

theta.ub[3] <- a3.constraint

# Set the initial covariance matrix (see footnote 6)
P.00 <- calculate.covariance(initial.parameters, theta.lb, theta.ub, y.data, x.data, stage,
lambda.g, lambda.z, xi.00)

# Get parameter estimates via maximum likelihood
f <- function(theta) {return(-log.likelihood.wrapper(theta, y.data, x.data, stage, lambda.g,
lambda.z, xi.00, P.00)$11l.cum)}
nloptr.out <- nloptr(initial.parameters, f, eval_grad_f=function(x) {gradient(f, x)},
1lb=theta.lb,ub=theta.ub,
opts=list("algorithm"="NLOPT_LD_LBFGS","xtol_rel"=1.0e-8))
theta <- nloptr.out$solution

log.likelihood <- log.likelihood.wrapper(theta, y.data, x.data, stage, lambda.g, lambda.z, xi
.00, P.00)$1l.cum

# Get state vectors (xi.tt, xi.ttml, xi.tT, P.tt, P.ttml, P.tT) via Kalman filter
states <- kalman.states.wrapper(theta, y.data, x.data, stage, lambda.g, lambda.z, xi.00, P.00)

# If run.se = TRUE, compute standard errors for estimates of the states (see footnote 7) and
report run time
if (run.se) {
ptm <- proc.time()
se <- kalman.standard.errors(T, states, theta, y.data, x.data, stage, lambda.g, lambda.z, xi
.00, P.00, niter, a3.constraint, b2.constraint)
print("Standard error procedure run time")
print(proc.time() - ptm)
}

# One-sided (filtered) estimates

trend.filtered <- states$filtered$xi.tt[,4] * 4

z.filtered <- states$filtered$xi.tt[,6]

rstar.filtered <- trend.filtered + z.filtered
potential.filtered <- states$filtered$xi.tt[,1]/100
output.gap.filtered <- y.datal[,1] - (potential.filtered * 100)

# Two-sided (smoothed) estimates

trend.smoothed <- states$smoothed$xi.tt[,4] * 4
z.smoothed <- states$smoothed$xi.tt[,6]
rstar.smoothed <- trend.smoothed + z.smoothed

potential.smoothed <- states$smoothed$xi.tt[,1]/100
output.gap.smoothed <- y.data[,1] - (potential.smoothed * 100)

R-Code 1: rstar.stage3.R
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ettt #
# File: calculate.covariance.R
#
# Description: This function calculates the covariance matrix of the
# initial state from the gradients of the likelihood function.
o #
calculate.covariance <- function(initial.parameters,theta.lb,theta.ub,y.data,x.data,stage,lambda.g
=NA,lambda.z=NA,xi.00){
n.state.vars <- length(xi.00)
# Set covariance matrix equal to 0.2 times the identity matrix
P.00 <- diag(0.2,n.state.vars,n.state.vars)
# Get parameter estimates via maximum likelihood
f <- function(theta) {return(-log.likelihood.wrapper(theta, y.data, x.data, stage, lambda.g,
lambda.z, xi.00, P.00)$1l.cum)}
nloptr.out <- nloptr(initial.parameters, f, eval_grad_f=function(x) {gradient(f, x)},
1b=theta.1b,ub=theta.ub,opts=list("algorithm”="NLOPT_LD_LBFGS","xtol_rel“
=1.0e-8))
theta <- nloptr.out$solution
# Run Kalman filter with above covariance matrix and corresponding parameter estimates
states <- kalman.states.wrapper(theta, y.data, x.data, stage, lambda.g, lambda.z, xi.00, P.00)
# Save initial covariance matrix
P.00 <- states$filtered$P.ttml[1:n.state.vars,]
return(P.00)
}

R-Code 2: calculate.covariance.R
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L #
2 |# File: unpack.parameters.stagel.R

3| #

4 |# Description: This file generates coefficient matrices for the stage 1

5|# state-space model for the given parameter vector.

6|#

7 |# Stage 1 parameter vector: [a_y,1, a_y,2, b_pi, b_y, g, sigma_y~, sigma_pi, sigma_y*]
8 | #—m #
9 | unpack.parameters.stagel <- function(parameters, y.data, x.data, xi.00, P.00) {
10 A <- matrix(0, 4, 2)

11 A[1:2, 1] <- parameters[1:2] # a_y,1, a_y,2

12| A[1, 2] <- parameters[4] # b_y

13| A[3, 21 <- parameters[3] # b_pi

14| A[4, 21 <- 1-parameters[3] # 1 - b_pi

15

16 H <- matrix(0, 3, 2)

17 H[1, 1] <-1

18 H[2:3, 1] <- -parameters[1:2] # -a_y,1, -a_y,2
19 H[2, 2] <- -parameters[4] # -b_y

20

21 R <- diag(c(parameters[6] "2, parameters[7]72)) # sigma_y~, sigma_pi
22 Q <- matrix(0, 3, 3)

23 Qr1, 11 <- parameters[8]~"2 # sigma_yx*

24

25 F <- matrix(0, 3, 3)

26 F[1, 1] <- F[2, 1] <- F[3, 2] <- 1
27
28 # Make the data stationary

29 y.datal[, 1] <- y.datal, 1] - 1:dim(y.data)[1] * parameters[5] # g
30 x.datal, 1] <- x.data[, 1] - 0:(dim(x.data)[1]-1) * parameters[5]

31 x.datal, 2] <- x.datal[, 2] - -1:(dim(x.data)[1]-2) * parameters[5]
32
33 return(list("xi.00"=xi.00, "P.00"=P.00, "F"=F, "Q"=Q, "A"=A, "H"=H, "R"=R, "x.data"=x.data, "y.
data"=y.data))

34|}

R-Code 3: unpack.parameters.stagel.R
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ettt #
# File: kalman.states.wrapper.R
#
# Description: This is a wrapper function for kalman.states.R that specifies
# inputs based on the estimation stage.
oo #
kalman.states.wrapper <- function(parameters, y.data, x.data, stage = NA,
lambda.g=NA, lambda.z=NA, xi.00=NA, P.00=NA){
if (stage == 1) {
out <- unpack.parameters.stagel(parameters, y.data, x.data,
xi.00, P.00)
} else if (stage == 2) {
out <- unpack.parameters.stage2(parameters, y.data, x.data,
lambda.g, xi.00, P.00)
} else if (stage == 3) {
out <- unpack.parameters.stage3(parameters, y.data, x.data,
lambda.g, lambda.z, xi.00, P.00)
} else {
stop(’You need to enter a stage number in kalman.states.wrapper.’)
}
for (n in names(out)) {
eval (parse(text=pasteO(n, "<-out$", n)))
}
T <- dim(y.data) [1]
states <- kalman.states(xi.00, P.00, F, Q, A, H, R, y.data, x.data)
if (stage == 1) {
states$filtered$xi.tt <- states$filtered$xi.tt + cbind(1:T,0:(T-1),-1:(T-2)) * parameters[5]
states$smoothed$xi.tT <- states$smoothed$xi.tT + cbind(1:T,0:(T-1),-1:(T-2)) * parameters[5]
b
return(states)
}

R-Code 4: kalman.states.wrapper.R

A-24




1| #
2 |# File rstar.stage2.R

3| #

4 |# Description: This file runs the model in the second stage of the HLW estimation
o I ettt #
6 | rstar.stage2 <- function(log.output,

7 inflation,

8 real.interest.rate,

9 lambda.g,

10 a3.constraint=NA,

11 b2.constraint=NA) {

12

13 stage <- 2

14

15 # Data must start 4 quarters before the estimation period

16| T <- length(log.output) - 4

17

18 # Original output gap estimate

19 x.0g <- cbind(rep(1,T+4), 1:(T+4))

20 y.og <- log.output

21 output.gap <- (y.og - x.og %*% solve(t(x.og) %x*% x.og, t(x.og) %*% y.og)) * 100

22

23 # Initialization of state vector for Kalman filter using HP trend of log output

24 log.output.hp.trend <- hpfilter(log.output,freq=36000,type="lambda",drift=FALSE)$trend

25 g.pot <- log.output.hp.trend[(g.pot.start.index) :length(log.output.hp.trend)]

26| g.pot.diff <- diff(g.pot)

27| xi.00 <= c(100*g.pot[3:1],100*g.pot.diff[2])

28

29 # IS curve

30| y.is <- output.gap[5:(T+4)]
X

31 .is <- cbind(output.gap[4:(T+3)], output.gap[3:(T+2)],
32 (real.interest.rate[4:(T+3)] + real.interest.rate[3:(T+2)])/2,
33 rep(1,T))

34| b.is <- solve(t(x.is) %% x.is, t(x.is) ¥%x*% y.is)

35 .is <- as.vector(y.is - x.is %*J, b.is)

36 s.is <- sqrt(sum(r.is"2) / (length(r.is)-(dim(x.is)[2]1)))
37
38 # Phillips curve

H

39 y.ph <- inflation[5:(T+4)]

40 x.ph <- cbind(inflation[4:(T+3)],

41 (inflation[3: (T+2)]+inflation[2: (T+1)]+inflation[1:T])/3,
42 output.gap[4: (T+3)])

43 b.ph <- solve(t(x.ph) %% x.ph, t(x.ph) %*% y.ph)
44 .ph <- y.ph - x.ph %*% b.ph
45| s.ph <- sqrt(sum(r.ph~2) / (length(r.ph)-(dim(x.ph)[2]1)))

2}

46

47| y.data <- cbind(100 * log.output[5:(T+4)],
48 inflation[5:(T+4)])

49 x.data <- cbind(100 * log.output[4:(T+3)],
50 100 * log.output[3:(T+2)],
51 real.interest.rate[4:(T+3)],
52 real.interest.rate[3:(T+2)],
53 inflation[4: (T+3)],

54 (inflation[3: (T+2)]+inflation[2: (T+1)]+inflation[1:T])/3,
55 rep(1,T))

56

57 # Starting values for the parameter vector

58 initial.parameters <- c(b.is, -b.is[3], b.ph[1], b.ph[3], s.is, s.ph, 0.5)
59
60 # Set an upper and lower bound on the parameter vectors:

61 # The vector is unbounded unless values are otherwise specified
62| theta.lb <- c(rep(-Inf,length(initial.parameters)))

63| theta.ub <- c(rep(Inf,length(initial.parameters)))

64
65 # Set a lower bound for the Phillips curve slope (b_2) of b2.constraint, if not NA
66 # In HLW, b2.constraint = 0.025

67 if (!is.na(b2.constraint)) {

68 if (initial.parameters[7] < b2.constraint) {

69 initial.parameters[7] <- b2.constraint
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theta.lb[7] <- b2.constraint
¥

# Set an upper bound for the IS curve slope (a_3) of a3.constraint, if not NA
# In HLW, a3.constraint = -0.0025
if (!is.na(a3.constraint)) {

if (initial.parameters[3] > a3.constraint) {

initial.parameters[3] <- a3.constraint

}

theta.ub[3] <- a3.constraint
}

# Set the initial covariance matrix (see footnote 6)
P.00 <- calculate.covariance(initial.parameters, theta.lb, theta.ub, y.data, x.data, stage,
lambda.g, NA, xi.00)

# Get parameter estimates via maximum likelihood
f <- function(theta) {return(-log.likelihood.wrapper(theta, y.data, x.data, stage, lambda.g, NA,
xi.00, P.00)$11.cum)}
nloptr.out <- nloptr(initial.parameters, f, eval_grad_f=function(x) {gradient(f, x)},
1lb=theta.lb,ub=theta.ub,
opts=list("algorithm"="NLOPT_LD_LBFGS","xtol_rel"=1.0e-8))
theta <- nloptr.out$solution

log.likelihood <- log.likelihood.wrapper (theta, y.data, x.data, stage, lambda.g, NA, xi.00, P
.00)$11.cum

# Get state vectors (xi.tt, xi.ttml, xi.tT, P.tt, P.ttml, P.tT) via Kalman filter
states <- kalman.states.wrapper(theta, y.data, x.data, stage, lambda.g, NA, xi.00, P.00)

# Two-sided (smoothed) estimates

trend.smoothed <- states$smoothed$xi.tt[,4] * 4

potential.smoothed <- c(states$smoothed$xi.tT[1, 3:2], states$smoothed$xi.tT[,1])
output.gap.smoothed <- 100 * log.output[3:(T+4)] - potential.smoothed

# Inputs for median.unbiased.estimator.stage2.R

y <- output.gap.smoothed[3:1length(output.gap.smoothed)]

x <- cbind(output.gap.smoothed[2: (length(output.gap.smoothed)-1)],
output.gap.smoothed[1: (length(output.gap.smoothed)-2)1],
(x.datal,3]+x.datal,4])/2,
states$smoothed$xi.tT[,4],
rep(1,T))

R-Code 5: rstar.stage2.R
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1|\ #---""""""""""""""""""— #
2 |# File: median.unbiased.estimator.stage2.R

3| #

4 |# Description: This file implements the median unbiased estimation of the
5| # signal-to-noise ratio lambda_z following Stock and Watson (1998).
6|#-—-——"———— #
7 |median.unbiased.estimator.stage2 <- function(y, x) {

8 T <- dim(x) [1]

9 stat <- rep(0, T-2%4+1)

10 for (i in 4:(T-4)) {

11 xr <- cbind(x, c(rep(0, i), rep(1, T-i)))

12 xi <- solve(t(xr)%*%xr)

13 b <- solve(t(xr)i*ixr,t(xr)%*%y)

14 s3 <- sum((y-xr%*%b) ~2)/(T-dim(xr) [2])

15 stat[i+1-4] <- bldim(xr) [2]]/sqrt(s3+*xi[dim(xr) [2],dim(xr) [2]])
16 %

17 ew <- 0

18 for (i in 1:length(stat)) {

19 ew <- ewtexp((stat[i]~2)/2)

20 }

21 ew <- log(ew/length(stat))

22 mw <- mean(stat~2)

23 gqlr <- max(stat~2)

24

25 # Values are from Table 3 in Stock and Watson (1998)

26 # Test Statistic: Exponential Wald (EW)

27 valew <- c(0.426, 0.476, 0.516, 0.661, 0.826, 1.111,

28 1.419, 1.762, 2.355, 2.91, 3.413, 3.868, 4.925,

29 5.684, 6.670, 7.690, 8.477, 9.191, 10.693, 12.024,

30 13.089, 14.440, 16.191, 17.332, 18.699, 20.464,

31 21.667, 23.851, 25.538, 26.762, 27.874)

32 # Test Statistic: Mean Wald (MW)

33 valmw <- c(0.689, 0.757, 0.806, 1.015, 1.234, 1.632,

34 2.018, 2.390, 3.081, 3.699, 4.222, 4.776, 5.767,

35 6.586, 7.703, 8.683, 9.467, 10.101, 11.639, 13.039,

36 13.900, 15.214, 16.806, 18.330, 19.020, 20.562,

37 21.837, 24.350, 26.248, 27.089, 27.758)

38 # Test Statistic: QLR

39 valql <- c(3.198, 3.416, 3.594, 4.106, 4.848, 5.689,

40 6.682, 7.626, 9.16, 10.66, 11.841, 13.098, 15.451,

41 17.094, 19.423, 21.682, 23.342, 24.920, 28.174, 30.736,
42 33.313, 36.109, 39.673, 41.955, 45.056, 48.647, 50.983,
43 55.514, 59.278, 61.311, 64.016)

44

45 lame <- NA

46 lamm <- NA

47 lamg <- NA

48

49 # Median-unbiased estimator of lambda_g for given values of the test
50 # statistics are obtained using the procedure described in the

51 # footnote to Stock and Watson (1998) Table 3.

52 if (ew <= valew[1]) {

53 lame <- 0

54 } else {

55 for (i in 1:(length(valew)-1)) {

56 if ((ew > valew[i]) & (ew <= valew[i+1])) {

57 lame <- i-1+(ew-valew[i])/(valew[i+1]-valew[i])

58 }

59 }

60 }

R-Code 6: median.unbiased.estimator.stage2.R

A-27



Earlier Working Papers:

For a complete list of Working Papers published by Sveriges Riksbank, see www.riksbank.se

Estimation of an Adaptive Stock Market Model with Heterogeneous Agents 2005:177
by Henrik Amilon

Some Further Evidence on Interest-Rate Smoothing: The Role of Measurement Errors in the Output 2005:178
Gap

by Mikael Apel and Per Jansson

Bayesian Estimation of an Open Economy DSGE Model with Incomplete Pass-Through 2005:179
by Malin Adolfson, Stefan Laséen, Jesper Lindé and Mattias Villani

Are Constant Interest Rate Forecasts Modest Interventions? Evidence from an Estimated Open 2005:180
Economy DSGE Model of the Euro Area

by Malin Adolfson, Stefan Laséen, Jesper Lindé and Mattias Villani

Inference in Vector Autoregressive Models with an Informative Prior on the Steady State 2005:181
by Mattias Villani

Bank Mergers, Competition and Liquidity 2005:182
by Elena Carletti, Philipp Hartmann and Giancarlo Spagnolo

Testing Near-Rationality using Detailed Survey Data 2005:183
by Michael F. Bryan and Stefan Palmqvist

Exploring Interactions between Real Activity and the Financial Stance 2005:184
by Tor Jacobson, Jesper Lindé and Kasper Roszbach

Two-Sided Network Effects, Bank Interchange Fees, and the Allocation of Fixed Costs 2005:185
by Mats A. Bergman

Trade Deficits in the Baltic States: How Long Will the Party Last? 2005:186
by Rudolfs Bems and Kristian Jénsson

Real Exchange Rate and Consumption Fluctuations follwing Trade Liberalization 2005:187
by Kristian Jénsson

Modern Forecasting Models in Action: Improving Macroeconomic Analyses at Central Banks 2005:188
by Malin Adolfson, Michael K. Andersson, Jesper Lindé, Mattias Villani and Anders Vredin

Bayesian Inference of General Linear Restrictions on the Cointegration Space 2005:189
by Mattias Villani

Forecasting Performance of an Open Economy Dynamic Stochastic General Equilibrium Model 2005:190
by Malin Adolfson, Stefan Laséen, Jesper Lindé and Mattias Villani

Forecast Combination and Model Averaging using Predictive Measures 2005:191
by Jana Eklund and Sune Karlsson

Swedish Intervention and the Krona Float, 1993-2002 2006:192
by Owen F. Humpage and Javiera Ragnartz

A Simultaneous Model of the Swedish Krona, the US Dollar and the Euro 2006:193
by Hans Lindblad and Peter Sellin

Testing Theories of Job Creation: Does Supply Create Its Own Demand? 2006:194
by Mikael Carlsson, Stefan Eriksson and Nils Gottfries

Down or Out: Assessing The Welfare Costs of Household Investment Mistakes 2006:195
by Laurent E. Calvet, John Y. Campbell and Paolo Sodini

Efficient Bayesian Inference for Multiple Change-Point and Mixture Innovation Models 2006:196
by Paolo Giordani and Robert Kohn

Derivation and Estimation of a New Keynesian Phillips Curve in a Small Open Economy 2006:197
by Karolina Holmberg

Technology Shocks and the Labour-Input Response: Evidence from Firm-Level Data 2006:198
by Mikael Carlsson and Jon Smedsaas

Monetary Policy and Staggered Wage Bargaining when Prices are Sticky 2006:199
by Mikael Carlsson and Andreas Westermark

The Swedish External Position and the Krona 2006:200

by Philip R. Lane




Price Setting Transactions and the Role of Denominating Currency in FX Markets 2007:201
by Richard Friberg and Fredrik Wilander

The geography of asset holdings: Evidence from Sweden 2007:202
by Nicolas Coeurdacier and Philippe Martin

Evaluating An Estimated New Keynesian Small Open Economy Model 2007:203
by Malin Adolfson, Stefan Laséen, Jesper Lindé and Mattias Villani

The Use of Cash and the Size of the Shadow Economy in Sweden 2007:204
by Gabriela Guibourg and Bjérn Segendorf

Bank supervision Russian style: Evidence of conflicts between micro- and macro-prudential concerns 2007:205
by Sophie Claeys and Koen Schoors

Optimal Monetary Policy under Downward Nominal Wage Rigidity 2007:206
by Mikael Carlsson and Andreas Westermark

Financial Structure, Managerial Compensation and Monitoring 2007:207
by Vittoria Cerasi and Sonja Daltung

Financial Frictions, Investment and Tobin’s q 2007:208
by Guido Lorenzoni and Karl Walentin

Sticky Information vs Sticky Prices: A Horse Race in a DSGE Framework 2007:209
by Mathias Trabandt

Acquisition versus greenfield: The impact of the mode of foreign bank entry on information and bank 2007:210
lending rates

by Sophie Claeys and Christa Hainz

Nonparametric Regression Density Estimation Using Smoothly Varying Normal Mixtures 2007:211
by Mattias Villani, Robert Kohn and Paolo Giordani

The Costs of Paying — Private and Social Costs of Cash and Card 2007:212
by Mats Bergman, Gabriella Guibourg and Bjérn Segendorf

Using a New Open Economy Macroeconomics model to make real nominal exchange rate forecasts 2007:213
by Peter Sellin

Introducing Financial Frictions and Unemployment into a Small Open Economy Model 2007:214
by Lawrence J. Christiano, Mathias Trabandt and Karl Walentin

Earnings Inequality and the Equity Premium 2007:215
by Karl Walentin

Bayesian forecast combination for VAR models 2007:216
by Michael K. Andersson and Sune Karlsson

Do Central Banks React to House Prices? 2007:217
by Daria Finocchiaro and Virginia Queijo von Heideken

The Riksbank’s Forecasting Performance 2007:218
by Michael K. Andersson, Gustav Karlsson and Josef Svensson

Macroeconomic Impact on Expected Default Fregency 2008:219
by Per Asberg and Hovick Shahnazarian

Monetary Policy Regimes and the Volatility of Long-Term Interest Rates 2008:220
by Virginia Queijo von Heideken

Governing the Governors: A Clinical Study of Central Banks 2008:221
by Lars Frisell, Kasper Roszbach and Giancarlo Spagnolo

The Monetary Policy Decision-Making Process and the Term Structure of Interest Rates 2008:222
by Hans Dillén

How Important are Financial Frictions in the U S and the Euro Area 2008:223
by Virginia Queijo von Heideken

Block Kalman filtering for large-scale DSGE models 2008:224
by Ingvar Strid and Karl Walentin

Optimal Monetary Policy in an Operational Medium-Sized DSGE Model 2008:225
by Malin Adolfson, Stefan Laséen, Jesper Lindé and Lars E. O. Svensson

Firm Default and Aggregate Fluctuations 2008:226
by Tor Jacobson, Rikard Kindell, Jesper Lindé and Kasper Roszbach

Re-Evaluating Swedish Membership in EMU: Evidence from an Estimated Model 2008:227

by Ulf Séderstrém




The Effect of Cash Flow on Investment: An Empirical Test of the Balance Sheet Channel 2009:228
by Ola Melander

Expectation Driven Business Cycles with Limited Enforcement 2009:229
by Karl Walentin

Effects of Organizational Change on Firm Productivity 2009:230
by Christina Hakanson

Evaluating Microfoundations for Aggregate Price Rigidities: Evidence from Matched Firm-Level Data on 2009:231
Product Prices and Unit Labor Cost

by Mikael Carlsson and Oskar Nordstrém Skans

Monetary Policy Trade-Offs in an Estimated Open-Economy DSGE Model 2009:232
by Malin Adolfson, Stefan Laséen, Jesper Lindé and Lars E. O. Svensson

Flexible Modeling of Conditional Distributions Using Smooth Mixtures of Asymmetric 2009:233
Student T Densities

by Feng Li, Mattias Villani and Robert Kohn

Forecasting Macroeconomic Time Series with Locally Adaptive Signal Extraction 2009:234
by Paolo Giordani and Mattias Villani

Evaluating Monetary Policy 2009:235
by Lars E. O. Svensson

Risk Premiums and Macroeconomic Dynamics in a Heterogeneous Agent Model 2010:236
by Ferre De Graeve, Maarten Dossche, Marina Emiris, Henri Sneessens and Raf Wouters

Picking the Brains of MPC Members 2010:237
by Mikael Apel, Carl Andreas Claussen and Petra Lennartsdotter

Involuntary Unemployment and the Business Cycle 2010:238
by Lawrence J. Christiano, Mathias Trabandt and Karl Walentin

Housing collateral and the monetary transmission mechanism 2010:239
by Karl Walentin and Peter Sellin

The Discursive Dilemma in Monetary Policy 2010:240
by Carl Andreas Claussen and istein Roisland

Monetary Regime Change and Business Cycles 2010:241
by Vasco Curdia and Daria Finocchiaro

Bayesian Inference in Structural Second-Price common Value Auctions 2010:242
by Bertil Wegmann and Mattias Villani

Equilibrium asset prices and the wealth distribution with inattentive consumers 2010:243
by Daria Finocchiaro

Identifying VARSs through Heterogeneity: An Application to Bank Runs 2010:244
by Ferre De Graeve and Alexei Karas

Modeling Conditional Densities Using Finite Smooth Mixtures 2010:245
by Feng Li, Mattias Villani and Robert Kohn

The Output Gap, the Labor Wedge, and the Dynamic Behavior of Hours 2010:246
by Luca Sala, UIf Séderstrém and Antonella Trigari

Density-Conditional Forecasts in Dynamic Multivariate Models 2010:247
by Michael K. Andersson, Stefan Palmqvist and Daniel F. Waggoner

Anticipated Alternative Policy-Rate Paths in Policy Simulations 2010:248
by Stefan Laséen and Lars E. O. Svensson

MOSES: Model of Swedish Economic Studies 2011:249
by Gunnar Bérdsen, Ard den Reijer, Patrik Jonasson and Ragnar Nymoen

The Effects of Endogenuos Firm Exit on Business Cycle Dynamics and Optimal Fiscal Policy 2011:250
by Lauri Vilmi

Parameter Identification in a Estimated New Keynesian Open Economy Model 2011:251
by Malin Adolfson and Jesper Lindé

Up for count? Central bank words and financial stress 2011:252
by Marianna Blix Grimaldi

Wage Adjustment and Productivity Shocks 2011:253

by Mikael Carlsson, Julian Messina and Oskar Nordstrém Skans




Stylized (Arte) Facts on Sectoral Inflation 2011:254
by Ferre De Graeve and Karl Walentin
Hedging Labor Income Risk 2011:255
by Sebastien Betermier, Thomas Jansson, Christine A. Parlour and Johan Walden
Taking the Twists into Account: Predicting Firm Bankruptcy Risk with Splines of Financial Ratios 2011:256
by Paolo Giordani, Tor Jacobson, Erik von Schedvin and Mattias Villani
Collateralization, Bank Loan Rates and Monitoring: Evidence from a Natural Experiment 2012:257
by Geraldo Cerqueiro, Steven Ongena and Kasper Roszbach
On the Non-Exclusivity of Loan Contracts: An Empirical Investigation 2012:258
by Hans Degryse, Vasso loannidou and Erik von Schedvin
Labor-Market Frictions and Optimal Inflation 2012:259
by Mikael Carlsson and Andreas Westermark
Output Gaps and Robust Monetary Policy Rules 2012:260
by Roberto M. Billi
The Information Content of Central Bank Minutes 2012:261
by Mikael Apel and Marianna Blix Grimaldi

The Cost of Consumer Payments in Sweden 2012:262
by Bjérn Segendorf and Thomas Jansson

Trade Credit and the Propagation of Corporate Failure: An Empirical Analysis 2012:263
by Tor Jacobson and Erik von Schedvin

Structural and Cyclical Forces in the Labor Market During the Great Recession: Cross-Country Evidence 2012:264
by Luca Sala, Ulf Séderstrém and AntonellaTrigari

Pension Wealth and Household Savings in Europe: Evidence from SHARELIFE 2013:265
by Rob Alessie, Viola Angelini and Peter van Santen

Long-Term Relationship Bargaining 2013:266
by Andreas Westermark

Using Financial Markets To Estimate the Macro Effects of Monetary Policy: An Impact-ldentified FAVAR* 2013:267
by Stefan Pitschner

DYNAMIC MIXTURE-OF-EXPERTS MODELS FOR LONGITUDINAL AND DISCRETE-TIME SURVIVAL DATA  2013:268
by Matias Quiroz and Mattias Villani

Conditional euro area sovereign default risk 2013:269
by André Lucas, Bernd Schwaab and Xin Zhang

Nominal GDP Targeting and the Zero Lower Bound: Should We Abandon Inflation Targeting?* 2013:270
by Roberto M. Billi

Un-truncating VARs* 2013:271
by Ferre De Graeve and Andreas Westermark

Housing Choices and Labor Income Risk 2013:272
by Thomas Jansson

Identifying Fiscal Inflation* 2013:273
by Ferre De Graeve and Virginia Queijo von Heideken

On the Redistributive Effects of Inflation: an International Perspective* 2013:274
by Paola Boel

Business Cycle Implications of Mortgage Spreads* 2013:275
by Karl Walentin

Approximate dynamic programming with post-decision states as a solution method for dynamic 2013:276
economic models by Isaiah Hull

A detrimental feedback loop: deleveraging and adverse selection 2013:277
by Christoph Bertsch

Distortionary Fiscal Policy and Monetary Policy Goals 2013:278
by Klaus Adam and Roberto M. Billi

Predicting the Spread of Financial Innovations: An Epidemiological Approach 2013:279
by Isaiah Hull

Firm-Level Evidence of Shifts in the Supply of Credit 2013:280

by Karolina Holmberg




Lines of Credit and Investment: Firm-Level Evidence of Real Effects of the Financial Crisis 2013:281
by Karolina Holmberg

A wake-up call: information contagion and strategic uncertainty 2013:282
by Toni Ahnert and Christoph Bertsch

Debt Dynamics and Monetary Policy: A Note 2013:283
by Stefan Laséen and Ingvar Strid

Optimal taxation with home production 2014:284
by Conny Olovsson

Incompatible European Partners? Cultural Predispositions and Household Financial Behavior 2014:285
by Michael Haliassos, Thomas Jansson and Yigitcan Karabulut

How Subprime Borrowers and Mortgage Brokers Shared the Piecial Behavior 2014:286
by Antje Berndt, Burton Hollifield and Patrik Sandas

The Macro-Financial Implications of House Price-Indexed Mortgage Contracts 2014:287
by Isaiah Hull

Does Trading Anonymously Enhance Liquidity? 2014:288
by Patrick J. Dennis and Patrik Sandas

Systematic bailout guarantees and tacit coordination 2014:289
by Christoph Bertsch, Claudio Calcagno and Mark Le Quement

Selection Effects in Producer-Price Setting 2014:290
by Mikael Carlsson

Dynamic Demand Adjustment and Exchange Rate Volatility 2014:291
by Vesna Corbo

Forward Guidance and Long Term Interest Rates: Inspecting the Mechanism 2014:292
by Ferre De Graeve, Pelin llbas & Raf Wouters

Firm-Level Shocks and Labor Adjustments 2014:293
by Mikael Carlsson, Julian Messina and Oskar Nordstrém Skans

A wake-up call theory of contagion 2015:294
by Toni Ahnert and Christoph Bertsch

Risks in macroeconomic fundamentals and excess bond returns predictability 2015:295
by Rafael B. De Rezende

The Importance of Reallocation for Productivity Growth: Evidence from European and US Banking 2015:296
by Jaap W.B. Bos and Peter C. van Santen

SPEEDING UP MCMC BY EFFICIENT DATA SUBSAMPLING 2015:297
by Matias Quiroz, Mattias Villani and Robert Kohn

Amortization Requirements and Household Indebtedness: An Application to Swedish-Style Mortgages 2015:298
by Isaiah Hull

Fuel for Economic Growth? 2015:299
by Johan Gars and Conny Olovsson

Searching for Information 2015:300
by Jungsuk Han and Francesco Sangiorgi

What Broke First? Characterizing Sources of Structural Change Prior to the Great Recession 2015:301
by Isaiah Hull

Price Level Targeting and Risk Management 2015:302
by Roberto Billi

Central bank policy paths and market forward rates: A simple model 2015:303
by Ferre De Graeve and Jens Iversen

Jump-Starting the Euro Area Recovery: Would a Rise in Core Fiscal Spending Help the Periphery? 2015:304
by Olivier Blanchard, Christopher J. Erceg and Jesper Lindé

Bringing Financial Stability into Monetary Policy* 2015:305
by Eric M. Leeper and James M. Nason

SCALABLE MCMC FOR LARGE DATA PROBLEMS USING DATA SUBSAMPLING AND 2015:306

THE DIFFERENCE ESTIMATOR
by MATIAS QUIROZ, MATTIAS VILLANI AND ROBERT KOHN




SPEEDING UP MCMC BY DELAYED ACCEPTANCE AND DATA SUBSAMPLING 2015:307
by MATIAS QUIROZ

Modeling financial sector joint tail risk in the euro area 2015:308
by André Lucas, Bernd Schwaab and Xin Zhang

Score Driven Exponentially Weighted Moving Averages and Value-at-Risk Forecasting 2015:309
by André Lucas and Xin Zhang

On the Theoretical Efficacy of Quantitative Easing at the Zero Lower Bound 2015:310
by Paola Boel and Christopher J. Waller

Optimal Inflation with Corporate Taxation and Financial Constraints 2015:311
by Daria Finocchiaro, Giovanni Lombardo, Caterina Mendicino and Philippe Weil

Fire Sale Bank Recapitalizations 2015:312
by Christoph Bertsch and Mike Mariathasan

Since you're so rich, you must be really smart: Talent and the Finance Wage Premium 2015:313
by Michael B6hm, Daniel Metzger and Per Strémberg

Debt, equity and the equity price puzzle 2015:314
by Daria Finocchiaro and Caterina Mendicino

Trade Credit: Contract-Level Evidence Contradicts Current Theories 2016:315
by Tore Ellingsen, Tor Jacobson and Erik von Schedvin

Double Liability in a Branch Banking System: Historical Evidence from Canada 2016:316
by Anna Grodecka and Antonis Kotidis

Subprime Borrowers, Securitization and the Transmission of Business Cycles 2016:317
by Anna Grodecka

Real-Time Forecasting for Monetary Policy Analysis: The Case of Sveriges Riksbank 2016:318
by Jens Iversen, Stefan Laséen, Henrik Lundvall and UIf S6derstrém

Fed Liftoff and Subprime Loan Interest Rates: Evidence from the Peer-to-Peer Lending 2016:319
by Christoph Bertsch, Isaiah Hull and Xin Zhang

Curbing Shocks to Corporate Liquidity: The Role of Trade Credit 2016:320
by Niklas Amberg, Tor Jacobson, Erik von Schedvin and Robert Townsend

Firms’ Strategic Choice of Loan Delinquencies 2016:321
by Paola Morales-Acevedo

Fiscal Consolidation Under Imperfect Credibility 2016:322
by Matthieu Lemoine and Jesper Lindé

Challenges for Central Banks’ Macro Models 2016:323
by Jesper Lindé, Frank Smets and Rafael Wouters

The interest rate effects of government bond purchases away from the lower bound 2016:324
by Rafael B. De Rezende

COVENANT-LIGHT CONTRACTS AND CREDITOR COORDINATION 2016:325
by Bo Becker and Victoria lvashina

Endogenous Separations, Wage Rigidities and Employment Volatility 2016:326
by Mikael Carlsson and Andreas Westermark

Renovatio Monetae: Gesell Taxes in Practice 2016:327
by Roger Svensson and Andreas Westermark

Adjusting for Information Content when Comparing Forecast Performance 2016:328
by Michael K. Andersson, Ted Aranki and André Reslow

Economic Scarcity and Consumers’ Credit Choice 2016:329
by Marieke Bos, Chloé Le Coq and Peter van Santen

Uncertain pension income and household saving 2016:330
by Peter van Santen

Money, Credit and Banking and the Cost of Financial Activity 2016:331
by Paola Boel and Gabriele Camera

Oil prices in a real-business-cycle model with precautionary demand for oil 2016:332
by Conny Olovsson

Financial Literacy Externalities 2016:333

by Michael Haliasso, Thomas Jansson and Yigitcan Karabulut




The timing of uncertainty shocks in a small open economy
by Hanna Armelius, Isaiah Hull and Hanna Stenbacka Kéhler

2016:334

Quantitative easing and the price-liquidity trade-off 2017:335
by Marien Ferdinandusse, Maximilian Freier and Annukka Ristiniemi

What Broker Charges Reveal about Mortgage Credit Risk 2017:336
by Antje Berndt, Burton Hollifield and Patrik Sandasi

Asymmetric Macro-Financial Spillovers 2017:337
by Kristina Bluwstein

Latency Arbitrage When Markets Become Faster 2017:338
by Burton Hollifield, Patrik Sandas and Andrew Todd

How big is the toolbox of a central banker? Managing expectations with policy-rate forecasts: 2017:339

Evidence from Sweden
by Magnus Ahl

International business cycles: quantifying the effects of a world market for oil 2017:340
by Johan Gars and Conny Olovsson |

Systemic Risk: A New Trade-Off for Monetary Policy? 2017:341
by Stefan Laséen, Andrea Pescatori and Jarkko Turunen

Household Debt and Monetary Policy: Revealing the Cash-Flow Channel 2017:342
by Martin Flodén, Matilda Kilstrém, Jésef Sigurdsson and Roine Vestman

House Prices, Home Equity, and Personal Debt Composition 2017:343
by Jieying Li and Xin Zhang

Identification and Estimation issues in Exponential Smooth Transition Autoregressive Models 2017:344
by Daniel Buncic

Domestic and External Sovereign Debt 2017:345
by Paola Di Casola and Spyridon Sichlimiris
The Role of Trust in Online Lending 2017:346
by Christoph Bertsch, Isaiah Hull, Yingjie Qi and Xin Zhang
On the effectiveness of loan-to-value regulation in a multiconstraint framework 2017:347
by Anna Grodecka
Shock Propagation and Banking Structure 2017:348
by Mariassunta Giannetti and Farzad Saidi

The Granular Origins of House Price Volatility 2017:349
by Isaiah Hull, Conny Olovsson, Karl Walentin and Andreas Westermark

Should We Use Linearized Models To Calculate Fiscal Multipliers? 2017:350
by Jesper Lindé and Mathias Trabandt
The impact of monetary policy on household borrowing — a high-frequency IV identification 2018:351
by Maria Sandstrém

Conditional exchange rate pass-through: evidence from Sweden 2018:352

by Vesna Corbo and Paola Di Casola
Learning on the Job and the Cost of Business Cycles 2018:353
by Karl Walentin and Andreas Westermark
Trade Credit and Pricing: An Empirical Evaluation 2018:354
by Niklas Amberg, Tor Jacobson and Erik von Schedvin
A shadow rate without a lower bound constraint 2018:355
by Rafael B. De Rezende and Annukka Ristiniemi
Reduced "Border Effects", FTAs and International Trade 2018:356
by Sebastian Franco and Erik Frohm
Spread the Word: International Spillovers from Central Bank Communication 2018:357
by Hanna Armelius, Christoph Bertsch, Isaiah Hull and Xin Zhang
Predictors of Bank Distress: The 1907 Crisis in Sweden 2018:358

by Anna Grodecka, Sean Kenny and Anders Ogren




Diversication Advantages During the Global Financial Crisis 2018:359
by Mats Levander

Towards Technology-News-Driven Business Cycles 2018:360
by Paola Di Casola and Spyridon Sichlimiris

The Housing Wealth Effect: Quasi-Experimental Evidence 2018:361
by Dany Kessel, Bjérn Tyrefors and Roine

Identification Versus Misspecification in New Keynesian Monetary Policy Models 2018:362
by Malin Adolfson, Stefan Laseén, Jesper Lindé and Marco Ratto

The Macroeconomic Effects of Trade Tariffs: Revisiting the Lerner Symmetry Result 2019:363
by Jesper Lindé and Andrea Pescatori

Biased Forecasts to Affect Voting Decisions? The Brexit Case 2019:364
by Davide Cipullo and André Reslow

The Interaction Between Fiscal and Monetary Policies: Evidence from Sweden 2019:365
by Sebastian Ankargren and Hovick Shahnazarian

Designing a Simple Loss Function for Central Banks: Does a Dual Mandate Make Sense? 2019:366
by Davide Debortoli, Jinill Kim and Jesper Lindé

Gains from Wage Flexibility and the Zero Lower Bound 2019:367
by Roberto M. Billi and Jordi Gali

Fixed Wage Contracts and Monetary Non-Neutrality 2019:368
by Maria Bj6érklund, Mikael Carlsson and Oskar Nordstrém Skans

The Consequences of Uncertainty: Climate Sensitivity and Economic Sensitivity to the Climate 2019:369
by John Hassler, Per Krusell and Conny Olovsson

Does Inflation Targeting Reduce the Dispersion of Price Setters’ Inflation Expectations? 2019:370
by Charlotte Paulie

Subsampling Sequential Monte Carlo for Static Bayesian Models 2019:371
by David Gunawan, Khue-Dung Dang, Matias Quiroz, Robert Kohn and Minh-Ngoc Tran

Hamiltonian Monte Carlo with Energy Conserving Subsampling 2019:372
by Khue-Dung Dang, Matias Quiroz, Robert Kohn, Minh-Ngoc Tran and Mattias Villani

Institutional Investors and Corporate Investment 2019:373
by Cristina Cella

The Impact of Local Taxes and Public Services on Property Values 2019:374
by Anna Grodecka and Isaiah Hull

Directed technical change as a response to natural-resource scarcity 2019:375
by John Hassler, Per Krusell and Conny Olovsson

A Tale of Two Countries: Cash Demand in Canada and Sweden 2019:376
by Walter Engert, Ben Fung and Bjérn Segendorf

Tax and spending shocks in the open economy: are the deficits twins? 2019:377
by Mathias Klein and Ludger Linnemann

Mind the gap! Stylized dynamic facts and structural models 2019:378
by Fabio Canova and Filippo Ferroni

Financial Buffers, Unemployment Duration and Replacement Labor Income 2019:379
by Mats Levander

Inefficient Use of Competitors' Forecasts? 2019:380
by André Reslow

How Much Information Do Monetary Policy Committees Disclose? Evidence from the FOMC's Minutes 2019:381
and Transcripts

by Mikael Apel, Marianna Blix Grimaldi and Isaiah Hull

Risk endogeneity at the lender/investor-of-last-resort 2019:382
by Diego Caballero, André Lucas, Bernd Schwaab and Xin Zhang

Heterogeneity in Households’ Expectations of Housing Prices — Evidence from Micro Data 2019:383
by Erik Hjalmarsson and Pér Osterholm

Big Broad Banks: How Does Cross-Selling A Affect Lending? 2020:384
by Yingjie Qi

Unemployment Fluctuations and Nominal GDP Targeting 2020:385

by Roberto Billi




FAQ: How do | extract the output gap?
by Fabio Canova

2020:386

Drivers of consumer prices and exchange rates in small open economies 2020:387
by Vesna Corbo and Paola Di Casola

TFP news, stock market booms and the business cycle: Revisiting the evidence with VEC models 2020:388
by Paola Di Casola and Spyridon Sichlimiris

The costs of macroprudential deleveraging in a liquidity trap 2020:389
by Jiagian Chen, Daria Finocchiaro, Jesper Lindé and Karl Walentin

The Role of Money in Monetary Policy at the Lower Bound 2020:390
by Roberto M. Billi, UIf S6derstrém and Carl E. Walsh

MAJA: A two-region DSGE model for Sweden and its main trading partners 2020:391
by Vesna Corbo and Ingvar Strid

The interaction between macroprudential and monetary policies: The cases of Norway and Sweden 2020:392
by Jin Cao, Valeriya Dinger, Anna Grodecka-Messi, Ragnar Juelsrud and Xin Zhang

Withering Cash: Is Sweden ahead of the curve or just special? 2020:393
by Hanna Armelius, Carl Andreas Claussen and André Reslow

Labor shortages and wage growth 2020:394
by Erik Frohm

Macro Uncertainty and Unemployment Risk 2020:395
by Joonseok Oh and Anna Rogantini Picco

Monetary Policy Surprises, Central Bank Information Shocks, and Economic Activity in a Small Open 2020:396

Economy
by Stefan Laséen







SVERIGES
RIKSBANK

Sveriges Riksbank
Visiting address: Brunkebergs torg 11
Mail address: se-103 37 Stockholm

Website: www.riksbank.se
Telephone: +46 8 787 00 00, Fax: +46 8 21 05 31
E-mail: registratorn@riksbank.se



	Earlier Working Papers:
	RB_format_nr.5h_2021.pdf
	1 Introduction 
	2 Holston, Laubach and Williams' (2017) Model 
	3 stock.watson:1998myblu's stock.watson:1998 Median Unbiased Estimation 
	3.1 Median unbiased estimation of U.S. trend growth 

	4 Three stage estimation procedure of holston.etal:2017 
	4.1 Stage 1 model 
	4.1.1 holston.etal:2017myblu's holston.etal:2017 rational for MUE in Stage 1 
	4.1.2 Rewriting the Stage 1 model in local level model form
	4.1.3 Estimating the local linear trend version of the Stage 1 model

	4.2 Stage 2 Model
	4.2.1 holston.etal:2017myblu's holston.etal:2017 implementation of MUE in Stage 2 
	4.2.2 What does holston.etal:2017myblu's holston.etal:2017 Stage 2 MUE procedure recover?

	4.3 Stage 3 Model 

	5 Other issues
	6 Conclusion 
	References
	Figures and Tables
	Appendix  
	A.1.  Stage 1 Model 
	A.2.  Stage 2 Model
	A.2.1.  Getting the correct Stage 2 Model from the Stage 3 Model 

	A.3.  Stage 3 Model
	A.4.  Additional simulation results
	A.5.  Additional figures and tables
	A.6.  R-Code Snippets 



